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Abstract

A longstanding problem with generalized stochastic
Petri nets and extensions is that of what to do when more
than one zero-timed event is scheduled to occur at the same
time. If the order is left unspecified, it could lead to am-
biguity that affects reward variables. Stochastic activity
nets (SANs) [6, 7] have used the well-specified condition
to avoid this problem. However, the existing algorithm to
perform the well-specified check is computationally com-
plex, proportional to the number of paths through unstable
markings. We provide some theoretical results that allow us
to make use of a much more efficient algorithm, with com-
plexity proportional to the number of arcs between unstable
markings.

Keywords: Stochastic Petri nets, stochastic activity net-
works, Markov process, well-specified, well-defined.

1. Introduction

Stochastic Petri nets have emerged as a popular way of
expressing performance and dependability models. They
have been successfully used in building performance and
reliability models with complex structural interactions. The
ability to generate a Markov chain in a fairly straightfor-
ward way makes analytical/numerical solution possible, and
the relatively simple structure yields fast simulators when
numerical solution is impractical.

Extensions to SPNs, including generalized SPNs
(GSPNs) [5], allow for both timed and immediate transi-
tions. A fundamental problem that arises from immediate
transitions is that of what to do when multiple immediate
transitions are enabled at the same time. The network may
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behave differently depending on which transition is chosen
to fire first. A similar problem arises if several timed tran-
sitions have the same firing time, which can happen if the
transition delay is deterministic or has a discrete or mixed
distribution.

Historically, there have been several approaches to solv-
ing this problem. An early solution [5] was to assign prob-
abilities to immediate transitions. Since it is not always
easy or practical to foresee all the possible combinations
of enabled immediate transitions, the state-space generator
prompts the user to assign probabilities to the set of enabled
immediate transitions. This solution could be tedious to the
user for larger, complex models.

Later refinements to GSPNs assigned priorities and
weights to immediate transitions [4]. The probability of
choosing an immediate transition is then the ratio of the
weight of the immediate transition to the sum of the weights
of enabled immediate transitions. While this is a reasonable
solution, it still requires that the user have some implicit
knowledge of what sets of immediate transitions may be
enabled at one time. This can be difficult for larger mod-
els. Also, it sometimes leads to over-specification, when
the user is required to specify weights that are irrelevant.
Furthermore, the modeler may make an error in building
the model, in which case the result of over-specification is
legal but unanticipated and incorrect behavior. Thus, over-
specification can be undesirable.

A different approach is to use an extended conflict set
(ECS) [1]. Weights in transitions are used only to choose
among transitions within the ECS. This is an attempt to
reduce the complexity of assigning weights to immediate
transitions. The order in which immediate transitions of dif-
ferent ECSs fire may not matter; this means that the firing
of a transition in one ECS may not affect the enabling or fir-
ing rule of a transition in a different ECS. This rule is called
defined at the net level. There are structural tests [1] to de-
termine whether a conflict between ECSs exists, but these
methods may declare that a conflict may exist where one



does not exist. The only known accurate test is a compre-
hensive test at state-generation time.

A similar problem exists when more than one timed
transition is scheduled to fire at the same time. Priorities,
weights, and ECSs may be applied, but unless there is a
type of global weight-assignment system, or a test at state-
generation time, there is a possibility of ambiguity.

There are several other tests that may be performed at
state-generation time that are aimed at reducing the burden
of specification and eliminating over-specification, while
still ensuring that the behavior of a GSPN is completely
specified. One of these tests is based on the notion of a
well-defined GSPN [2]. A GSPN is well-defined if the un-
derlying stochastic process is completely described at every
step, including all events that occur in zero time. A check
that a model is well-defined can be done when exploring
the state space by an efficient algorithm that does not add
to the asymptotic running time of the state-generation al-
gorithm. However, the well-defined definition may be too
restrictive, since some ambiguities do not change the be-
havior of the stochastic process in a measurable sense (for
example, with respect to a reward structure). Therefore, a
more relaxed definition called well-defined with respect to
a reward structure was defined and applied [2]. We discuss
some of the details of this definition later. An efficient algo-
rithm to detect whether a GSPN is well-defined with respect
to a reward structure has been given in [2].

In parallel with the evolution of GSPNSs, stochastic ac-
tivity networks (SANSs) [6, 7] have developed a technique
to address a closely related problem. An activity (similar to
a transition) has cases, which have probabilities assigned to
them. When an activity completes, a case is chosen. Since
SANs have cases, there is no need to use weights on in-
stantaneous activities to specify choices between different
behaviors in the SAN. However, if multiple instantaneous
activities are enabled at the same time, there may be some
ambiguity as to which activity completes first. As long as
the probability of going to a next stable (similar to tangible)
marking and obtaining an impulse reward is independent
of the order in which instantaneous activities complete, we
say that the SAN is well-specified. A SAN must be well-
specified if its behavior is to be analyzed probabilistically.
There are some subtle distinctions, which we discuss for-
mally in Section 3, between “well-defined with respect to a
reward structure” and “well-specified.”

Algorithms have been developed to determine whether a
SAN is well-specified [3, 8, 9]. However, these algorithms
require the searching of all paths from a stable state to the
set of next stable states. This makes the algorithm very com-
putationally complex, which substantially slows down the
state-space generation if there is a large number of interact-
ing instantaneous activities.

We note that while the well-defined definition has his-

torically been applied to GSPNs with ECSs and the well-
specified definition has historically been applied to SANs,
there is nothing unique about the definitions that ties them
to these specific formalisms. GSPN ECSs are similar to
SAN instantaneous activities, and GSPN immediate transi-
tions are similar to SAN cases. (We discuss SANs in more
detail in Section 2.1.) Since we focus on the well-specified
definition in this paper, we discuss both definitions as ap-
plied to SANs.

In this paper, we show that the two definitions are in fact
equivalent. The implication of this is that the well-specified
check can now be performed much more efficiently than
was previously known [3].

We begin, in Section 2, by reviewing SANs and intro-
ducing the configuration graph. In Section 3, we formally
present the definitions of well-specified and well-defined.
We prove that the two definitions are equivalent in Section
4, and show the algorithm as applied to the configuration
graph in Section 5. We conclude in Section 6.

2. SANs

2.1. Review of SANs

Stochastic activity networks (SANSs) have similarities to
stochastic Petri nets. A SAN is composed of places, activ-
ities (similar to transitions), input gates, and output gates.
Places hold tokens, as they do in Petri nets. The number
of tokens in places of the SAN is called the marking of
the SAN. Formally, let P be the (finite) set of places in the
SAN. A marking is then a mapping p : P — IN.

Activities in a SAN may be either timed or instanta-
neous. Each timed activity has a (possibly general) prob-
ability distribution function assigned to it, which describes
the time an activity takes to complete once it becomes en-
abled. Timed activities are drawn as hollow vertical bars.
Instantaneous activities have no time distribution associated
with them; the delay between enabling and completion is
“instantaneous” with respect to time in the model. Instan-
taneous activities are drawn as solid vertical lines. Each
activity has a (positive) number of cases associated with it,
which probabilistically describe a choice of next markings a
SAN may enter after the completion of the activity. A case
is drawn as a circle on an activitiy, usually on the right.

Each input gate has several input arcs and a single output
arc. Input arcs are connected to places in the SAN, and the
output arc connects to an activity. An input gate is made up
of two functions: an input gate predicate, which is a general
marking-dependent expression used to determine whether
an activity is enabled, and an input gate function, which
is a general marking-change function used to change the
SAN marking when an activity completes. The input gate
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Figure 1. SAN example.

function may change the marking of any of the connected
places. Input gates are drawn as right-pointing triangles.

An output gate has input arcs that connect activity cases
to the output gate, and output arcs that connect the gate to
places. An output gate also has a general function that de-
scribes how the marking changes when the connected activ-
ity completes, and it may change the marking of the con-
nected places in a general way. Output gates are drawn as
left-pointing triangles.

If a place is directly connected to an activity by an arc,
the behavior of the SAN is the same as that of an SPN.
When an activity completes, a case is chosen, the input gate
functions are executed, and then the output gate functions
of the output gates that are connected to the chosen case are
executed.

An example SAN is given in Figure 1. This example
shows a SAN with places, timed activities, and instanta-
neous activities with and without cases. Gates are a pow-
erful extension, and allow for general, marking-dependent
behavior. For the sake of illustration, we omit gates from
our example.

2.2. SAN execution

The execution of a SAN specifies how the marking of
the SAN changes over time, and which activity completions
and case selections cause these changes. An activity is en-
abled if all the places connected to the activity by input arcs
have more than one token, as in Petri nets, and if all the
input gate predicates are true.

Instantaneous activities always have priority over timed
activities; that is, if there are timed and instantaneous activ-
ities enabled in the same marking, an instantaneous activity
will complete. If several timed activities are enabled and
no instantaneous activities are enabled, the activity with the
minimum delay is chosen to complete first.

The “yields” function specifies how the marking changes
when an activity completes. We say that the completion

of activity a and the choice of case ¢ in marking p yields
marking ;/, and we write 1, %5 1.

We make use of the reflexive, transitive closure of the
yields relation, =, to construct the set of reachable mark-
ings of a SAN. From the initial marking of a SAN, jnit, we
can define the set of all reachable markings in the SAN as
R(SAN, pinit) = {p|pinit — p1}. A reachable marking can
be stable or unstable. A stable marking is one in which no
instantaneous activities are enabled; an unstable marking is
a marking in which one or more instantaneous activities are
enabled. We denote the set of stable reachable markings as
SR(SAN, uinit) € R(SAN, pinit), and the set of unstable
reachable markings as U R(S AN, puinit) € R(SAN, finit)-

The execution of a SAN is described, formally, using
configurations. A configuration is a triple <y, a,c>, and
represents the completion of activity a and the choice of
case ¢ in marking y.. We say that a configuration is stable if
the marking of the configuration is a stable marking; a con-
figuration is unstable if the marking of the configuration is
unstable. We use the symbol “—" for “don’t care” elements
in configurations. The execution of a SAN is described in
terms of a sequence of configurations called a step. There
is a certain type of step called a stable step, which is a se-
guence of configurations in which the first configuration is a
stable configuration, and subsequent configurations are un-
stable configurations. The last configuration must yield a
stable marking. (Note that the last configuration is not a
stable configuration, but it must yield a stable marking.)

2.3. Configuration graph

We use a configuration graph to aid us in describing
the zero-timed behavior of a SAN. A configuration graph
has similarities to the state-space graph of the unstable
markings between stable markings. The primary differ-
ence is that we distinguish between markings in which there
are non-quantified choices (multiple instantaneous activities
enabled) and those in which there are quantified choices.
This helps us considerably in our analysis.

A configuration graph is a directed acyclic graph. Each
node is identified with a marking of the SAN, although the
marking is not necessarily unique. It has a root node, which
is the initial stable marking, and leaves, which are stable
markings. The intermediate nodes correspond to unstable
markings. We label the nodes with markings, e.g., u;. If a
marking is a stable marking, then we use a hat, e.g., ;.

Configuration graphs have two types of nodes: case
nodes and decision nodes. A decision node is a node in
which more than one instantaneous activity is enabled. Let
1; be the marking associated with a decision node. We call
the node p;. Let a be an instantaneous activity enabled in
marking p;. Then p; has a child node called ¢, which rep-
resents marking p; in which immediate activity a is chosen



to complete. Node p; has a child node for each instanta-
neous activity that is enabled in ;.

The other type of node is a case node. A case node is a
node in which there is only one instantaneous activity en-
abled, or, if multiple instantaneous activities are enabled,
only one is chosen to complete. Let n¢ be a case node as-
sociated with marking 1, where instantaneous activity a is
chosen to complete first. Let 11; be a marking that is reached
from marking p; when activity a completes and a case is
chosen. Using SAN terminology, we can say that there ex-
ists the sequence of configurations <;, a, c><pj, —, —>.
The arcs from a case node to its children are labeled with
the probability of reaching the child node, which is com-
putable from case probabilities. Note that for case node ¢,
if multiple instantaneous activities are enabled in marking
1;, the probabilities are computed using cases on activity
a. Case node p¢ has a child for each marking reachable by
completing a in marking ;.

The root node is a special node. Let EN(fig) be the set
of timed activities enabled in marking fio. We identify the
root node with the stable marking /iy and a particular timed
activity ¢t € EN(fi0), which is chosen to complete first. We
label the root node /i, throughout this paper.

The leaf nodes of the tree are identified with the next sta-
ble marking, and the intermediate nodes are identified with
unstable, intermediate markings. The children of the root
node /i, are identified with the markings that are reachable
from marking i by the firing of activity ¢. The arcs from
the root node to the children are labeled with the probability
of reaching the child node, and can be easily computed from
the case probabilities on the timed activity. A path through
the configuration graph corresponds directly to a stable step.

To facilitate the following discussion, we introduce the
notion of a child set. The child set of a node p; is simply
the set of child nodes in the configuration graph, and we
write this as C'(u;). Let TEN (u;) be the set of immediate
activities enabled in the unstable marking p;. If p; is a de-
cision node, then C'(y;) contains case nodes of the form p¢,
Va € TEN(u;). If u; is a decision node (which occurs if
|[TEN (u;)| = 1), then C(u;) contains the nodes reachable
from p; by firing the enabled instantaneous activity.

Note that SANs are by definition stabilizing. A SAN
is stabilizing if the number of stable steps from any stable
marking is finite. This means that the configuration graph
is acyclic and has a finite number of nodes.

Recall the example SAN in Figure 1. We show the con-
figuration graph of this SAN in Figure 2, where place A
initially has one token, and all other places have none. The
enumeration of the markings of this configuration graph is
given in Table 1.
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Figure 2. Configuration graph of SAN.
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Table 1. Enumeration of markings.
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3. Definitions

Before we discuss the well-defined and well-specified
definitions, we present a list of symbols and definitions for
the reader’s convenience.

1 A marking of a SAN.
i1 A stable marking of a SAN.
R(SAN, pinit) Set of reachable markings in a SAN.

SR(SAN, uinit) Set of reachable stable markings in a
SAN.

UR(SAN, uinit) Set of reachable unstable markings in a
SAN.

EN(p) The set of enabled activities in marking .

IEN(u) The set of enabled instantaneous activities in
marking .

C(u) The set of children of p in the configuration graph.
(The configuration graph is described later.)

u® Marking . in which a is chosen to complete. Note that
a € IEN ().

w; Marking p;. Subscripts on p are used to distinguish
markings. Marking p; is not the same as marking ;.
However, marking y; is the same as marking p.

i, Stable marking o in which timed activity ¢ is chosen
to complete.

P{i|py} The probability of reaching stable marking /i
from i by a stable step after ¢ completes.

P{u;|a§} The probability of reaching unstable marking 1;
by a sequence of immediate activity completions after
timed activity ¢ completes in marking /.

P{j|ui, i} The probability of reaching stable marking
from iy by a stable step that includes <y;, —, —> after
t completes in marking /io.

P{j|p;, iy} The probability of reaching stable marking
i from o by a stable step that does not include
<p;, —, —> after ¢ completes in marking /.

P{j,im|at} The probability of reaching stable marking
i1 and obtaining impulse reward im from [ by a sta-
ble step that includes <pu;, —, —> after ¢t completes in
marking fi.

pi; P{pjlpi} if pi — pj, where — is the “yields” func-
tion. Note that p;; > 0 or it is undefined.

NS(if) The set of stable markings reachable from mark-
ing 1o after ¢ completes in a stable step.

NU(iify) The set of unstable markings reachable from
marking /iy after ¢ completes before reaching a stable
marking.

IM The set of allowable impulse rewards.

Quantified A probability is quantified if it can be com-
puted without any additional information. A proba-
bility is said to be non-quantified if it is not quantified.

Configuration A triple <u,a,c> representing the com-
pletion of activity a and choice of case ¢ in marking

.

Stable configuration The configuration <pu,a,c> is sta-
ble if y is a stable marking. The configuration is un-
stable if 1 is an unstable marking.

Stable step A sequence of configurations that consist of
the following: first, a stable configuration; then, a
number of unstable configurations; and finally, a ter-
minating configuration that yields a stable configura-
tion. The sequence must follow a legal execution of
the SAN.

Stabilizing SAN A SAN is stabilizing if the number of sta-
ble steps from any stable state is finite.

3.1. Well-defined

We begin by describing the approach taken in [2], where
the term well-defined is introduced. There are actually three
different definitions (we believe) of well-defined in this pa-
per. In [2], the underlying stochastic process of an SPN
model is defined to include the state of the SPN, the time
in which state changes occur, and the sequence of transition
firings. SANs use the sequence of configurations to describe
the underlying stochastic process. Although the descrip-
tion of the underlying stochastic process differ in SANs and
GSPNs, both afford enough information to apply the well-
specified or well-defined definition.

A well-defined GSPN is informally defined as an GSPN
in which the underlying stochastic process is fully deter-
mined. Non-determinism may occur when several enabled
immediate transitions belong to different extended conflict
sets (ECSs). The order in which transitions fire may af-
fect the probability of reaching some tangible state, and the
order is not specified. According to the well-defined defini-
tion, sequences of transition firings, even if they happen in
zero time, must always yield a completely determined un-
derlying stochastic process. This allows for no ambiguity,
which means that if more than one immediate transition is



enabled, all of them must belong to the same ECS. If ap-
plied to SANs, that would require that only one immediate
activity be enabled at any one time. This has the potential
to be overly restrictive.

A more relaxed definition that Ciardo defines is well-
defined with respect to a reward structure [2]. Simply
stated, this definition requires that the reward structure be
fully determined, or quantified. We say that a probability
is quantified if it can be computed without any additional
information. This has some interesting side effects. For
example, any SPN with no (or trivial) reward structure is
well-defined with respect to that reward structure. A more
important side effect of this definition is that the probabil-
ity of reaching the next tangible state may not be quanti-
fied, due to ambiguity. If no impulse rewards are affected,
some global knowledge about the evolution of the stochas-
tic process and reward structure is needed in order to de-
termine whether the ambiguity will eventually affect the re-
ward structure. While this definition is an interesting idea,
it is very difficult to check in practice.

A more practical definition of well-specified is also of-
fered in [2], in algorithm form. This is a more restrictive
form of the definition of well-defined with respect to a re-
ward structure. It adds two additional restrictions. First, the
probability of reaching a stable marking from any unsta-
ble marking must be quantified (no probability confusion).
Second, the probability of obtaining an impulse reward by
reaching a stable marking from any unstable marking must
be quantified (no reward confusion).

To state this precisely, we introduce some notation. Let
NU (u;) be the set of unstable markings reachable from p;
in zero time, let N.S(fif)) be the set of stable markings reach-
able by a stable step from marking i, after t completes, and
let M be the set of all impulse rewards. A SAN meets the
more restrictive definition of well-defined with respect to a
reward condition if Vg € SR(SAN, init), YVt € EN (fig),
Vu; € NU(ib), and Vi € NS(ff), the following are true:

1. P{f, |ps, u5} 1s quantified (no probability confusion).

2. P{a,im|u;, i§} is quantified Vim € IM (no reward
confusion).

By P{{, |us, 1§}, we mean the probability of reaching the
next stable marking /: in the configuration graph rooted by
15 given that y;, is visited. This is the definition of well-
defined that we are adopting, and that we hereafter use in
this paper.

The algorithm for checking if a model is well-defined in-
volves determining the probability distribution of next sta-
ble markings at every unstable marking. If computing the
distribution at each node in the configuration graph can be
done in constant time, and G = (E, V) is the configuration
graph, then the algorithm runs in O(E + V') time.

3.2. Well-specified

The definition of well-specified essentially says that the
marking of the SAN and the reward variables must be
completely described at all points in time. Non-quantified
choices (i.e., multiple enabled instantaneous activities) that
introduce some ambiguity are allowable so long as the dis-
tribution of next stable markings and accumulated reward
is independent of these non-quantified choices. The defini-
tion of well-specified requires that from a stable marking,
the distribution of next stable markings must be quantified.
However, it does not appear to require that the distribu-
tion of next stable markings be quantified for all unstable
markings, as the well-defined definition does. This has led
previous attempts at designing an algorithm for the well-
specified check to enumerate all possible stable steps. We
show in the next section that this apparent ambiguity can
not exist.

A SAN is well-specified if for any stable marking, the
probability of reaching a next stable marking and obtaining
an impulse reward is quantified. We say a SAN is well-
specified if Vg € SR(SAN, pinit), ¥Vt € EN(jio), and
Vi € NS(f), the following are true:

1. P{p|ad} is quantified, and
2. P{i,im|nk} is quantified Vim € I M.

There is a subtle difference between the definitions of
well-specified and well-defined. Let /i, be the root of a con-
figuration graph. The well-specified definition requires that
the probability of reaching the next stable marking and ob-
taining an impulse reward be quantified from f, the root
of the configuration graph. The well-defined definition re-
quires that the probability of reaching the next stable mark-
ing and obtaining an impulse reward be quantified for all
nodes in the configuration graph.

This distinction is important, because the algorithms de-
rived from these two definitions are substantially different
in their computational complexity. A well-specified SAN,
by definition, is assumed to be capable of having some un-
stable marking for which the probability of reaching the
next stable marking and obtaining an impulse reward is
not determined. This causes the well-specified algorithm
to be computationally complex, because it must enumerate
all possible paths.

The algorithm to check whether a SAN is well-specified
has been developed in [3], and involves enumerating and
storing all possible paths (stable steps), which can be pro-
hibitive for models with larger networks of instantaneous
activities, or even for models with smaller networks that are
frequently used. If G = (E, V) is the configuration graph,
then the algorithm can run in O(2%) time.

In the next section, we show that these two definitions are
actually equivalent. Hence, the algorithm to test whether



a net is well-defined may be used to determine whether a
SAN is well-specified.

4. Equivalence of definitions
4.1. Condition 1

Recall that a SAN is well-specified if Vig €
SR(SAN, uinit), YVt € EN(jip), and Vi € NS(iif), the
following are true:

1. P{p|ad} is quantified, and
2. P{a,im|ad} is quantified Vim € I M.

We begin by considering the first part of the definition, and
in Section 4.2 we consider the second part.

We begin by stating three rules that are evident and
easily derived from the definition of SANs. Let iy €
SR(SAN, pini), t € EN(fw), and ji, i/ € NS(ib),
fi # i
Rule 1. If node u; is a case node, then P{j|u;, i} =

Zﬂjec(#i) P{ﬂlﬂj’ﬂé}pij'

Rule 2. P{i|a, ag} = 1.
Rule 3. P{a|i, i} = 0.

We use the shortened notation p;; to mean P{y;|u;}, where
w; — ;. Note that p;; is always greater than zero.
Now we state our first condition.

Condition 1 If node pu; is a decision node, then
P{jlu, b} = P{alut. fib} Ya.b € IEN (), and Vi €
NS(jif).

This leads us to our first theorem.

Theorem 1 Condition 1 is a necessary and sufficient con-
dition for a SAN to be well-specified with respect to the first
part of the well-specified definition.

Proof: If Condition 1 holds, then P{/i|u;, ii§} is quantified
for all nodes 1; in the configuration graph, so it is certainly
quantified for the root node. This shows that Condition 1 is
sufficient.

To show that Condition 1 is a necessary condition, we
assume, for contradiction, that a well-specified SAN exists
that does not meet Condition 1.

Note that all probabilities discussed in the remainder of
this proof are assumed to be conditioned on [, i.e., we
write P{/i|u; } when we mean P{ji|u;, fih}.

First, we note that the well-specified definition implies
that P{;} is quantified for all & € NS(4f). Condition
1 implies that P{/|u;} is quantified for all y; in the con-
figuration graph. For a contradiction, we can assume that

in some configuration graph, Condition 1 does not hold for
some nodes.

Based on the contradictory assumption, we can infer that
there exists some node, call it u;, where the P{j|u;} is
quantified for some arbitrary /i € N.S(j), but is not quan-
tified for some children of ;. (If no node p; exists, then
our contradictory assumption does not hold.)

There are two possibilities: p; is either a decision node
or a case node. If yu, is a decision node, then P{j|uf}
is non-quantified for some a € TEN(u;), and for some
g € NS(af), and therefore P{j|u;} is non-quantified.
This violates our assumption, so y; is not a decision node.

Thus, 1; must be a case node. Therefore, we can write

P{plp} = Z P{ilp; }pi -

ni €C(1s)

Our assumption says that for some z;, P{/t|u; } is not quan-
tified; that is, it is dependent on choices made at (successor)
decision nodes.

Before we proceed, we introduce a new term. A decision
specifies which instantaneous activity is chosen to complete
in some decision node. We write a decision for activity a at
node p; as d¢. The decision d¢ thus quantifies the choice of
which activity completes in marking ;.

A decision vector D is a vector of decisions in which
each decision node in the configuration graph has a de-
cision associated with that node in D. A decision vec-
tor prescribes all non-probabilistic choices in the configu-
ration graph, and hence quantifies P{/i|D} in general, and
P{pluj, D}, Vu; € NU(id), in particular.

We can then define D to be a subspace defined by a set
of decision vectors such that P{j|u;, D} is the same for
all D € D. We claim that there must exist a decision vec-
tor D' ¢ D such that D € D and D’ differ by only one
decision. To see this, imagine the decision space as an n-
dimensional, finite, discrete space, where n is the number of
decision nodes. It is easy to see that there exists a sequence
of vectors, starting in D, that trace a path through the whole
decision space. Each vector along the path differs from the
previous vector by only one decision. Either the path traces
the whole space without leaving D, which is a contradic-
tion, or it arrives at the sequence of vectors D € D and
D’ ¢ D that differ in only one decision. Let the decision
in which D and D’ differ be called d% and dj, that is, D is
identical to D’ except that % is an element in D and dJ is
an element in D’. This decision occurs at node 1.

Now we have two decision vectors that differ by only one
decision and yield different quantified probabilities. Recall
that we assume that P{j|u;} is quantified, but for some
child nodes 11; € C(u;), P{fs|u;} is not quantified. We
can then write

Plilwy = > P{ilu}pi;

i €C (1s)



as two separate equations,

P{ilpy = > Plilp;, Dipi, (D)
1y €C (i)

Pl = > Plilu;, D'lpi;. ()
pi€C(1i)

Taking the difference between (1) and (2), we get

0= Z (P{ﬂ|NJ7D}_P{ﬂ‘lu’]aD,})pl] (3)
;i €C (i)

Now for a chosen 1; € C'(u;), we can condition on the
event that 1.4 is an intermediate node on the path from p; to
1. Recall that u4 is the node at which the two decision sets
differ in their decision.

P{plpj, D}y = P{ilps, pa, Dy P{palp;, D} +
P{ﬂmjaﬁdaD}P{ﬂdmﬁD}
= P{ilpg, DYP{palp;, D} +
P{jlu;, g, DYP{fialp;, D} (4)
Similarly,
P{plp;, D'y = P{ilug, D'} P{palu;, D'} +

P{:&‘“‘ja Hds DI}P{/?"dLu‘ja DI} . (5)

We make use of the following equalities.

P{udlpj, Dy = P{palp;, D'}
P{m“j’ﬂd’D} = P{m“j’ﬂdaD/}
P{fialpj, D} = P{falp;, D'}
P{i|pj, pg, D}y = P{pilpg, D}
P{plpj, ph, D'y = P{fluf, D'}

Finally, the difference between (4) and (5) becomes

P{jilpj, D} = P{ji|pj, D'} =
(P{ft|pg, DY — P{jiluy, D'}) P{palp;, D} .

Now we restate (3) and substitute.

0 = > (P{alu;,D} - P{aln;, D'}) pi
pi€C(1i)

= S (P{lug. D} — P{jilut, D'}) x
1 €C (i)
P{NdmjaD}Pij

= (P{itlps, D} — P{ilub, D'}) x
Z P{palpg, D}pij

i €C(1s)

By definition, p;; > 0. For some u; € C(u;),
P{uqlpj, D} > 0 because of the way we chose
tq. Therefore, the summation sums to a value greater
than zero, and the above equation can hold only
if P{a|lpd, D} = P{aluf, D'}, which implies that
P{a|p;, D}y = P{p|p;, D'}, which is itself a contradic-
tion.

This contradiction implies that 1; may not be a decision
node. Since p; is neither a case node nor a decision node,
it can not exist. Thus, Condition 1 is both necessary and
sufficient for a SAN to be well-specified with respect to the
first part of the definition. ]

Restated, the first part of the well-specified defini-
tion says that P{/i|af} must be quantified for all iy €
SR(SAN, uo). Condition 1 implies that a SAN is well-
specified if and only if P{i|u, b}, Y € NU(@h) is
quantified. Thus, there can be no unstable marking in which
the probability of reaching some next stable marking is not
guantified. Notice that this is also the first part of the well-
defined definition.

Specifically, this result provides us with a condition that
can be checked at each node in the configuration graph.
Condition 1 holds for all nodes in the configuration graph,
for all configuration graphs generated by a SAN, if and only
if the SAN is well-specified with respect to the first defini-
tion of well-specified. Next, we address the second part of
the definition of well-specified.

4.2. Condition 2

The second part of the definition for a SAN to be well-
specified is that the probability of obtaining a certain im-
pulse reward when entering a particular next stable mark-
ing, given that ¢ completes in f, is independent of non-
quantified activity choices.

We define P{j,im|af} to be the probability that the
next stable marking from ff is /i and the impulse reward
is im. Let I M be the set of all possible impulse reward val-
ues. Note that then P{/|a6} = D", crar PLit, im| b }.

From the definition of SANs, we can derive the follow-
ing rules. Let i, i’ € NS(if), o # i/

Rule 1. If u¢ is a case node and im(u;,a) is the im-
pulse reward accumulated when activity a com-
pletes in marking p;, then P{p,im|u?, b} =
Z#]EC(;L;}) P{ﬂ, im — im(p, a)'ﬂjv ﬂé}

Rule 2.

1 im=0,

P{ﬂ,lm|ﬂ,ﬂ6}:{ 0 im#0.

Rule 3. P{j, iml|f’, it} =0,



Note that we allow for marking-dependent impulse rewards.
To address the second part of the well-specified defini-
tion, we introduce a second condition.

Condition 2 If node pu; is a decision node, then
P{j, im|ug, ib} = P{f, im|p?, ib} Va,b € TEN (u;),
and Vi € NS(ib).

This leads us to the second theorem.

Theorem 2 Condition 2 is a necessary and sufficient con-
dition for a SAN to be well-specified with respect to the sec-
ond part of the well-specified definition.

Proof: The proof follows the same form as the proof for
Theorem 1. |

As we observed earlier, P{a|i =
Y imern PLi,im|fg}.  Notice that the impulse re-
wards strictly partition the event { |4 }. From this, we can
deduce the following corollary.

Corollary 1 Condition 2 implies Condition 1.

The implication of this is, naturally, that only Condition 2
needs to be checked.

Notice that the second condition implies that
P{j,im|u;, oy} is quantified (no reward confusion).
This is precisely the second part of the definition of
well-defined. Thus, we can state another corollary.

Corollary 2 A SAN is well-specified if and only if it is well-
defined.

The well-specified definition seems to be a broader defini-
tion, and one might presume, as some have ([2, 3]), that
some SANs may exist that would meet the well-specified
condition but not meet the well-defined condition. We have
shown that this is not the case, and that the two definitions
are in fact equivalent definitions.

The direct consequence of this discovery is that the al-
gorithm to perform the well-specified check can safely be
replaced with the well-defined check. The well-defined al-
gorithm also unwittingly performs the well-specified check.

5. Well-specified checker
5.1. Algorithm

Here we present a new algorithm for doing the well-
specified check. Naturally, it is similar to the algorithm
for the well-defined check [2]. The algorithm performs a
depth-first search, applying the rules and the condition at
each node in the configuration graph.

To describe the distribution of N.S(4f), we use a vector
P that is uniquely indexed by two elements: a marking and

Generate configuration graph.
P = well-spec-check(root)

algorithm well-spec-check(u;) : P

P=0

if IEN(u;) =10 // stable marking
P(p;,0) =1
return P

elseif [TEN(u;)] =1 1/ case node
{a} = TEN ;)
im = im(u;, a
Vi € Cps)
P" =well-spec-check(;)
P(pi,0) = P(ui,0) + P'(pj, 0 — im)pi;
return P
elseif [TEN (u;| > 1
pg € C(pi)
P =well-spec-check(p?)
Vi € C(pi)
if P #well-spec-check( %)
Not Well Specified

/I decision node

return P
end algorithm

Figure 3. Well-specified algorithm.

an impulse reward. Thus, the vector entry P(ji,im) at a
node 11; is P{f1, im|p;, fi}-

In one instance, we use a vector shorthand notation
P(pi,0) = P(u;,0) + P'(pj, 0 — im)p;;. This involves
two constructs. First, there is the vector-scalar multiplica-
tion P(u,0) = P’(u;,0)p;;, which means simply Vm €
IM, P(u,m) = P(uj,m)p;;. The second construct is
P(p,0) = P'(pi,0) + P"(pj, o — im), which is the vec-
tor addition. Again, it is to be interpreted as Vm € IM,
P(u,m) = P'(j;,m) + P"(pj, m — im). The algorithm
to perform the well-specified check is presented in Figure 3.

5.2. Analysis

If G = (V, E) is the configuration graph, then the algo-
rithm performs the well-specified check in O(V + E) time.
This is the same time it takes to do a state-space generation.
Therefore, in the asymptotic sense, this algorithm for the
well-specified check does not add to the state-space gener-
ation time, and therefore it is asymptotically optimal.

The previous well-specified algorithm performs the
check in time proportional to the number of paths, which
can be exponential in £. Thus, the two conditions provide
critical insight, allowing us to build a much more efficient
algorithm.



However, if one is simulating the SAN, the configura-
tion graph need not be explicitly constructed to generate a
sample path. In that sense, the algorithm is not necessarily
optimal. Since a simulator does not need to compute the
complete distribution of next stable markings, one might be
able to use the structure of the SAN to reduce the amount of
work necessary to check whether the SAN is well-specified.
We leave this to future work.

6. Conclusion

Well-specified and well-defined definitions are two at-
tempts at managing zero-timed events in stochastic Petri
nets and extensions. The well-specified check, adopted in
the context of SANSs, previously yielded algorithms that
have a time complexity that may be exponential in the num-
ber of arcs in the configuration graph.

In another context, the well-defined definition was devel-
oped. The well-defined check yielded a much more efficient
algorithm, having time complexity linear in the number of
arcs in the configuration graph. The apparently stricter def-
inition seemed to be the reason a more efficient algorithm
could be used.

In this paper, we introduced two conditions that must be
true if a SAN is well-specified. These two conditions yield
the insight necessary to deduce that the well-specified and
well-defined definitions are actually equivalent definitions.
Consequently, we can use the more efficient algorithm to
perform the well-specified check. This algorithm is essen-
tially the well-defined check, and since the asymptotic run-
ning time is no more than that of the state-space generator,
it is asymptotically optimal for that purpose.
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