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Analysis and Optimization of an Electrically
Small Receiving Antenna

John P. Casey, Member, IEEE, and Rajeev Bansal, Member, IEEE

Abstract A theoreiical and experimental study of an opii-
mum receiving zntenna configuration that fits within cerinio
aliocated space reguirements is preseated. The antenna analysis
is based on a gquasi-static pumerical study of 8 coaducting body
of revolution above a perfectly conducting groumd plame. A
general nunerical slgorithm is developed ic determine the inpui
impedance and the effective height of the anifepna. ba addition, a
discussion of the amplifier noise pnd its role in the choice of the
optimum antesns wre included. Resulls are presented for cylin-
drical and truncated conical structures both with and without a
top load.

I. IntrRODUCTION

HIS PAPER describes a theoretical and experimental

investigation undertaken to optimize an electrically small
receiving antedna with the available volume as a constraint.
The study includes an analysis of the input impedance and the
effective beight of the antenna as well as a discussion of the
amplifier noise as it pertains to antenns optimization. In
particular, the receiving antenna studied in this paper is for
Loran-C reception. Fig. 1 is a block diagram of the inte-
grated antenna system, which is designed to be placed on a
platform foating on seawater. To be compatible with the
navigational receiver. the Loran anicana must be linearly
polarized and must provide omni-azimuthal reception at the
operational 100-kiz carner frequency with a 20-kHz band-
width. The Loran antenna is required to it within a cylindri-
cal volume that is 4.25 inches in height and § inches in
diameter.

. Creurr ANALYSIS

Consider an electrically shost raonopole of beight 4 above
a groond plane as shown in Fig. 2(a). The Thevenin equiva-

lent circait of the monopole receiving a sigaal is given in Fig.
2(b), where

V.. open circuit voltage received by the antenna
R, radiation resistance of the anienna

R, ohmic resistance of the antenna

C, antenna capacitance.

R, includes the olinic losses associated with the finite con-
ductivities of the antenna and the seawater grouad plane.
Since the loss tangent in scawater is very large over the
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Fig. 1. Loran-C/GPS integrated antenna system.
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lent cirenit in the receiving mode.

Fig. 2.

frequency range of concern, the ground plane may be approx-
imated by a perfect conductor. The input impedance of the
monopole antenna is R + 1/jwC,, where o is the angular
frequency, whereas R = R, + R, and R </jwC, The
antenna capacitance is obtained by solving an electrostatics
problem {i]. In the limiting case of a vanishingly small
frequency, & dipole or monopole antensa is just a capacitor.
For a uniform incident electric field £/ directed paraltel to
and in the vicinity of the antenna, the open circuit voltage is
given by 2]

Voc — Emcheff (1)
where %, is the effective height of the antenna. The compu-
tation of the antenna capacitance and the effective height will
be discussed later.

Next, consider the monopole connected by a short wire to
the input of an FET amplifier as shown in Fig. 3(a) with
equivalent circuit given in Fig. 3(b), where

C, intercomnection capacitance between the antenna and
the amplifier
R iput resistance of the amplifier

(7

w
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(a) Monopole antenna connected to an FET amplifier: (b) equiva-
lent circuit.

Fig. 3.

C, input capacitance of the amplifier
V, open circuit noise voltage produced by the amplifier.

To compare the total noise produced by the amplifier with the
atmospheric noise received by the antenna, all voltages must
be referred to the same location. For convenience, we will
refer all noise voltages to the antenna terminals. The thermal
noise voltage associated with the loss resistance R, of the
antenna has been computed to be of negligible value and will
not be considered further in this analysis.

To determine the amplifier noise, consider Fig. 4(a) and
(b). The voltage E, and current [, are equivalent noise
sources that adequately represent the noise produced by the
amplifier and whose values can easily be determined experi-
mentally [3}. The total noise power produced by the amplifier
- is given by the sum of the contributions from E, and I,. V},
is the voltage produced by E, at the input terminals of the
amplifier, whereas V), is the voltage produced by I, at the
same location. Y, Y, and Y, are the admittances of the
antenna, the interconnection, and the amplifier, respectively.
An analysis of Fig. 4(a) and (b) yields

Y, + Y,

vV, =E |—2 """ _ 2
L "(YQ+YW+Y0 (22)
voegl ot 2
2UMY, 4+ Y, + Y, (26)

V., and V,, can be referred to equivalent sources at the
antenna terminals by considering Fig. 5. In Fig. 5, a voltage
source ¥, at the antenna terminals produces a voltage ¥V, at
the input of the amplifier. An analysis of Fig. 5 yields

v Y,

K =-1ue 2 3

OV, Y+ Y, + Y, (3)

where K is the voltage transfer function. The application of
(3) to (2a) and (2b) gives the equivalent amplifier noise

EIT

Fig. 4. Amplifier noise model: (2) Input noise voltage E,, of the amplifier;
{(b) input noise current /, of the amplifies.
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Fig. 5. Equivalent circuit for determination of the voltage transfer func-
tion.

voltage sources V), and V,, due to E, and I, respectively,
at the antenna terminals. Therefﬂre. from (2) and (3)

V;’l w
V;ﬂ:"k“;’-‘—‘Enl%-—; (4&)
v, = a_, L (4b)
na r le " 4

If V,, and V,, are uncorrelated, the open-circuit noise
voltage V), produced by the amplifier is given by

an(gymz +§ 12§)l“

PE, 121 +

Note that V), is independent of the amplifier impedance.

For convenience, we may relate the amplifier noise voltage
to an equivalent incident electric field through the effective
height of the receiving antenna. From (1) and (5)

Eeme Ve -

Herr heyy

| E, |

Y, I’
+ =i
A

P e } (6)

Y,

[

E®™? is the incident electric field parallel to the antenna that
produces the same noise power as the amplifier. The substitu-
tion of Y, = jwC, and Y, = jwC, into (6} gives

c.\’ 142
|Eni*(}+’a~) +‘In§~(wca)

a

£/2

E%mp =

eff

(7)
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The goal of this effort is to design an antenna that produces a
minimum vahie of E““?, Therefore, it is desirable to maxi-
mize both the antenna capacitance and the effective height.
This requirement results in a tradeoff that will be discussed
later. It is preferred that the antcona/amplifier system be
atmospheric noise limited, L.e., £ < E47”  where E%™
is the atmospheric noise field as determined from the CCIR
manual {41,

1. AntenNA CAPACITANCE

Consider a body of revolution that is formed by rotating a
planar curve about the 7 axis as described in Fig. 6. In Fig.
6. (p. ¢. 7} are cvlindrical coordinates, and (2, ¢) form an
orthogonal curvilinear coordinate system on the surface S of
the body of revolution. The coordinate ¢ is the arc length
along the generating curve, and ¢ is the azimuthal angle
measured from the x-z plane. The ends of the generating
curve may touch the 7 axis.

If the body of revolution is a conductor charged to a
potential ¥ with respect to a ground plane located on the x-y
plane, the following integral equation for the unknown sur-
face charge density o, results {1]:

il s
47:60/, WNRF TR T

where r and ¢’ are position vectors of the observation and
source points, respectively, snd the integration is over the
surface of the body. In (8}, R*Y and R~ denote the distances
between the observation and source poinis on the body and its
image, respectively. Since the boundary conditions and exci-
tation are axisymmetric, all field quantities are ¢ indepen-
dent. Therefore, ¢ may be set equal to zero and suppressed.
In the coordinate system of the surface of revolution, {8) may
be expressed as

reS {8)

1 /-.'r/\ 51 1 \}dcj)}d . ¢
o] [ - s =y e
dwie, g i"‘) R R™ j
(9)
where
dr = {{ae)’ + (az)] " (10)
Ri={r®r|=|(p~-pf+{z*2)
L ¢;’ 172
+4pp sin 5 {11)

In 9y, the surface charge density has been replaced by the
lincar charge density g{¢}1, whereas 7 is the total arc length
along the generating curve. The unprimed coordinates refer
10 the observation point, whereas the prired coordinates
tefer to the source poinis. Note that p and z can be ex-
pressed as functions of #, where (g, 2) and p', ) are the
cylindrical coordinates of the points { and ¢/, respestively.

Expression (9) is an integral equation for the unknown
lincar charge demsity g{r) along the conducting body of
revolution. Once g{f) has been determined, the capacitance
€ of the body with respect o ground can be evaluated as

¥

X

Fig. 6. Body of revolution and coordinate system.

c=2 -2 [Tatryar (12)
v v ! ' -

The method of moments [5} may be applied to obtain a
numerical solution to the integral equation (9). In the numeri-
cal solution of (9), the generating curve of the body of
revolotion is approximated as a sequence of N linear seg-
ments, as is shown in Fig. 7. An explanation and listing of a
FORTRAN tanguage computer program based on the method
of moments solution of (9) is given in [6}].

Consider a highly conducting tube of length 4, radins «,
and separated by a distance of s above a perfectly conducting
ground plane as illustrated in Fig. 8. Fig. 9 shows a compari-
son of the computed and measured capacitances of several
6-in-long conducting tubes of different radii plotted as a
function of separation above the ground plane. The curves
show that the capacitance decreases with separation from the
ground plane and increases for larger radii. The data indicate
that the measured and computed capacitances agree to within
i pF for most separations, which is an excellent correspon-
dence considering the margin for error in the measurements.
Comparisons for tubes of other heights produced similar
results, verifying the accuracy of the body of revolution
algorithm.

Reference |7] gives an approximate formula for the capaci-
tance of an electrically small wbular monopole above &
perfectly conducting ground plane. This formula is & modi-
fied expression for the capacitance of a coplanar stripline.
The advantage of this formula over the moment-meihod
solation is that its cvaluation involves only the computation
of elliptic integrals of the first Kind for which simple polyno-
mial approximations exist. Over the range of parameters
where the approximate formula s valid, it was found'to be in
agreement with the integral equation solution and the mea-
sured data.

The body of revolution algorithm was also applied to
compute the static charge distribution and capacitance of a
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Fig. 7. Approzimation of the geserating curve as linear segments for the
body of revolution in Fig. 6.

conical antenna over a conducting ground plane. Our com-
puted data corupare well with Wilton’s computed data {8] for
vartous conical antennas both with and without a top load.
iV. Errecrive HelGHT

The effective height /1,4 of a linearly polarized antenns
receiving a plane wave from a given direction is the ratio of
the magnitude of the open circait voltage developed at the
terminals of the antensa to the magnitude of the electric field
strength in the direction of the antenna polarization {9]. This
definition has been applied in (13, Alternatively, the effective
height is the length of a thin straight conductor oriented
perpendicular to the given direction and paralle! to the an-
tenna polarization, having a uniform current equal to that at
the antenna termibals and producing the same far-field
strength as the antenna in that direction [9]. The application
of this latter definition to the body of revolution in Fig. &
yields

T
I{t)cos u(1) at !

o~~~
[#%)
N

1
hc--m“—r‘r/
oy Ty

where 7 is the arc length slong the generating curve of the
antenna, v{?) is the angle between the tangent to the generat-
ing carve and the z axis. J{1) is the currest along the
antenna, and (0} is the current at the antenna terrainals.

An expression for the effective height of a body of revolu-
fion may be obtained in terms of the charge distribotion. The
application of the method-of-moments formulation (Fig. 7y ©
the effective height formula {13) gives
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Fig. 9. Capacitances of severs! conducting tubes (2 = 6 in) of differemy

radit as a function of scparation above a ground plane,

b, = ml {E [ 8 3
g e YOO8 b, iy dt. 14
efi 7((’} ;_:l £ U[ .J,Ei“: . { k.

From the use of the continuity equation and the bousdary
conditton f{T) = §, (14} can be expressed as {6)

1“(. !’O,’f (\/’
_}..4‘ A? 08 Uf_'z_’y‘fofﬁj },: Qi‘ﬁl{.zl - z&))
4 i3 Jj=1i =t
Loyy ™ N = ~
2. Q8 Y04,
FEO FENt
(18}
where
( i 1;2. l = ,V / y
e ’ ; {16
i 1 1 otherwise. 16)

(3, is the linear charge density along segment {, whereas 4,
and z; ste the segment length and the 2z coordinate of the
midpoint of segment {, respectively.

BEquation {15) indicates that the cffective height of an
electrically small body of revoletion is actoally the axial
height of the center of charge. The above expression alse
shows the importance of capacitive loading at the top of the
anienna since 3t raises the center of charge and thus increases
the effective height of the antenna.

Consider the truncated cone described in Fig. 10, It con-
sists of a secion of hollow cone with axial length &, lower
dismeter ;. and upper dismeter o .. The cone is separated
by 3 small gap 5 above a perfectly ‘conducting ground plane
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and counected to g receiver below the ground plane by an
infinitesinalty thin wire. Fig. 11 shows the ¢ffective height of
a truncaied cone with A = 6 in, d,= 5 in, and & = 0.1 in
that is plotted as a fusction of the lower diameter d. A
narrower initial diameter reduces the capacitive ..uuph}:c
from the lower end of the cone to ground, thereby raising the
center of charge of the antensa. Consequently, the vurve
shows that the cffective height incresses with a narrower
initial diameter. However, as will be shown in the sext
section. this increase in effective heigit is atinined af the
expense of a decrease in capacitance.
V. DeETerMimATION OF AN QPTIMUM ANTENNS

During this investigation. certaln space restrictions for the
Loran-C antenna were set. If was decided that the antenna
must fit within a 4.28-inch-high. 3-lach-diameter cylinded,
where the bottom of the cylinder is coincident with the
seawater line. The Loran antenna may be top Joaded but must
ailow for a feed cable 1o pass through its niddle for connec-
tion to a OPS antenna, Thus, it was decided o reserve &
0.5-in diamoeter cviinder o the sxiddie of the Lomas antenna
for the passage of the GPS antenna feed. The space resiric-
tions for the Loran-C antenna are Hustrated in Fig. 12.

Measurements of the FET amplifer were made at 100 kifz
to determine the equivalent soise sources £, aml 7, as
defined in Fig. 4. The results of these yocasurements indi-
cated that for antenna capacitances below 100 pP. the arpli-
fier is current noise limited, ie., the noise produced due w0
1, is much greater than that due to £,. Therelore, w any

ANTENNA 201
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Fig. 12. Space restictions oy the Loran-C antenna.

cafculations of the amplifier noise feld as determined by {7),
the contribution due to E, will be neglecied. The measure-
ments, based on a 100-Hz bandwidth sigaal with a 100-kHz
carrier frequency, indicate that £ is approximately 2 pA.

In this section, an optimum manopoic antenna configura-
tion will be determined. The optimom antenna will be one
that fits within the space restrictions as described in Fig. 12
and will result in a minimom amplifier noise field as com-
puted by (7). The antenna geometries to be considered are
cylinders and truncated cones. Each structure will be studied
both with and without a fop load.

4. Cylinder

Consider again the tubular monopole described in Fig. 8
with £ = 4.15 in and s = 0.1 in. The antenna capacitance,
effective beight, and amplifier noise field are plotted as
functions of the tube dismeter in Figs. 13(a), (b), and (¢},
respectively. The curves show that the anienna capacitance 1
a meopotonically increasing fnnction of the tube diameter,
whereas the effective height is @ decreasing function. The
amplifier noise field £97F as computed from (7} is inversely
proportional to the product of the effective height and the
sutenaa capacitance for z cwrrent noise limited system. Fig.
1310} shows that £ is ¢ monotonically decreasing func-
tion of the whe diameter. Therefore, the change in capaci-
ance due 10 & varianion in the tube diameter overrides the
opposite change in the eoffective height. For exarople. a
tubular monopole with 24 = 0.5 in yieldq C, = 3.52 pf,
By 1LBU o, and E4me = 198 uV/m, whe;e% a tibe
with 2a = 5 i gives O, = 22.4 pf, A= 1.32 in, and
Fome = 4 24 oV /m Up@n increasing the tube diameter fror
0.5 to 5 in, the capacitance increases by more than a factor of
& anid the effoctive height decresses by less than 1.5, Conse-
guently. the amplifier noise fleld decreases by more than a
factor of 4.5, corresponding 10 an improvement of 13.4 dB.
Thus, the data s Fig. 13{c) indicate that the optimum tubular

mnupui ¢ is one with the maxivem alfowable dlameter (24

= 84,

I the twbe is top loaded with a 0.5-inch-inper diameter,
S.ipch-outer diareeter conducting apmular disk, some im-
provement in perfonnance can be obtained. For example, 2
top-loaded rube with £ = 4.15 in, 5 = 0.1 in, and 2a =105
i results in O, = 7.36 pf, Sy = 323 in, and E907 = 527
,u,‘v’ fon, wheress a tube with 2a = 3 in gives €, = 22.7 pf,
Bop= L1390, and B9 = 3.96 ¢V /m. Thus, top loading
;’:row(m 28 11.3-GB decrease ju the zowplifier noise field for
the 0.5-inch-dinmeicr tube while only resulting 1o 3 0.59-dB
improvement for the 5.0-inch-dismeter tube. However, the
larger tube still gives the best performance.,
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Fig. 13. (3} Capacitance of a conducting tbe (& = 4.15 ) sbove 2
ground plane (s = (.1 in} as a function of diameter: (b} effective height of a
conducting tube (& = 4.15 in) above 3 pround plane (F = 0.1 in) as 3
function of dismeter; {¢) amplifier noise ficld due to 8 current noise {imited
FET (7, = 2 pA, f = 100 kHz)} for the conducting tube described in {3) and
plotted as a function of the whe diameser.

P 77

Fig. 14, Top-loaded truncared cone above a ground plane.

B. Truncated Cone

Consider the top-loaded truncated cone described in Fig.
14. The anteana capacitance, ¢ffective height, and amplifier
noise field are plotted as functions of the lower diameter d|
in Figs. 15(a), (b), and (c), respectively, for the truncated
cone hoth with and without the twp load. The curves show
that the antenna capaciiance increases with d,, whereas the
effective height exhibits the opposite behavior. In addition,
Fig. 15(c) indicates that E“"? is a monotonically decreasing
function of d,. Consequently, the increase in capacitance
associated with an increase in the lower diameter overrides
the corresponding decrease in the effective beight. Therefore,
tapering the antenna at the base does not provide an improve-
ment i the overall antenna performance. For example, an
urdoaded cone with &) = 05 in resuls iIn 977 = 5.02
wVim, whereas one with o, = 5.0 i gives EY7F = 4.24
a4V /m. This increase in the lower diameter only resolts in a
1.47-dB improvement in the amplifier noise field. Note that a
truncated cone with o, = d, i just a cylinder. The amplifier
noise curves in Fig. 13(c) show that the cylindrical mosopaie
with 2a = 5 in provides a lower araplifier acise field than a
truncated cone.

Fig. 15(c) shows that a top-loaded cone provides a lower
amplifier noise ficld than an unloaded cone. However, this
improvement is quite small. For example, a top-loaded troo-
cated cone with ; = 0.5 in results in only a 0.67-dB im-
provement over an unloaded one.

V1. Fivat Desion

The analysis of the previous section has shown that the
optimum Loran~C antenna that fits within the space restric-
tions described in Fig. 12 5 a tubular monopole with the
maximum allowable diaowier {22 =5 in). From Figs.
13{ay~(c), this amtenna results in C, = 224 pF, A, = 1.32
in, and E4"P = 4.24 4V /m. Although the analysis showed
that & top-loaded tube performs slightly better than an un-
loaded tube (0.55-dB improvement} the top load was omitted
for mechanical reasons.

Fig. 16 gives a schematic view of the Loran-C astenoa and
amplifier assembly. For mechanical reasons, the antenna and
the amplifier were eaclosed ina 1/ 16-inch-thick, S-inch-outer
diameter fibergias tube. The antenna was constructed from a
1/16-inch-thick aluminue twbe that B tightly against the
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Fig. 16. Schematic view of the Loran-C antenna.

fiberglas housing. The amplifier was enclosed in a 0.965-
inch-high grounded aluminum can that was the same diameter
as the antenna. The can included a 3/16-inch-diameter hole
through its middle for passage of the GPS antenna feed cable.
The Loran-C antenna and amplifier assembly in Fig. 16 was
enclosed in a cylindrical radome made of lexan (e, = 3) and
further surrounded by a floatation collar made of syntactic
foam (e, = 1.5).

Since the amplifier required a larger enclosure than previ-
ously anticipated (0.965-inch-height instead of 0.75 in), the
antenna height was reduced to 3.785 in, whereas the fiberglas
housing reduced the antenna diameter to approximately 4-7/8
in. Additionally, the tube was separated by 0.25 in from the
ground plane. The recalculation of the parameters for this
smaller antenna (A = 3.7851in, 2a = 4.875in, and 5 = 0.25
in) yields C, = 17.8 pF h, ;= 1.53 in, and E*"/ = 4.60
4V /m. From the CCIR tables [4], the atmospheric noise (for
a 100-Hz bandwidth) near the coast of Connecticut ranges
from a minimum of 0.94 pV/m during the winter to a
maximum of 21 xV/m during the summer. Thus, according
to these numbers, the Loran antenna/amplifier system is
usually atmospheric noise limited.

The effective height of the Loran antenna was measured by
comparing the received signal strength from a Loran station
with that from a VLF loop antenna of known effective height.
Based on this method, the measured effective height was
approximately 1 in, which is smaller than the number pre-
dicted. The smaller measured effective height is probably due
to the added capacitive loading from the dielectric surround-
ing the antenna and the finite thickness of the connecting
wire. The measurements were carried out over a saltwater
pond on Fisher’s Island, NY.
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VII. SuMMARY AND CONCLUSIONS

This paper has provided a systematic theoretical determina-
tion of an optimum monopole antenna configuration for Lo-
ran-C reception that fits within certain space requirements.
The antenna analysis was based on a guasi-static numerical
study of a conducting body of revolution above a perfectly
conducting ground plane. An optimum antenna is one that
results in a minimum amplifier noise field as computed from
7.

An integral part of this study included a determination of
the amplifier noise. On account of the small dimensions
allotted for the Loran antenna, the antenna capacitance was
sufficiently small so that the amplifier was current noise
limited (see Fig. 4), resulting in a noise ficld that is inversely
proportional to the product of the antenna capacitance and
effective height. Consequently, the study showed a tradeoff in
the effort to obtain both a large antenna capacitance and
effective height. For example, a structure that is more ta-
pered at the base yields an increase in effective height at the
expense of a loss in capacitance. The analysis showed that the
optimum monopole antenna is a hollow cylinder of maximum
allowable diameter and a small separation from the ground
plane. The analysis also indicated that the addition of a top
load provides a small increase in both the antenna capacitance
and effective height resuiting in ans improved performance.
However, becduse of mechanical constraints, it was decided
to omit the top load.

Measurements performed on the Loran-C antenna indicate
a lower effective height than the predicted value because of
the finite thickness of the connecting wire and the added
shunt capacitive loading from the dielectric surrounding the
antenna. The numerical algorithn for the condacting body of
revolution dssumes an upper-half space consisting of air and
does not account for any dielectric loading,
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