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2UJDQL]DWLRQ

z ,QWURGXFWLRQ
z 7KHRUHWLFDO�%DFNJURXQG
z &KDQQHO�(VWLPDWLRQ�$OJRULWKP
z &RQFOXVLRQV
z )XWXUH�:RUN
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,QWURGXFWLRQ
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'HILQLWLRQV�

z &KDQQHO��,Q�LWV�PRVW�*HQHUDO�VHQVH�FDQ�GHVFULEH�HYHU\WKLQJ�IURP�
WKH�VRXUFH�WR�WKH�VLQN�RI�WKH�UDGLR�VLJQDO��,QFOXGLQJ�WKH�SK\VLFDO�
PHGLXP�
z ,Q�WKLV�ZRUN�³&KDQQHO´�UHIHUV�WR�WKH�SK\VLFDO�PHGLXP�

z &KDQQHO�0RGHO��,V�D�PDWKHPDWLFDO�UHSUHVHQWDWLRQ�RI�WKH�WUDQVIHU�
FKDUDFWHULVWLFV�RI�WKH�SK\VLFDO�PHGLXP�
z &KDQQHO�PRGHOV�DUH�IRUPXODWHG�E\�REVHUYLQJ�WKH�FKDUDFWHULVWLFV�RI�WKH�UHFHLYHG�

VLJQDO�
z 7KH�RQH�WKDW�EHVW�H[SODLQV�WKH�UHFHLYHG�VLJQDO�EHKDYLRU�LV�XVHG�WR�PRGHO�WKH�

FKDQQHO�

z &KDQQHO�(VWLPDWLRQ��7KH�SURFHVV�RI�FKDUDFWHUL]LQJ�WKH�HIIHFW�RI�WKH�
SK\VLFDO�PHGLXP�RQ�WKH�LQSXW�VHTXHQFH�
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*HQHUDO�&KDQQHO�(VWLPDWLRQ�
3URFHGXUH

Error
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+
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+
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z $LP�RI�DQ\�FKDQQHO�HVWLPDWLRQ�SURFHGXUH�
z 0LQLPL]H�VRPH�VRUW�RI�FULWHULD��H�J��06(�
z 8WLOL]H�DV�OLWWOH�FRPSXWDWLRQDO�UHVRXUFHV�DV�SRVVLEOH�DOORZLQJ�

HDVLHU��LPSOHPHQWDWLRQ�

z $�FKDQQHO�HVWLPDWH�LV�RQO\�D�PDWKHPDWLFDO�HVWLPDWLRQ�RI�
ZKDW�LV�WUXO\�KDSSHQLQJ�LQ�QDWXUH�

z :K\�&KDQQHO�(VWLPDWLRQ"
z $OORZV�WKH�UHFHLYHU�WR�DSSUR[LPDWH��WKH�HIIHFW�RI�WKH�FKDQQHO�RQ

WKH�VLJQDO�
z 7KH�FKDQQHO�HVWLPDWH�LV�HVVHQWLDO�IRU�UHPRYLQJ�LQWHU�V\PERO�

LQWHUIHUHQFH��QRLVH�UHMHFWLRQ�WHFKQLTXHV�HWF�
z $OVR�XVHG�LQ�GLYHUVLW\�FRPELQLQJ��0/�GHWHFWLRQ��DQJOH�RI�DUULYDO

HVWLPDWLRQ�HWF�
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7UDLQLQJ�6HTXHQFHV�YV��
%OLQG�0HWKRGV

7UDLQLQJ�6HTXHQFH�PHWKRGV�
z 6HTXHQFHV�NQRZQ�WR�WKH�UHFHLYHU�

DUH�HPEHGGHG�LQWR�WKH�IUDPH�DQG�
VHQW�RYHU�WKH�FKDQQHO�

z (DVLO\�DSSOLHG�WR�DQ\�
FRPPXQLFDWLRQV�V\VWHP�

z 0RVW�SRSXODU�PHWKRG�XVHG�WRGD\�
z 1RW�WRR�FRPSXWDWLRQDOO\�LQWHQVH�
z +DV�D�PDMRU�GUDZEDFN��,W�LV�

ZDVWHIXO�RI�WKH�LQIRUPDWLRQ�
EDQGZLGWK�

%OLQG�0HWKRGV�
z 1R�7UDLQLQJ�VHTXHQFHV�UHTXLUHG
z 8VHV�FHUWDLQ�XQGHUO\LQJ�

PDWKHPDWLFDO�SURSHUWLHV�RI�WKH�
GDWD�EHLQJ�VHQW�

z ([FHOOHQW�IRU�DSSOLFDWLRQV�ZKHUH�
EDQGZLGWK�LV�VFDUFH�

z +DV�WKH�GUDZEDFN�RI�EHLQJ�
H[WUHPHO\�FRPSXWDWLRQDOO\�
LQWHQVLYH

z 7KXV�KDUG�WR�LPSOHPHQW�RQ�UHDO�
WLPH�V\VWHPV�

z7KHUH�$UH�WZR�%DVLF�W\SHV�RI�&KDQQHO�(VWLPDWLRQ�0HWKRGV�
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$OJRULWKP�2YHUYLHZ

z &RQVLGHU�D�UDGLR�FRPPXQLFDWLRQV�V\VWHP�XVLQJ�WUDLQLQJ�VHTXHQFHV�
WR�GR�FKDQQHO�HVWLPDWLRQ��

z 7KLV�WKHVLV�SUHVHQWV�D�PHWKRG�RI�LPSURYLQJ�RQ�WKH�WUDLQLQJ�
VHTXHQFH�EDVHG�HVWLPDWH�ZLWKRXW�DQ\PRUH�EDQGZLGWK�ZDVWDJH�

z -DNHV�0RGHO��8QGHU�FHUWDLQ�DVVXPSWLRQV�ZH�FDQ�DGRSW�WKH�-DNHV�
PRGHO�IRU�WKH�FKDQQHO�
y 7KLV�DOORZV�XV�WR�KDYH�D�VHFRQG�HVWLPDWH�LQGHSHQGHQW�RI�WKH�GDWD

EDVHG��WUDLQLQJ�VHTXHQFH��HVWLPDWH�

z 7KH�.DOPDQ�HVWLPDWLRQ�DOJRULWKP�XVHV�WKHVH�WZR�LQGHSHQGHQW�
HVWLPDWHV�RI�WKH�FKDQQHO�WR�SURGXFH�D�/006(�HVWLPDWH�

z 3HUIRUPDQFH�LPSURYHPHQW��$V�D�UHVXOW�RI�XVLQJ�WKH�-DNHV�PRGHO�LQ
FRQMXQFWLRQ�ZLWK�WKH�GDWD�EDVHG�HVWLPDWHV�WKHUH�LV�D�VLJQLILFDQW JDLQ�
LQ�WKH�FKDQQHO�HVWLPDWH�
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7KHRUHWLFDO�%DFNJURXQG
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6LJQDO�0XOWLSDWK

Base Station

Tall Buildings

Mobile Terminal

Path 2

Path 3

Direct Path

Building
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0XOWLSDWK

z 6LJQDO�PXOWLSDWK�RFFXUV�ZKHQ�WKH�WUDQVPLWWHG�VLJQDO�DUULYHV�DW�WKH�
UHFHLYHU�YLD�PXOWLSOH�SURSDJDWLRQ�SDWKV�

z (DFK�SDWK�FDQ�KDYH�D�VHSDUDWH�SKDVH��DWWHQXDWLRQ��GHOD\�DQG�
GRSSOHU�VKLIW�DVVRFLDWHG�ZLWK�LW�

z 'XH�WR�VLJQDO�PXOWLSDWK�WKH�UHFHLYHG�VLJQDO�KDV�FHUWDLQ�XQGHVLUDEOH�
SURSHUWLHV�OLNH�6LJQDO�)DGLQJ��,QWHU�6\PERO�,QWHUIHUHQFH��GLVWRUWLRQ�
HWF�

z 7ZR�W\SHV�RI�0XOWLSDWK�
y 'LVFUHWH��:KHQ�WKH�VLJQDO�DUULYHV�DW�WKH�UHFHLYHU�IURP�D�OLPLWHG QXPEHU�

RI�SDWKV�
y 'LIIXVH��7KH�UHFHLYHG�VLJQDO�LV�EHWWHU�PRGHOHG�DV�EHLQJ�UHFHLYHG IURP�D�

YHU\�ODUJH�QXPEHU�RI�VFDWWHUHUV�
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'LIIXVH�0XOWLSDWK

z 7KH�6LJQDO�DUULYHV�YLD�D�FRQWLQXXP�RI�PXOWLSDWKV�

7KXV�WKH�UHFHLYHG�VLJQDO�LV�JLYHQ�E\�

z ∫
∞

∞−
−= �G(tst((t)y ~);~~ �ZKHUH� ),(~ tτ �LV�WKH�FRPSOH[

DWWHQXDWLRQ�DW�GHOD\�τ �DQG�WLPH�t �DQG� ( )ts~ �LV�WKH

VLJQDO�VHQW

z 7KH�/RZ�3DVV�WLPH�YDULDQW�LPSXOVH�UHVSRQVH�LV�

z 
τπ

τατ C
fj

etth
2

);();(
~ = ZKHUH� Cf LV�WKH�FDUULHU�IUHTXHQF\�

z ,I�WKH�VLJQDO�LV�EDQGOLPLWHG�WKHQ�WKH�FKDQQHO�FDQ

EH�UHSUHVHQWHG�DV�D�WDS�GHOD\HG�OLQH�ZLWK�WLPH�

YDU\LQJ�FRHIILFLHQWV�DQG�IL[HG�WDS�VSDFLQJ�
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7DS�'HOD\HG�/LQH�&KDQQHO�
0RGHO

Attenuator

Attenuator

Attenuator Attenuator

Attenuator

Attenuator

)()()(~ tjststs sc −=

(t)g M−
~

2
M−σ

2
1+−Mσ

2
1−σ

2
0σ

2
1−Mσ

2
Mσ

Σ

)(~ty

sT   

Delay

(t)g 1
~

− (t)g0
~ (t)gM 1

~
− (t)gM

~(t)g M 1
~

+−

sT   

Delay
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7DS�'HOD\�/LQH�0RGHO

z The received signal can be written as:

z ∑ −=
m W

m
tst

m
gty )(~)(~)(~ where:

z );(
~1

)(~ t
W

m
h

W
t

m
g =  is the sampled (in the τ domain ) complex

low-pass equivalent impulse response. W: is the Bandwidth of
the Bandpass Signal

:
z WSSUS (Wide Sense Stationary Uncorrelated

Scattering): Assuming WSSUS the delay profile and scattering
function are as follows:

z Multipath Intensity Profile: 



= ),(

~
),(*~

2

1
)(  ththE

C
R τττ  This

defines the variation of average received power with delay.
Delay spread is the range (in delay) for which the average
power is non-zero.

z Scattering function: )]([);( ττ
C

RFvS = This describes the power

spectral density as a function of Doppler frequency (for fixed
delay)
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7DS�JDLQ�IXQFWLRQV

z Complex Gaussian process: Assuming infinite

scatterers, as a consequence of the Central Limit

Theorem, we can model the impulse response as a

complex Gaussian process.

z Rayleigh: If there is no one single dominant path, then the

process is zero mean and the channel is Rayleigh fading.

z Ricean: If there is asingle dominant path then the process is non-

zero-mean and the channel is Ricean.

z The tap gain functions are then sampled complex

gaussian processes.
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0RGHO�3DUDPHWHUV

z The tap-delay model requires the following
information.
z Number of taps are TMW+1. Where TM is the delay spread and W

is the information bandwidth.
z Tap Spacing is: 1/W.
z Tap gain functions are discrete time complex Gaussian processes

with variance given by the Multipth spread and PSD given by the
scattering function.

z Tap gain functions as key: Once having specified the
tap spacing and the number, it only remains to track
the time varying tap gain functions in order to
characterize the channel as modeled by the tap-delay
line.

z Jakes model: The Jakes model (under certain
assumptions) assigns the spectrum and autocorrelation
to the tap-gain processes.
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-DNHV�0RGHO

Base Station

Vehicle Velocity

Propagation
Path

9

Mobile

D

z Assume plane waves are incident upon an omni-
directional antenna from stationary scatterers.

z There will be a doppler shift induced in every wave.
z Function of angle of arrival, carrier frequency and

the receiver velocity.
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z Bounded Doppler Shift: The doppler shift is given by
( )α

λ
cos

v
fd =  (where v is  Vehicle velocity, λ , the

wavelength of the carrier and α is the angle of arrival)
and is thus bounded.

z Narrowband process: Since the Doppler spectrum is
bounded, the electric field at the receiver is a
narrowband process.

z Complex Gaussian Process: Assuming infinite
scatterers and using the Central Limit theorem for
narrowband processes, the received electric field is
approximately a complex gaussian process.
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-DNHV�6SHFWUXP

z Uniform angle of arrival: Assume that the received
power is uniformly distributed over the angle of arrival.

z Constant vehicle velocity: Finally the assumption is
made that the vehicle is not accelerating.

z Power spectrum expression:

z 
2/12

1)(

−




























 −
−=

m
f

C
ff

fS where C
f is the carrier frequency and m

f  is

the doppler spread.
z Shaping Filter: The Jakes spectrum can be synthesized

by a shaping filter with the following impulse response:
z )2(

4/1
4/1)2()

4

3
(4/12)( t

m
fJt

m
f

m
ft

j
h ππ −Γ=
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z Jakes Spectrum at a Doppler spread of 530 Hz.
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7KH�&KDQQHO�(VWLPDWLRQ�
$OJRULWKP
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,QWURGXFWLRQ

z $LP��7R�LPSURYH�RQ�WKH�GDWD�RQO\�HVWLPDWH�
z -DNHV�PRGHO��:H�KDYH�DGRSWHG�WKH�-DNHV�PRGHO�IRU�WKH�UDGLR�

FKDQQHO�
z 7DS�JDLQV�DV�DXWR�UHJUHVVLYH�SURFHVVHV��7KH�-DNHV�SRZHU�VSHFWUXP�

LV�XVHG�WR�UHSUHVHQW�WKH�WDS�JDLQV�DV�$5�SURFHVVHV�
z 6WDWH�6SDFH�5HSUHVHQWDWLRQ��:H�KDYH�WZR�LQGHSHQGHQW�HVWLPDWHV�

RI�WKH�SURFHVV�IURP�WKH�GDWD�EDVHG�HVWLPDWH�DQG�WKH�-DNHV�PRGHO��
y 7KHVH�DUH�XVHG�WR�IRUPXODWH�D�6WDWH�6SDFH�UHSUHVHQWDWLRQ�IRU�WKH�WDS�

JDLQ�SURFHVVHV�
y $Q�DSSURSULDWH�.DOPDQ�ILOWHU�LV�GHULYHG�IURP�WKH�VWDWH�VSDFH�

UHSUHVHQWDWLRQ��

z 'HULYDWLRQ��7KH�DOJRULWKP�LV�GHYHORSHG�ILUVW�IRU�D�*DXVV�0DUNRY�
&KDQQHO�DQG�WKHQ�IRU�WKH�-DNHV�0XOWLSDWK�FKDQQHO
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$5�UHSUHVHQWDWLRQ�RI�WKH�
7DS�JDLQV

z *HQHUDO�IRUP��$Q\�VWDWLRQDU\�UDQGRP�SURFHVV�FDQ�EH�UHSUHVHQWHG�
DV�DQ�LQILQLWH�WDS�$5�SURFHVV�

z 7KH�FXUUHQW�YDOXH�LV�D�ZHLJKWHG�VXP�RI�SUHYLRXV�YDOXHV�DQG�WKH�
SODQW�QRLVH�

Unit
Delay

Unit
Delay

Unit
Delay

.

.

.

. . .

1 h

2 h

Nh 

Σ

)(nS
)1( −nS

)( NnS −

)(nw
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z Difference Equation form:
z )()()(

1

nwinSnS
N

i
i +−= ∑

=

φ Where S(n): is the complex gaussian

process, φi  are the parameters of the model. The model is driven

by w(n): A sequence of identically distributed zero-mean

Complex Gaussian random variables.

z Solving for the AR parameters: This can be done in two ways

z Yule-Walker equation solution: The autocorrelation coefficient

of the process, is an N (number of taps in the AR model) order

difference equation that can be solved.

z PSD of the process: This method is more complex and involves

finding the form of the shaping filter for the process PSD.
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'DWD�EDVHG�HVWLPDWRU

z $VVXPSWLRQ��7KH�FKDQQHO�UHPDLQV�FRQVWDQW�RYHU
WKH�VSDQ�RI�WKH�WUDLQLQJ�VHTXHQFH�

z 6SHFLILFV�
z 7UDLQLQJ�VHTXHQFH��/HW�WKH�µ0¶�OHQJWK�WUDLQLQJ�VHTXHQFH�EH�

[ ]T
Mxxxx 110 ................. −=

z &KDQQHO� ,PSXOVH� 5HVSRQVH� Let the ‘L’ length impulse

response be [ ]TLh......hhhh 1210

~~~~
−=

z 5HFHLYHG� VLJQDO�� )RU� FKDQQHO� QRLVH� Cn of variance 2
Cσ  the

received signal in vector form is given by: cnhXY +=  . Where X is

an ( )LNL ×−+ 1  Toeplitz matrix containing delayed versions of the

training sequence sent.
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z Channel estimate: The data based estimate is given by

correlating the received signal with the training sequence:

z )()(ˆ 1 YXXXh TT −=

z Estimation error: As expected the estimation error is a

function of the channel noise. It is given by )()(
~

1
c

TT nXXXh −=

z Error Covariance: The performance of the data based

estimator depends on the length of the training sequence and

its autocorrelation:

z 12 )( −= XXP T
cD σ

z For an ideal training sequence autocorrelation the error

covariance is given by 
M

P c
D

2σ=
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7UDFNLQJ�D�*DXVV�0DUNRY�
&KDQQHO



28

z $�*DXVV�0DUNRY�WDS�JDLQ�SURFHVV�KDV�DQ�H[SRQHQWLDO�DXWRFRUUHODWLRQ�
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.DOPDQ�)LOWHU�'HULYDWLRQ

z System Model: Since the auto-correlation is

exponential, the tap gain is a simple first order AR

process:

z )()1()( 1 nwnSnS +−= φ  Where

)(nS : is the complex gaussian tap-gain process.

1φ is the parameter of the AR model assumed.

z Observation Model: Since the data based estimator

produces “noisy” estimates of the process. The

following model emerges:

z )()()( nvnSnX += . Where
 X(n) is the data based estimate of S(n)
  v(n)  is the  error of the data based estimate and
   

M
c

v

2
2 =  is the error variance
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.DOPDQ�ILOWHU�HTXDWLRQV
z Scalar Kalman filter: Given the state space

representation, a standard scalar Kalman filter is used
to track the process.

z Equations:
z The initial conditions are:

{ } 00ˆ =S(n))=E(S

{ }22)1(
v

and
w

P σσ≥

z The Kalman gain is given by:

)()(

)(
)(

2 nnP

nP
nk

vσ+
=

z The current estimate of the process, after receiving the data estimate is
given by:

)]ˆ[ˆˆ (nSX(n)-k(n)(n)S(n)=Scurr +

z The predicted estimate of the process is given by:

{ }(n)S)=(nS curr
ˆ1ˆ

1φ+

z The current error covariance is given by:
[ ] )()(1)( nPnknPcurr −=

z The prediction error covariance (MSE in this case) is given by:
{ } 22

1 )()1( wcurr nPnP σφ +=+
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6LPXODWLRQ�3DUDPHWHUV

z System equation: w(n))S(n.S(n) +−= 19

z Observation Equation:  )()()( nvnSnX +=

z The frame rate is : sec105 4 Frames/RF ×= . The simulation is run at the

frame rate.

z 8=M : The length of the training sequence. The channel is assumed

to be invariant for these M  bits.

z The signal to noise ratio of the channel, for 1=BE  is:

dB
E

N

E

c

B

O

B 6
2 2 ==
σ

z Thus 1256.2 =cσ

z The data estimator variance 0.0157
2

2
V ==

M
cσ

z The variance of the tap gain plant noise is 0314.02 22
w == Vσ
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5HVXOWV�5HVXOWV�

&KDQQHO�(VWLPDWLRQ�IRU�D�VLQJOH�UD\�*DXVV�0DUNRY�FKDQQHO
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06(�IRU�WKH�HVWLPDWRU�
z Definition:

z The current MSE is:

[ ][ ]{ }H

currcurrcurr (n)SS(n)(n)SS(n)EP ˆˆ −−=

z The prediction MSE is:

[ ][ ]{ }H
(n)SS(n)(n)SS(n)EP ˆˆ −−=

z Steady State:

z The steady state current error covariance is:
0113.=

SScurrP

z The steady state prediction error covariance is:
0406.=SSP

z Simulation Results:

z The current error covariance is:
0113.=

SimcurrP

z The prediction error covariance is:
0406.=SimP

z Performance Improvement: We can see that compared to the data only

estimator, there is a significant improvement:

z %28
2

2

=
−

V

currV SS
P

σ
σ
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7UDFNLQJ�D�VLQJOH�-DNHV�
7DS�*DLQ�3URFHVV
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6LQJOH�UD\�-DNHV�&KDQQHO

z &RQVLGHU�D�VLQJOH�UD\�OLQH�RI�VLJKW�UDGLR�FKDQQHO�
z 0RUH�&RPSOH[�&KDQQHO��7KH�XQGHUO\LQJ�FKDQQHO�PRGHO�LV�QR�ORQJHU�

D�VLQJOH�WDS�$5�SURFHVV�
z $5�UHSUHVHQWDWLRQ��7KH�WDS�JDLQ�SURFHVV�ZLWK�WKH�-DNHV�VSHFWUXP�LV�

D�VWDWLRQDU\�SURFHVV��:H�FDQ�UHSUHVHQW�LW�DV�DQ�$5�SURFHVV�
y 3DUDPHWHUV��:H�GHULYH�WKH�FR�HIILFLHQWV�IRU�WKH�SURFHVV�IURP�WKH�FORVHG�

IRUP�H[SUHVVLRQ�RI�WKH�-DNHV�FKDQQHO�VKDSLQJ�ILOWHU�

z 6WDWH�6SDFH�UHSUHVHQWDWLRQ��8VLQJ�WKH�$5�PRGHO�DQG�WKH�GDWD�
EDVHG�HVWLPDWRU��D�VWDWH�VSDFH�UHSUHVHQWDWLRQ�LV�GHULYHG�

z .DOPDQ�WUDFNLQJ�ILOWHU��6LPLODU�WR�WKH�*DXVV�0DUNRY�FDVH��D�.DOPDQ�
ILOWHU�WR�WUDFN�WKH�SURFHVV�LV�GHULYHG�IURP�WKH�6WDWH�6SDFH�
UHSUHVHQWDWLRQ�
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$5�UHSUHVHQWDWLRQ�RI�WKH�
-DNHV�3URFHVV

z Jakes Shaping Filter: The closed form expression of the

Jakes filter is given by:

z )2(
4/1

4/1)2()
4

3
(4/12)( t

m
fJt

m
f

m
ft

j
h ππ −Γ= . Where Γ is the Gamma

function and  4/1
J is the fractional Bessel function.

z FIR filter: This expression is sampled to produce the FIR

Jakes channel shaping filter.

z Output: If the input to this filter is gaussian white noise,

then the output is simply the convolution sum:

z ∑
−

=
−=

1

0

)()()(
M

m
j mnwmhnS . Where M is the liength of the FIR filter.
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Unit
Delay

Unit
Delay

Unit
Delay

.

.

.

. . .

1 h

Nh 

)1( −nw
)1( +− Mnw

)(nw

0 h

Σ

)2( −nw

2 h

1M- +nh

Σ

)(nS

z Convolution as a MA sum: The convolution is nothing but a

weighted moving average of the white noise inputs.

z Partial Fraction Inversion:

z A finite order MA model can be represented as an infinite order AR series

by the method of partial fractions as described by Box and Jenkins.

z Order Truncation: Obviously for our purposes an infinite order AR model

is impractical, so the infinite order AR model is truncated to order N.
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0RGHO�9DOLGDWLRQ

z Truncated AR model: The accuracy of the truncated  models in

representing the Jakes process is studied.

z Parameters:

z Hzfm 50= . This is the Doppler bandwidth of the channel.
z mS fF ×= 16 . This is the Jakes-shaping-filter sampling rate.
z HzsamplesF

PSDS /105 3×= . This is the Jakes spectrum sampling frequency.

z 64=MAN . This is the FIR shaping filter length.
z N is the length of the truncated AR model.

z PSD and autocorrelation:

z PSD is given by the analytical expression: 
2

1

2

2

1

)(

∑
=

−−

=
N

i

fij
i

W
SS

e

fS
πφ

σ

z Autocorrelation was estimated by actually creating the processes and

finding their autocorrelations.
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$5�SURFHVV�OHQJWK�FRPSDULVRQ

z  Jakes spectrum for  truncated AR processes.
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z  Jakes autocorrelation for truncated processes
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.DOPDQ�ILOWHU�'HULYDWLRQ

z State Space representation: As in the previous case,

we are going to represent the system using the State-

Space form and derive the appropriate Kalman filter.

z System model: The AR form of the Jakes process is

z )(
1

)()( nw
N

i
inS

i
nS +∑

=
−= φ . Where iφ  are the AR coefficients

calculated and N is the order of the model used.

z Its two equivalent forms are:
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01000
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1
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w(n)

     

S(n-N)

.

     .         

)S(n-

)S(n-

 

N

)S(n-N

.

.

)S(n-

S(n) φφφ

 in matrix form

and )()1()( nWnSAnS +−=  in vector form.



42

z The system matrix is defined as:

z 

















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


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01000
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..
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A

φφφ

z The Plant noise covariance matrix is

z 




















=
















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000

0000
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0.002

   ......... 

........   

. .......... 
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 (n)W(n)WEQ

w
H__

z Observation Equation:
z )()()( nvnSnX +=  Where v(n) is the error of the data based

estimate with a variance of 
M
c

v

2
2 σ

=

z Expressed in matrix and vector form:

z   

)v(n-N

.

.

)v(n-

v(n)

)S(n-N

.

.

)S(n-

S(n)
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.

.

)X(n-

X(n)
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1
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1
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1

or  )()()( nvnSHnX +×=

where H is the identity matrix.
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z Observation noise covariance matrix:

z 


















×=




























=
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0....001
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 .........  
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...........  

...     

 
v

H

(n)
_
v(n)

_
vER

z Kalman filter Equations: Given the above State Space
formulation, we can use a vector Kalman filter to track
the tap gain process.
z The initial conditions are:

{ }S(n))=E(S 0ˆ =zero matrix of length L)  (N ×

[ ] [ ]{ }I
v

andI
w

P 22)1( σσ≥

z The Kalman gain is given by:
1])([)()( −+= RHnHPHnPnK TT

z The current estimate of the process, given  the data estimate is given
by:

]ˆ[ˆˆ (n)SX(n)-HK(n)(n)S(n)=Scurr +

z The predicted estimate of the process, is given by:

{ }(n)S)=A(nS curr
ˆ1ˆ +

z The current error covariance is given by:
[ ] )()()( nPHnKInPcurr −=

z The predicted error covariance is given by:
{ } QAnPAnP T

curr +=+ )()1(
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6LPXODWLRQ�3DUDPHWHUV
z System equation: 

)()1()( nWnSAnS +−=  

z N=5. This is the number of taps in the AR model.

z [ ]040900486005480059009086 .,.,.,.,. −−−−=φ

z 
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

 −−−−

=
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00100
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00001
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A

z Observation Equation:

 )()()( nvnSHnX +×=

z The Doppler bandwidth is Hzfm 500=

z The frame rate is : sec4105 Frames/
F

R ×= . The simulation is run at the frame
rate.
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z 8=M : The length of the training sequence.

z The signal to noise ratio of the channel, for 1=
B

E  is:

dB
E

N

E

c

B

O

B 6
2 2

==
σ

Thus 1256.2 =
c

σ

z The variance of the tap gain plant noise is 0314.0222
w

==
V

σ
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 .Q

z The data estimator variance 0.0157

2
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z Channel Estimation of a single ray Jakes channel
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(UURU�FRYDULDQFH�
z The error covariance is defined as:























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
+−+












+−+=

H

nSnSEP 1)(n
^
S)1(1)(n

^
S)1(

z We can then interpret the diagonal elements as follows:
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


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
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)/2(

   .......................* *.

.

*....... * *
)/1(

    *          *

*....... * *
)/(

      *

*....... * *
)/1(

nNnS
MSE

nn
MSE

nn
MSE

nn
MSE

P

Where )/1( nn
MSE + is the MSE of the prediction.

)/( nn
MSE is the MSE of the current states estimate



48

z The steady state and simulated error covariance
matrices are:

z 






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








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



=
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0.0565    

0.1117    

1.0921    

)(
SS

Pdiag


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
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














=

  0.1144    

0.1118    

0.1081    

0.1125    

1.0777    

)(
Sim

Pdiag

z Performance Improvement: There is a significant
performance gain compared to the data only estimator

z %29
2

)1,2)((2

=
−

V

Sim
Pdiag

V

σ

σ
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0XOWLSDWK�&KDQQHO�
(VWLPDWLRQ
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0XOWLSDWK�-DNHV�&KDQQHO

z &RQVLGHU�D�PXOWLSDWK�UDGLR�FKDQQHO�
z $VVXPH�WKH�-DNHV�PRGHO�RQ�HDFK�SDWK�
z $5�UHSUHVHQWDWLRQ��)RU�WKH�0XOWLSDWK�FDVH��D�PRGLILFDWLRQ�RI�WKH

VLQJOH�UD\�$5�V\VWHP�PRGHO�LV�SUHVHQWHG�
z 6WDWH�6SDFH�UHSUHVHQWDWLRQ��8VLQJ�WKH�$5�PRGHO�DQG�WKH�GDWD�

EDVHG�HVWLPDWRU��D�VWDWH�VSDFH�UHSUHVHQWDWLRQ�LV�GHULYHG�
z .DOPDQ�WUDFNLQJ�ILOWHU�2QFH�DJDLQ�D�YHFWRU�.DOPDQ�ILOWHU�LV�XVHG WR�

WUDFN�WKH�WDS�JDLQ�IXQFWLRQV�
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6\VWHP�PRGHO

z Assumptions: The tap gain processes are independent
but have the same Jakes spectrum.

z AR Representation:

)(
1

)()(

.

.
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2

1
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2
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2

)(
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1
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1
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1
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L
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N

i
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i
n

L
S

nw
N

i
inS

i
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nw
N

i
inS

i
nS

+∑
=

−=

+∑
=

−=

+∑
=

−=

φ

φ

φ

where
z )(n

l
S  is the thl process to be tracked

z  
i

φ are  the AR model parameters. These are the same for each

process.
z )(nwl  is the plant noise driving the tap gain function. The relative

variance is determined by the power delay profile of the channel.
z L is the number of processes being tracked
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z The matrix form of the system equation for  ‘L’ processes is:
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z In vector form: )()1()( nWnSAnS +−= , where

z 
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 is the system matrix.

z 
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WEQ  is the plant noise covariance matrix.
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2EVHUYDWLRQ�0RGHO

z Assuming that the data based estimates are path-wise
independent, we have the following model:

)()()(

.

.

)(
2

)(
2

)(
2

)(
1

)(
1

)(
1

n
L

vn
L

Sn
L

X

nvnSnX

nvnSnX

+=

+=

+=

Where,

z )(nSl : The l’ th process at time n.

z )(nX l : The l’ th  data based estimate of S(n)

z )(nvl : Error of the l’ th  data based estimate.

z 
M

c
v

2
2 σ

=  is assumed to be the same for all paths
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z The Observation Equation can be written in matrix and vector form as
follows:

z  
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z )()()(
___

nvnSHnX +×= where H is an identity matrix.
z The observation noise covariance matrix is given by:

z ( ) ][)2(])()([ I
v

LHnvnvER ×== σ  where ][I is an )( NN × identity matrix.
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6LPXODWLRQ�SDUDPHWHUV
z N=5. This is the number of taps in the AR model.

z L=3: This is the number of tap-gain processes being tracked.

z [ ]040900486005480059009086 .,.,.,.,. −−−−=φ

z The System Equation


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

 −−−−

=

01000
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00001
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A

z The Doppler bandwidth is Hz500f m =

z The frame rate is : sec105 4 Frames/RF ×= . The simulation is run at the

frame rate.

z 8=M : The length of the training sequence. The channel is assumed to

be invariant for these M  bits.
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z The signal to noise ratio of the channel, for 1=BE  is:

dB
E

N

E

c

B

O

B 6
2 2

==
σ

z Thus 1256.2 =cσ

z The power delay profile ]81.0,9.0,1[0314.0)(2
w

×=l

z The covariance of the plant noise is:



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




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


=

0.0

...

0.0.0851

 Q

z The data estimator variance 0.0157
2

2
V ==

M
cσ . Here the assumption is

made that the training sequence has an ideal autocorrelation.
z [ ]I .0157.03 ××=R
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z Channel estimation for the first process.



58

z Channel estimation for the second process.
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z Channel estimation for the third process.
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(UURU�&RYDULDQFH
z The Error covariance is defined as:

z [ ][ ]






 +−++−+= H

)(nS)S(n)(nS)S(nEP 1ˆ11ˆ1

z We can then interpret the diagonal elements as follows:
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l /n)N(n

(l)MSE.......   ...........* *......

.

.** * ......
l /n)(n

(l)MSE*              *

.** * ......
l (n/n)

(l)MSE*      

.** * ......
l /n)(n

(l)MSE

P

2

1

1

where 

z ∑
+l nn

lMSE
)/1(

)( : the sum of the MSE of the predicted state estimate

on all  processes.

z ∑
l (n/n)

(l)MSE : the MSE of the current states estimate on all

processes.
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z The simulated error covariance diagonal is given by:

1 2 3
0.0384 0.0351 0.0321 0.1056 0.1111
0.0112 0.0109 0.0106 0.0327 0.0321
0.0098 0.0097 0.0097 0.0292 0.0169
0.0105 0.0105 0.0105 0.0315 0.0122
0.0112 0.0111 0.0112 0.0335 0.0096

0.0112 0.0109 0.0106 0.0327 0.0321
0.0098 0.0097 0.0097 0.0292 0.0169
0.0105 0.0105 0.0105 0.0315 0.0122
0.0112 0.0111 0.0112 0.0335 0.0096
0.0117 0.0117 0.0117 0.0351 0.008

)ocess # (lPr

)(
SSCurrPdiag)(

SimCurrPdiag))(( lPdiag
Sim

Curr

))(( lPdiag Sim )( SimPdiag )( SSPdiag

z Performance improvement on each path:
z The data based estimate has a MSE of 0157.02

V =  on each path.

z Path 1 improvement: %66.28100
0157.

0112.0157.)1,1)((
2

2

=×−=
−

V

currV sim
Pdiag

σ
σ

z Path 2 improvement: %57.30100
0157.

0109.0157. =×−

z Path 3 improvement: %48.32100
0157.

0106.0157. =×−

z Almost a 30% improvement on each path
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&RQFOXVLRQV

z 'HYHORSHG�D�.DOPDQ�ILOWHU�EDVHG�FKDQQHO�HVWLPDWLRQ�
DOJRULWKP�IRU�WKH�0XOWLSDWK�UDGLR�FKDQQHO�

z 6LJQLILFDQW�JDLQ�LQ�SHUIRUPDQFH�RYHU�D�WUDLQLQJ�VHTXHQFH�
EDVHG�HVWLPDWRU�

z 7KLV�LPSURYHPHQW�LV�REWDLQHG�ZLWKRXW�ZDVWLQJ�DQ\�PRUH�
EDQGZLGWK�

z $OVR�DOORZV�XV�WR�SUHGLFW�WKH�FKDQQHO�VWDWH�ZLWKRXW�
KDYLQJ�WR�ZDLW�IRU�GDWD�
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)XWXUH�:RUN

z 8VH�2I�0XOWLSOH�6DPSOLQJ�5DWHV�
y ,QVWHDG�RI�ZDLWLQJ�IRU�WKH�GDWD�WR�DUULYH�DW�WKH�HQG�RI�HYHU\�IUDPH�ZH�FDQ�UXQ�

WKH�.DOPDQ�ILOWHU�DW�D�KLJKHU�UDWH�WKDQ�WKH�IUDPH�UDWH�
y ,Q�WKH�DEVHQFH�RI�D�GDWD�EDVHG�HVWLPDWH�SHUIRUP�WKH�WLPH�XSGDWH�SRUWLRQ�RI�WKH�

DOJRULWKP�DQG�GR�D�PHDVXUHPHQW�XSGDWH�ZKHQ�GDWD�LV�UHFHLYHG�
y $OORZV�HVWLPDWHV�WR�EH�DYDLODEOH�DV�UHTXLUHG�

z 'LIIHUHQW�SURFHVV�PRGHOV�RQ�HDFK�SDWK�
y ,Q�FDVH�WKH�SURFHVV�PRGHO�YDULHV�ZLWK�SDWK��ZH�FDQ�VWLOO�XVH�WKH .DOPDQ�ILOWHU�EXW�

ZLWK�VRPH�PRGLILFDWLRQV�WR�WKH�V\VWHP�PDWUL[�

z &RUUHODWHG�SDWKV�
y )RU�FRUUHODWHG�SDWKV�WKH�.DOPDQ�ILOWHU�QHHGV�WR�EH�PRGLILHG�


