EECSProfessor Victor S. FrostUniversity of Kansas

Network PerformanceEvaluation¥Efficiencies gained by sharingresources.¥Bandwidth¥Memory¥Processor¥Demands for these resources are:+ Requests for service, arrivals ofcall or packets+ Holding time/request¥Model this type of process as aQueueing System¥Methods for network analysis:+ Mathematical analysis+ Simulation techniques

EECSProfessor Victor S. FrostUniversity of KansasElements of a Queueing SystemUser PopulationArrival ProcessResources: Memory Processors ServersSystemBlockedcustomersQueueServerServerServerServerDepartingcustomers

EECSProfessor Victor S. FrostUniversity of KansasServersDelayNumber in systemNumberin QueueNumberinServersGoals for Network AnalysisGiven the nature of the arrival andservice processes and the systemspecification, i.e., buffer size andnumber of servers, find:- Delay through the system- Blocking probability

EECSProfessor Victor S. FrostUniversity of KansasSpecific cases:- All cases assume Markov arrivaland service processes, that means thatthe interarrival and service times areexponentially distributed.- One server infinite memory- One server finite memory- S servers and a system size of SApproach- Analysis of a pure birth process tocharacterize arrival processes- Extension to general birth/deathprocesses, a common model forqueueing systems- Specialization to the specific casesto find the probability of systemoccupancy, average buffer size, delay,and blocking probability.

EECSProfessor Victor S. FrostUniversity of KansasAnalysis of a Pure BirthProcess0123lllOnly Births Allowedl- The number represent the State ofthe system. In networks this is usuallythe number in the buffer plus thenumber in service. The system includesthe server. The time to clock themessage bits onto the transmissionfacility is the service time. The server isthe model for the transmission facility.

EECSProfessor Victor S. FrostUniversity of Kansas- Assumptions:+ Prob[ 1 arrivals in Dt sec ] = lDt+ Prob[ 0 arrivals in Dt sec ] =1- lDt+ Number of arrivals in non-overlapping intervals of times arestatistically independent randomvariablesStatek-1ktDt+ ttime

EECSProfessor Victor S. FrostUniversity of KansasUsing the assumptionsProbability of k in the system at timet+Dt = Prob[k, t+Dt]Prob[k, t+Dt] = Prob[(k in the system attime t and 0 arrivals in Dt) or (k-1 in thesystem at time t and 1 arrivals in Dt)]Prob[k, t+Dt] = Prob[k,t](1-lDt) +Prob[k-1,t]lDtrearranging terms(Prob[k, t+Dt] - Prob[k,t])/Dt+lProb[k,t]= lProb[k-1,t]Letting Dt --> 0 results in the followingdifferential equation that can be solvedfor k=0 then k=1 and so on.

dProb [k,t] dt + λ Prob[k,t]= λ Prob[k -1,t]

EECSProfessor Victor S. FrostUniversity of KansasFor k = 0 the solution is:Prob[0,t]= e-ltFor k = 1 the solution is:Prob[1,t]= le-ltFor k = 2 the solution is:Prob[1,t]= lte-lt

EECSProfessor Victor S. FrostUniversity of KansasIn general the solution is:

Prob[k,t] = (λ t)k e-λ tk!

This is a Poisson probability massfunction with:E[k] = ltandVar[k] = ltMAIN RESULT:The Poisson Arrival ProcessThe number of arrivals in any T secondinterval follows a Poisson probabilitymass function.

EECSProfessor Victor S. FrostUniversity of KansasA model for the interarrival time.tDtArrivalArrivalTaProb[t<Ta<t+Dt]=Prob[0 arrivals in t sec and1 arrival in Dt]Prob[t<Ta<t+Dt]=Prob[k=0,t]Prob[k=1,Dt]Prob[t<Ta<t+Dt]= (e-lt)(lDte-lDt)Let Dt --> 0 results in the following

Prob[t < Ta < t + dt ] = fTa (t)dt = λ e-λ tdt

sofTa (t) = λ e-λ t for t > 0 fTa (t) = 0 for t < 0MAIN RESULT:The interarrival time for a Poissonarrival process follows an exponentialprobability density function.E[Ta]=1/l and Var[Ta] = 1/l2l = Arrival rate

EECSProfessor Victor S. FrostUniversity of KansasBirth/Death Process, a model of ageneral queueing system0123lllmmmBirth/Death Process102123The departure process is Poisson, i.e.,+ Prob[ 1 departure in Dt sec whenthe system is in state k ] = mkDt+ Prob[ 0 departure in Dt sec whenthe system is in state k ] = 1- mkDt+ Number of departures in non-overlapping intervals of times arestatistically independent randomvariables

EECSProfessor Victor S. FrostUniversity of KansasNote that the arrival and service ratesare now state dependent.MAIN RESULT:The message length is assumed to havean exponential probability densityfunction.

EECSProfessor Victor S. FrostUniversity of KansasFollowing the procedure used for thepure birth process using the transitionsshown belowStatek-1ktDt+ ttimek+1results in the following:

dP[0,t]dt = -λ 0P[0,t]+ μ1P[1,t] fork= 0

anddP[k,t]dt = -(λ k + μk)P[k,t]

+ λ k-1P[k-1,t]+ μk+1P[k+1,t] for k> 0

EECSProfessor Victor S. FrostUniversity of KansasWe also know that

P[k,t]= 1

k=0∞∑Τηε αβοϖε ρελατιονσηιπσ χαν βε υσεδ τοϕινδ Π[κ,τ] ϕορ αλλ κ ανδ τ ϕορ σομε χασεσ.Ηοωεϖερ, τηε οϕ μοστ ιντερεστ ισ τηεστεαδψ στατε ρεσυλτ, ι.ε., ωηεν τ -->ινϕινιτψ Π[κ,τ] --> Π[κ]. Τηε στατεοχχυπανχψ ισ Π[κ] ωηιχη χαν βε υσεδ τοδετερμινε τηε περϕορμανχε οϕ τηεσψστεμ.

ΕΕΧΣΠροϕεσσορ ςιχτορ Σ. ΦροστΥνιϖερσιτψ οϕ ΚανσασΙϕ Π[κ,τ] = Π[κ] τηεν

dP[k,t]dt = 0

With dP[k,t]dt = 0 thenflow into state k = λ k- 1P[k- 1,t]+μk+1P[k+1,t] =flow out of state k = (λ k +μk)P[k,t]As t--> infinity then an equilibrium orbalance condition is reached whereflow into state k = flow out of state k.The balance condition also requires that,flow from state k to k-1 =flow from state k-1 to kor

k k- 1

λ^k = λΟνλψ ονε σερϖερ μεανσ τηατ τηε σερϖιχερατε ισ ινδεπενδεντ οϕ στατε ορ

μk = μ

ΕΕΧΣΠροϕεσσορ ςιχτορ Σ. ΦροστΥνιϖερσιτψ οϕ ΚανσασΣολϖινγ ϕορ τηε στατε οχχυπανχψπροβαβιλιτιεσ

P[k]= ρ k(1- ρ ) where ρ = λμ = λ μX μX = Average message length in sec = LC

L= Average message length in bits

C = Link capacity in b / s

Note ρ is the traffic intensity and ρ < 1.

EECSProfessor Victor S. FrostUniversity of KansasIf r is not less than 1 then the systems isnot stable and the buffer occupancygrows without bound.

The expected number in the systems is

E[K] = ρ1-ρ and the variance is

Var[K] = ρ(1-ρ )2

EECSProfessor Victor S. FrostUniversity of KansasCase 2: A finite buffer: the M/M/1/NqueueOnly one server means that the servicerate is independent of state or

μk = μΤηε λιμιτατιον ον βυϕϕερ σιζε μεανσ τηαττηε αρριϖαλ ρατε ισ δεπενδεντ οϕ στατε ορ

λ k = λ for k < N λ k = 0 for k ≥ N Arrivals to a full system are blocked so there can be no arrivals to a full system.Solving for the state occupancyprobabilities

Pk fork N Pk fork NkN[]()[]

= -- £ = >+110 1rrr

EECSProfessor Victor S. FrostUniversity of KansasThe Quality of Service (QoS) metric inthis case is the probability of blocking.For a M/M/1/N queue the blockingprobability is given by

Probability of Blocking =- = + P P B k N NN( ) 1 1 1 r r r

EECSProfessor Victor S. FrostUniversity of KansasCase 3 M/M/S/NThe limitation on buffer size means thatthe arrival rate is dependent of state or

λ k = λ for k < N λ k = 0 for k ≥ N Arrivals to a full system are blocked so there can be no arrivals to a full system.Multiple servers means that

μk = kμ for k ≤ S μk = Sμ for k > SThis model is difficult to solve ingeneral. The case of special interest isS=N. This case models a circuit switchsystem with N transmission facilities. Acall arriving to the system with alltransmission facilities busy is blocked.

EECSProfessor Victor S. FrostUniversity of KansasSolving for the state occupancyprobabilities

P[k]= ρ kk!ρ nn!n=0N∑ andPB = P[k = N]= ρ NN!ρ nn!n=0N∑

Τηισ βλοχκινγ εθυατιον ισ χαλλεδ τηεΕρλανγ Β ϕορμυλα.

ΕΕΧΣΠροϕεσσορ ςιχτορ Σ. ΦροστΥνιϖερσιτψ οϕ ΚανσασΕξαμπλε:1. Α δεπαρτμεντ ηασ 140 πηονε, εαχηπηονε ισ βυσψ 10% οϕ τηε τιμε δυρινγτηε βυσψ ηουρ.Ηοω μανψ λινε δο ψου νεεδ το βυψϕρομ τηε πηονε χομπανψ το κεεπ τηεβλοχκινγ προβαβιλιτψ λεσσ τηαν 2%.Σολυτιον:Τραϕϕιχ ιντενσιτψ = 14 ΕρλανγσΦρομ Ερλανγ Ταβλε 14 Ερλανγσ & 2%βλοχκινγ ==> 21 λινεσ

ΕΕΧΣΠροϕεσσορ ςιχτορ Σ. ΦροστΥνιϖερσιτψ οϕ ΚανσασΕξαμπλε:Δεσιγν οϕ α βυιλδινγ πηονε σψστεμ. Τηε δεσιγν γοαλ ιστο μινιμιζε τηε νυμβερ οϕ λινεσ νεεδεδ βετωεεν τηεβυιλδινγ ανδ τηε πηονε χομπανψ. Τηε βλοχκινγ ΘοΣισ σπεχιϕιεδ το βε 5%.Α βυιλδινγ ηασ ϕουρ ϕλοορσ, ον εαχη ϕλοορ ισ α σεπαρατεδεπαρτμεντ. Εαχη δεπαρτμεντ ηασ 22 πηονεσ, εαχηβυσψ 10% οϕ τηε τιμε δυρινγ τηε βυσψ ηουρ.Χονσιδερ τηε ϕολλοωινγ τωο δεσιγν αλτερνατιϖεσ :α) Αχθυιρε ονε τελεπηονε σωιτχη ϕορ εαχη ϕλοορ.2.2 Ερλανγσ/ϕλοορ & Β=5% γιϖεσ5 λινεσ/ϕλοορ ορ 20 λινεσ ϕορ τηε βυιλδινγ.β) Αχθυιρε ονε τελεπηονε σωιτχη ϕορ τηε βυιλδινγ.88 πηονεσ ≅ .1 Ερλανγ/πηονε = 8.8 Ερλανγσ8.8 Ερλανγσ & Β=5% γιϖεσ13 λινεσ ϕορ τηε βυιλδινγΣελεχτ αλτερνατιϖε β)

ΕΕΧΣΠροϕεσσορ ςιχτορ Σ. ΦροστΥνιϖερσιτψ οϕ ΚανσασΔελαψ Αναλψσισ ϕορ τηε Μ/Μ/1 ΘυευεΑϖεραγε δελαψ =αϖεραγε τρανσμισσιον τιμε +θυευεινγ τιμεθυευεινγ τιμε = (αϖεραγε νυμβερ οϕμεσσαγεσ ιν θυευε αηεαδ)(αϖεραγε τιμετο σερϖε εαχη μεσσαγε)