EECS-140/141 Introduction to Digital Logic Design
Lecture4: Simplification in Logic Synthesis

I. REVIEW AND INTRODUCTION

I.A General Synthesis Procedure

[.LA.1 Expresdrunction as:

I.A.l.a Define variables and assign values

[.A.1.b (Optional) Express aslogic function using:

I.A.l.c Expressas Truth Table

+ All possible input combinations

+ Rows are represented by minterms and Maxterms:

I.LA.2 Optional:Express T.Tas GSoP or CPoS

[.A.2.a \ery straightforward using:

I.LA.2.b CSoP haslower cost (vs. CPoS) if:

[.LA.3 Simplify: find low-cost SoP or PoS synthesis

— Tricky because it relies on Boolean Algebra properties:

— This is the focus of this lecture.
[.A.4 Optional:corvert to:

This reduces:
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EECS-140/141 2- Intro to Digital Logic Design

[.B B.A. Approach to Simplification

[.B.1 Startwith Canonical Form (Either CSoP or CP0oS)

I.B.2 UseCombining Property to merge terms (SoP) or factors (PoS)

[.B.3 Duplicateterms (or factors) as needed to combine more

1.B.4 Still tricky

Which terms/factors can be combined? When to duplicate?

We reed:

1. SOP SIMPLIFICATION
We gart with finding simple SoP form; will do PoS later...

I1.A Karnaugh Maps (K-Maps)

— K-map is a graphical aid to manual simplification that "works" for radigtifew (< 5) inputs
(variables).

— K-map is just an alternat representation of:
Grid instead of column for outputs.

— Can be used for either SoP or PoS simplification.
IILA.1 2-Variable K-Map

[1.Al.a Basics
Truth Table K-Map

minterm

b
0
1
0

P, OO

1

Advantage: minterms that h&e @mmon factor are "adjacent":
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I1.LA.1.a Continued

CSoP includes all minterms corresponding te vath 1 in output §) column.

So, look for rectangles of:
[1.A1.b Example

Truth Table K-Map CSoP
f

PP OOl
R ORFrOT

Notel: Must include all I in K-map.

Note2: May include K-map cells (with 1's) more than once to simplify:

IILA.2 3-Variable K-Map

I1.A.2.a Basics

Similar idea, but must takcare to:

K-Map:

Important: Edges "wrap around”. Examplay, andm, are adjacent!

Again, terms that can be combined are grouped together in rectangles.

Groups are now:
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[1.A.2.b Example
Truth Table K-Map
f

PRPPRPPOOOOID
PRPOORFRPEFOODT
POPFRPROPFRPORFRPLOO

[1.A.2.c Another Example
Truth Table K-Map
f

PRPPRPPOOOOND
P RPOOREFROOT

?

Group of 2 that includes "new" 1's?
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IILA.3 4-Variable K-Map

I1.A.3.a Basics

Keep &panding! Carefulith ordering!

Now can hae goups of 2, 4, or 8!
How mary groups of 8?

How mary groups of 4?

How mary groups of 2?
Example (students verify this):

My + My + Mg+ My + Mg+ Mg+ My +Myg =

[1.A.3.b Example
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I1.A.3.c Another Example

IILA.4 5-Variable K-Map

— Stack 2 4-variable K-maps on top of each other
— See book.
II.LA.5 More Examples of K-Maps
See Section 4.1 of book.
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I1.B Formal Simplification Strategy

— K-map examples showed some basic principles useful for simplification.
— More difiicult cases require a more formalized strategy.

[I.B.1 Terminology

— Need standardized terms to describe strategy.
— Introduce here for SoP form (PoS form later).
I1.B.1.a Literal

Definition: A single input variable in either:

Examples:

I1.B.1.b Implicant

Definition: A product term that includesnly f = 1 minterms.

Example 1:

Example 2:

Example 3:

Implicants: 5 minterms plus:

[1.B.1.c Prime Implicant (PI)

Definition: An implicant that is nogntirely included in another implicant with:
So, you would neer use a non-prime implicant if you are trying to find a simple SoP synthesis.
Example: 3-variable K-map from Example 3 atio

Prime implicants:
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11.B.1.d Cover (Noun)

Definition: A collection of implicants that includeall f = 1 minterms (ancho f = 0 minterms).
A cove corresponds to a particular SoP synthesis.

Examples:

[1.B.1.e Essential Prime Implicant (EPI)

Definition: a prime implicant (PI) that includes at least one f=1 minterm thastisncluded inany
other PI.

EPI'swill be included in anreasonably simplified a@r.
Example: 3-variable K-map from Example 3 a&io

Which PI's ae essential ?

Another Example:

Pl's:

EPI's:

I1.B.2 Procedure

a. Identifyall PI's.
b. Identifyall EPI's. Ifthese form a ogr:

c. If not, select other F'to mmplete the ceer. There is naone best method for thisOne method
when faced with choice of Pl to add:

— Choose PI with fewest literals that provides additiona&kco

— If sevaal to choose from, choose the one that:

Note: This procedure 3ot guaranteed to result inmanimum-cost SoP synthesis (example later).

Prof. Petr Copyright 2017 David \Wetr Lectured



EECS-140/141 9- Intro to Digital Logic Design

11.B.3 Examples
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Examples continued.

e. Morein book!
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I1.B.4 Don't Care Minterms

I1.B.4.a Example

Consider the following 2-person "game" with playdfsaind X.
A bag has 3 pieces of paper labeled 1, 2, and 3.
PlayerW draws a piece of papeecords the numbgthen replaces the paper in the bag.
PlayerX does the same.
Player with larger number "wins".
Design a logic circuit whose output is 1 whesreplayer X wins or ties.
Let W, W, be a binary representation of the number drawwbyLet X; X, be the same foX.
For both cases, represent:
Note: Not possible to hae:
So, wedon't care what the output is for either of those input combinations.

K-map:

Note: can indicate don’t-care minterms wii0l.

Here:

f(Wl!Wov Xl! XO) =
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11.B.4.b What to do with don’t-cares?

Since thg can beeither 0 or 1, we @nchoose their value to help simplify the implementation.
We will want to maked = 1 if and only if that helps us get a Pl with fewer literals.
Game Example:
PI's:
EPI’s:
min-cost SOP synthesis:

Note: with this implementation:

[11. Product of Sums (PoS) Simplification

I1.A Intro

— Very similar to SoRexcept we focus on:
— Min-cost PoS may be less or more costly compared to min-cost SoP.
llILA.1 Terminology
We will have RoS versions of the terms introduced earlier for SoP simplification:
PoS Implicant:
PoS Prime Implicant:
PoS Essential Prime Implicant:

PoS Cuoer:
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[11.B Examples

[1.B.1 Example3 From I1.B.1.b

11.B.2 Fromll.B.3.c
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IV. Multiple-Output Circuits

IV.A Introduction

— When a logic circuit/function has multiple outputs (with the same set of inputs), we may be able to
share some portions (e.g., SoP product terms) between the ogtmgsions. Thas, if f; and f,
are functions of the same inputs, it is possible t@ha

— This sharing possibility may dictate the choice of Pls for one or both outputs from theduadi
min-cost syntheses.

— Sometimes it canwen be ketter to use a sub-optimal synthesis for one or more outputs to obtain a
min-cost multi-output circuit.

— We will focus here on SoP synthesis.

IV.B Examples

IV.B.1 f; from Il.A.2.c andf, from Il.B.3.a

Options:

a. Implementach separately (no sharing):
b. Shareb [T term:

c. Maximizesharing from K-maps: Implemeri as:
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Resulting logic circuit:

IV.B.2 f;from I1.B.3.d andf, Below
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Options:

a. f; with horizontals and, as abwe (ho sharing possible):

b. f; with horizontals and, =

c. f; with verticals andf, as abwe:

V. Multi-Level Synthesis

V.A Introduction

V.A.1 Emphasize@-Level Synthesis So Far

V.A.2 Reason$o Consider Multi-Leel Synthesis

V.A.2.a Limits on Number of Inputsto Gates (Fan-In Limit)

Example: If f has 5 terms in SoP synthesis, 2elecircuit requires a 5-input OR. What if only
3-input OR gates arevalable? W could implement as:

Now we havea 3-level circuit since some signals tr& through 3 gates to output.
But, we @an often manipulate a logic expression to reduce fan-in requiremant
V.A.2.b Wiring Complexity

Multi-level circuits typically require less interconnection wiring than&lleircuits, which reduces
chip or board area required.
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V.A.3 A Disadvantage of Multi-Ledl Synthesis: Longer Propagation Delay

When inputs to aate change, there is a delay before the output chagatespropagation delay.
Multi-level circuits require signals to pass through more than 2 gates input to output, thus:

V.B Factoring

V.B.1 Introduction
Starting from a min-cost SoP synthesis, it is often possibkectorfout common portions ofwaeal
product terms using the Distribugi Roperty resulting in:

V.B.2 Examples
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V.C Functional Decomposition

V.C.1 Introduction

— Start with factoring.
— Find sub-functions that can be re-used. One simple re-use: a sub-function and:

V.C.2 Example
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V.D Analysisof Multi-Level Circuits

V.D.1 Introduction

— Sometimes we need to deeia TT. from agiven multi-level circuit.

— This is pretty easy if you:
a) label internal points.
b) write a logic expression for each.
c) write f in terms of internal points.
d) expand back out to get:

V.D.2 ExampleAbove



