EECS-140/141 Introduction to Digital Logic Design
Lecture5: Number Systemsand Arithmetic

I. UNSIGNED NUMBER SYSTEMS: THE COUNTING NUMBERS

I.A Motivation

Digital circuits are almostalays binary circuits.
Binary means only:

Why? Transistors! Thesare binary switches that are incredibly:

So we want to use them to represent/manipulate numbers.
|.B Decimal Representation (System) for Whole Numbers

For now, consider only the case of the counting (whole) numiearsing with 0. We will deal with
negaive rumbers and numbers between integers later.

[.B.1 DecimalSystem Basics

This is the system humans use wergday life.
[.B.1.a Ten Symbols

The symbols 0 through 9 represent the first 10 whole numbers. These are referred to as:
[.B.1.b Representing Larger Numbers

We wse combinations of the 10 basic symbols guditional significance to represent lger
numbers:

[.B.1.c Limits on Numbers Represented

If no limit on the number of digits (positions):

But, if the number of digits is restricted, so are the possible numbers:
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[.B.1.d The Decimal System Is Not the Only Way

Our "human" (decimal) system is built around 10:

The computer system is built around 2:

[.B.2 Radix(or Base)

I.B.2.a Notice the Prominence of 10 in Decimal System

I.B.2.b 10 Is Known as the Radix of the Decimal System

I.C Unsigned Binary System for Whole Numbers
[.C.1 Binary:Radix is 2
1. 2symbolsonly:

2. Positionsmply power of 2 multipliers.

3. k-bit binary string ("word") can represent:

[.C.2 Haw to Distinguish Different Systems

— Use radix as subscript:

— Use words:

— Use context.
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I.C.3 Corverting Binary to Decimal

Just use positional significance:

I.C.4 Corwverting Decimal to Binary

I.C.4.a First Question

How mary bits are needed to represent the (decimal) nuriter
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ExamplesN =(31),o requires:

|.C.4.b Decimal to Binary Conversion Process

Suppose we know can be represented with 5 bits. Then:

N =
Now suppose we divid& by 2:

N/2 =

So:

Now if we divide thewhole result of N/2 by 2:

See the pattern? Just keep repeating!

Example:N =(19),o requires:
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I.D Closely Related Whole Number Systems

I.D.1 Motivation

For large numbers, the binary system is cumbersome for humans.

So, humans need more compact, but closely related, number systems.
I.D.2 UnsignedOctal System (Base 8)
Symbols are:

[.D.2.a Binary to Octal Conversion
— Group bits in sets of 3, starting:

— Fill with 0’s at eft as needed.

— Corwvert each triple individually.

[.D.2.b Octal to Binary Conversion
Expand each octal digit into 3 bits:

|.D.2.c Decimal to Octal

Divide success#ly by:

I.D.3 Hexadecimal (Hg): RadixIs 16
Need 16 symbols:
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1. UNSIGNED BINARY ADDITION

I1.A Introduction

II.LA.1 Motivation

Number manipulation is fundamental to computing.

A basic number manipulation operatioragdition.
[ILA.2 UnsignedAddition Basics
For now, assume numbers to be added are whole (counting) numbers:
We @an usecombinational logic to construct adding circuits. The approach will mimic treyvaumans
do addition.
[1.B Adding 1-bit Numbers
Start simple!
[1.B.1 Inputsand Outputs
Just tvo 1-bit inputs:

But we needwo 1-bit outputs as well:

11.B.2 Truth Table and Logic Network

a b | c(msb)| s(Isb)
0O O
0 1
1 O
1 1
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I1.C Generalize: Full Adder

I1.C.1 Introduction

— To add 2n-bit numbers, we ha 2n inputs, so a Truth Table for such a function wouldeha
— Better to use aodular design:

— Approach is similar to lvo humans do addition -- add one column at a time:

[I.C.2 Inputsand Outputs

To addi™ bits of 2 binary numbers, need:
a;: b;: Ci:
but till only 2 outputs, since max could be:

Si- Civ1:
[1.C.3 Truth Table and K-Maps

8 b ¢ |cu|s
0O 0 O
0O 0 1
0O 1 0
o 1 1
1 0 O
1 0 1
1 1 O
1 1 1
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[1.C.4 LogicExpressions

Ci+1 =

S:

Note:

and:

So,

II.C.5 LogicNetwork for Full Adder
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[1.C.6 Equialent Logic Network (You Verify)

[1.D Multi-Bit Adder
Use the Full Adder (FA) asraplicated module for ann-bit adder:

Called a "ripple-carry" adder since the carry bit must:

[Il. MULTIPLY/DIVIDE BY 2 (UNSIGNED)

[11.A Multiply by 2

Suppose you want to multiply ambit unsigned binary number by 2:
az=a, 2"t +a,,2" 2 + -+ a2t + g,2°
Then: &=

Result: 2ais an f + 1)-bit number formed by shifting &l bitsleft by 1 place and filling with:

Generalize: For n-bit unsigned binary numhe®® [a is:

Example:
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[11.B Divideby 2
Result is exacbnly if the least significant bit (LSB) is 0.

Then just shift all bitsight by 1 place and LSB=0 "falls off" the end. Fill from left with 0’s.

Example:

IV. SSIGNED INTEGER BINARY SYSTEMS

IV.A Introduction

— Next step is to represent posid and:
— Signed binary representations atevays for a specifiedixed word length (e.qg., 8 bits, 16 bits, etc.).

— Leftmost bit isalways reserved for representing + or - (details follow).

So, an 8-bit signed binary representation has only 7 bits to represent magnitude.

— All systems represent pos#i rumbers as 0xxx, where xxx is tha - 1)-bit unsigned binary
representation of the number.

IV.B Signed Integer Representations
IV.B.1 Signed-Magnitudéor Sign-and-Magnitude)
— This is the "human" way.

— Leftmost bit is sign bit: O for posie, 1 for negdive.

— Example: In 4-bit signed-magnitude system:

— Range: with n-bit word, this represents:

— Note: both +0 and -0 are represented (not a good thing).

— Not a mnvenient representation for computers because arithmetic is awkward (for humans, too!).
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IV.B.2 1's Complement (1C)
This is another way to represengstive integers.
IV.B.2.a 1C Additive Inverse Operation

To find the 1C additie inverse of amn-bit positive rumberP, subtractP from (2") -1 (the all-1n-
bit word).

Example: n=4 P=(3);, = (0011).
Then:

Note: Since (2') -1 is the all-1n-bit word,

Clearly, then, for each bit position,-1p; = .

S0, EP)ic = Pn1 P2 B - - 0oy Opg

Note that this holds for the previous example (witi4):

IV.B.2.b Some Characteristics of 1C System

1C also represents both +0 (all-0 word) and -O:

(-0);c = all-1 word Examplen=4 -0=-(0000) =1111=-0

D n_l — = - ) = RS
Also, D’EZ )-145 =-(0111---11)=1000--00
u c

Note: since X = X, itis clear that-(-P),c = P.
Range: Same as signed—magnitudegzn‘l) - 1Elto -1

Finally, left shift doesot work for negaive 1C numbers, @en considering the result as an< 1)-bit 1C
number:
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IV.B.3 2's Complement (2C)

Although the 1C addite inverse operation isery easy 1C is rot very good for addition (see this
later). Butthere is éetter format: 25 Complement (2C).

IV.B.3.a 2C Additive Inverse Operation

To find the 2C additie inverse of am-bit positve rumberP, subtractP from 2"

Example:n=4, P =(3),,=(0011),
Then:

There are 2 easy ways to fineR),c from binary representation fé:

— Using the basic definition of the 2C addgtinverse operation, note thatR),c = (-P)c +1
So, first find (—-P),c by flipping every bit, then add 1 to that result.
Example:n=4 P=3:
— Start at the right y, the LSB) and moving left:
— Copy each bit that is a 0 and tHe st bit that is a 1.
— After that first 1, flip the remaining bits.

IV.B.3.b Some Characteristics of 2C System

2C has onlyone representation for O:

What does (100- -00) represent in 2C system?
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Range of 2C system is:

Multiply by 2 via left shiftdoes work for 2C, considering the result as anH1)-bit 2C number:

IV.C Addition and Subtraction for Positive and Negative Integers

IV.C.1 Subtraction

Note thatA — B is the same aA + (—-B) regadless of whetheA andB are positie a negdive. So,
all we need is addition and the ability to form the addiiverse.

IV.C.2 Addition
We will illustrate with n = 4 and decimal magnitudes 3 (0011) and 2 (0010).

We want to use the same basic method (circuit) to add pesitid/or ngdive rumbers as is used to add
2 positive rumbers (earlier section).

IV.C.2.a Signed-Magnitude

Terrible: What works for pos+pos doest work for other caseat all.
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IV.C.2.b 1C and 2C Addition
Decimal 1C 2C

Conclusion: 1C might work, but maybe would need to add 1 wiegr=1? 2Cjust works!
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IV.D Understanding 2C Arithmetic

IV.D.1 Introduction
2C arithmetic may seem BK'magic":
— Why is -P),c =(2")-P?
— Why does it work with an adder circuit designed only [positive integers?
— Why is there a carry out sometimes?
— When there is, whcan we just ignore it?
The answers to all these are apparent when we understand that 2C arithmetic medjlist2"
arithmetic!
IV.D.2 2Cas Mod-2
lllustrate withn = 4, 2" =16.
IV.D.2.a Put the 16 numbersaround a circle

With N =4, we can represent only 16 numbers.
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IV.D.2.b Movement Around Circle

Move clockwise when adding a number @oaiter — clockwise when adding a
number.

IV.D.2.c What if we add 16 to or subtract 16 from any number?

One full rotation around circle, so get:

This is a basic feature of modulo arithmetic.
IV.D.2.d Subtraction as Addition

Note thatsubtracting P is the same as:
Example:

IV.D.2.e Final Interpretation of Numbers

Our final interpretation must be according to the 2C systemnfed, the 16 numbers are (in
decimal):

If our result is not in this range, just add or subtract 16 to get it in this range.
Example (continued):

Note that on our mod-16 circle, -7 is tsemne number as:

This is just the 2C addite inverse operation:«P),c =2" - P.

Remember : Calculating 2 — P is simplein binary:

Key: Treat ngaive rumbers asnod-2" positive equivalent when doing arithmetic: this lets us use an
adder circuit designed for posigi rumbers!
IV.D.2.f Carry-Out

If the addition of 2 positve (or pos-equiv) numbers 1516, we hae acarry — out that can be:

Ignoring the carry-out is theame as subtracting 16 from the result:

IV.D.2.g Final Adjustment

If the n-bit pos-number result (after ignoringyacarry-out) is >7 (largest posig 2C number: in
general (271)-1), thenadjust by subtracting 16 (2in general) to corert/interpret it as anegative
number:
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IV.D.3 Summary/Re-Cap

a.

n bits can represemnly 2" numbers:

2C says these are:

Mod-2" arithmetic applies:

2Cusespositive-equivalent for neggaive numbers:
which is easy to compute in binary.

And since A-B = A+(-B) = A+(2"-B), all addition/subtraction can be done by adding
positive rumbers!

If pos-number result i82" (n=4: 16), a carry-out occurs, which can be:

This is the same as subtractiry(ghod-2").

If pos-number resulifter ignoring carry-out is ¥2" 1) -1 (largest pos 2C numhe¥ for n=4),
interpret as ng number by:

IV.D.4 Examplesvith n=4 (Handout)

These include the previous example calculations, but includefbetB andB + A.

IV.D.5 Owerflow

Since all arithmetic is mod®2(the result of adding 2-bit words is am-bit word), some results

will be invalid -- this is callecoverflow.

Examples: n=4 and all combinations of +/- 6 and +/- 3.
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(Continued from previous page)

Note: Overflow (an irnvalid result) happens when we get an "impossible" result:

pos + pos = rg? Owerflow!!
neg + neg = ps? Owerflow!!

So, we can detecwerflow with:

But note a simpler expression fareoflow that seems to work from the alexamples:

You will prove this in home&vork this week.
IV.E 2C Adder/Subtractor Circuit

IV.E.1 Introduction:
— We an conwert then-bit adder circuit from before into an adder/subtractor by adding some gates.

— We havealready showed that we cadd a pair of 2C numbers, gncombination of pos and neg.

— So we just need an &tient way to form the 2C addit inverse for subtraction:
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IV.E.2 Forming the 2C Additie Inverse
We will use the method of flipping all bits and adding 1.
IV.E.2.a Flipping the Bits

This could be just anverter for each bit, but wenly want to flip bits if we are subtractingBetter
to use:

This is useful because:

So, the first input to XORontrols whether to flip or not.
IVE.2b Add 1
We @an do this with the, bit (the carryin to the LSB).
IV.E.2.c Control Bit
Since we want to be able ¢édher add (A+B) or subtract (A-B = A+(-b)), we need:

IV.E.2.d Resulting Circuit
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V. Fast Adders (Carry L ookahead)

V.A Intro

Recall: the problem with ripple-carry adder design is long delay as carry bits "ripple” through from
LSB to MSB. From the Full Adder circuit in Fig 5.4, this is 2 gate delaysfoh bit position (and the
accumulate).

Can we reduce this delay???
V.B Basic Form Lookahead Adder

Start with CSoP foc;,, (carry out of position).

Now let:
Then:
g

Pi:

Note: g; and p; do not depend ort;:

Instead, delay results from propagation:

Expression is valid foany i from n—1 down to 0. So:
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Result: SoP form, so just 2 gate delays fwery c; result, includingc,,!

Need one more gate delay to calculptandg;, plus another (XOR) to produce. (See Fig 5.16).
Total:

This could be called monolithic carry-lookahead adder.

This adder delay fos,_1:

Ripple-carry adder max delay fey_;:

Problems with monolithic carry-lookahead adder:
1. Massive logic circuit:

2. Largefan-in required to get lo delay:

3. Nolonger modular
V.C Modular Lookahead Adders

V.C.1 Truly Modular
Can combine lookahead and ripple-carry.
— Design &k-bit lookahead adder as atepwith k relatively small (e.g. k=4 or 8)
— Interconnect with ripple-carry (See Fig 5.17). Thigegpartial benefit from lookahead.

V.C.2 Semi-ModulaForm

V.C.2.a Modular Block (k=8)

Example: j=0, k=8
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(Continued) Modular block comput&; and P, extra block computesg:

Now, for Block 1 (j=1), all p; andg; andc; subscripts increment by 8:

and we need anothammique) block to calculateg:

No Ripple! Calculation ofc,g doesnot needcg as input.
See Figure 5.18.

VI. MULTIPLICATION

VI.A Introduction

Reviev how humans do decimal multiply:

Similar in binary but:
— Only every multiply M by 0 or 1, and 1-bit multiplier is just:

— For n-bit Q, must add together shifted-multiplied results.
Conclude: For binary eachR, is justM (shifted) or 0, so multiplying is just shifting and adding!
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VI.B Unsigned Numbers: Array Multiplier

Note frst: multiplying 2 n-bit numbers requires:
Example:n=3:

This design takes the following approach for the sum:

See Figure 5.31.

Example withn=4 bits:

Circuit to do this needs only 2 replicated blocks (although could do it with single replicated block plus
AND gates).

See Figure 5.32.
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VI.C Signed 2C Multiplication
Below is an autline of the changes needed to deal with 2C numbers.

— If Q is negyative, form the ngaive d both Q and M using the 2C addite inverse operation, since
QM =(-Q) —M).

— Now (since—-Q is positve), we are just shifting/adding posi¢i a negdive numbers.

— We anavoid overflow when adding 2C numbers here by making each operand 1 bit longer.

— To lengthen &-bit number to aK + 1)-bit numberusesign extension.

This does not change thalue of the number (see Howverk).

— See book for details.

VIl. REPRESENTING REAL NUMBERS (vs. INTEGERYS)

VII.A Binary Fixed-Point Number Representation

VII.LA.1 Basics

Similar to decimal, we can represent a number withiteger bits andk fractional bits as:

VII.A.2 Decimalto Binary Cowersion

— Already knav how to do integer part (successi dvide by 2).
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— For the fractional part:

Example: Represent (5. 45%) as 8-bit word with 4 integer bits and 4 fractional bits.

Integer Part:

Fractional Part:

Final Result:

Note: corversion isseldom exact due to word-length limit!
VII.LA.3 Fixed-Point Arithmetic

— Every fixed-point ( + k)-bit numbercan be cowerted to an integer by:

This just m@es the binary point.

— We aan then do 2C arithmetic on igirs and corert back (multiply by 2). Thisjust moves the
binary point back.

— But, why even move he binary point eer and back??
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Conclusions:
a. Carntreat fixed-point numbers astegers for arithmetic, and

b. Can represent pos andgiaeumbers with 2C number system.

Caution: the 2C additie inverse operatiommust be applied to the entiren (¢ k)-bit word, not just the
integer part!

Example:

VI1.B Binary Floating-Point Number Representation

VII.B.1 Introduction

In decimal, when we ant to represent reallgig and/or reallysmall numbers, we use sciendif
notation:

We @an do something similar with binary:
Just need a specific system to represent sign, Mantissa, and Exponent.

VII.B.2 IEEE Floating Point: Single Precision

This is a 32-bit word format with 3 components:
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E: Interpreted as an unsigned binary numbeis a representation of the (signeddpenent in what is
known asexcess-127 format.

Special values:

M: Interpreted as a binary fraction:

So:

VII.B.3 IEEE Floating Point: Double-Precision

VII.B.4 FloatingPoint Arithmetic

VII.B.4.a Addition

Must shift one mantissa to get common exponent:

VII.B.4.b Multiplication
— Multiply mantissas

— Add exponents

— Adjust sign
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