Vector Algebra using
Orthonormal Base Vectors

Q: Just why do we exp/"essa\
vector in terms of 3

orthonormal base vectors?
Doesn't this just make things
even more complicated 2? /
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A: Actudlly, it makes things much simpler. The
evaluation of vector operations such as addition,
subtraction, multiplication, dot product, and cross
product all become straightforward if all vectors are
expressed using the same set of base vectors.

Consider two vectors A and B, each expressed using the same
set of base vectors a,, a,, a

.




1. Addition and Subtraction

If we add these two vectors together, we find:

In other words, each component of the sum of two vectors is
equal to the sum of each component-.

Similarly, we find for subtraction:

2. Vector/Scalar Multiplication

Say we multiply a scalar aand a vector B, i.e., aB:



aB:a(BX a,+8 a, +8, az)
=aB, a,+aB, a, +ab, a,

=(aB,)a, +(aBy) a, +(aB,)a,

In other words, each component of the product of a scalar and
a vector are equal to the product of the scalar and each

component.
(Q: I thought )
3. Dot Product this was suppose
to make things
easier 7/

Say we take the dot product of A and B:

AB=(Ad,+A d,+Aad,) (8. d,+8 4,
=A d,-(B. d,+8d,+8 d,)
+A,4,-(B, 4, +8 d,+8 d,)
+A, d,-(B, 4, +8,d,+8, a,)
=A B.(d,-d,)+A B(4,-d,)+A B
+A, BX(aAy-aAX)+Ay By(aAy-aAy)+Ay B,
+A,B.(d,-d,)+A B,(d,-4,)+A B

A: Be patient! Recall that these are orthonormal base
vectors, therefore:

~ ~

a,-a =d,a,=a,-a,=1 and a,-



As a result, our dot product expression reduces to this simple
expression:

A-B=AB +AB +AB

We can apply this to the expression for determining the
magnitude of a vector:

A=A A=A+ A+ A
Therefore:

Al=VA A=A+ 4+ A

For example, consider a previous handout, where we expressed a
vector using two different sets of basis vectors:

A =20z, +1.5,
or,
A =2.5h

y

Therefore, the magnitude of A is determined to be:



A= V1.5 +2.02 =/6.25 = 2.5
or,

Al =V2.5% =/6.25 = 2.5

Q: Hey! We get the same answer from both
expressions, is this a coincidence ?

A: Nol Remember, both expressions represent
the same vector, only using different sets of base
vectors. The magnitude of vector A is 2.5,
regardless of how we choose to express A.

4. Cross Product

Now lets take the cross product AxB:

, tA a,|X(5,a,+5,4,15, a,
=A a, x(BX a,+8 a,+8, a})
+A, a, x(BX a,+B a,+8, c?z)
+A a, x(BX a,+B a,+8, c?z)
=AB.(dxd,)+AB(dxa)+AB(dxa,)
+AB, (dxa,)+AB (axd,)+AB(4,xd,)
+A,8,(4,x 4, )+AB, (ézx a})+ .8, (a,x a,)



Remember, we know that:
axa,=axa,=a,xa,=0

also, since base vectors form a right-handed system:

~ ~

a xd,=a, d,xXxa,=a, a

~ ~

Xa,=a,

X z

Remember also that AxB = -(BxA), therefore:

~

a,xa,=-a

z

~

axa =-a

X

axd,=-a,

Combining all the equations above, we get:

AXB=(AB, ~A,8,) Gy +(AB, -~ AB,) G, +(AB, —ABy,) G,

5. Triple Product

Combining the results of the dot product and the cross product,
we find that the triple product can be expressed as:

A-BxC =(ABC, +ABC, +ABC,)-(ABC, +ABC, +ABLC,)




IMPORTANT NOTES:

/Iﬂaddiﬁon to all that we
have discussed here, it is
critical that you understand
the following points about
vector algebra using

orthonormal base vectors/

* The results provided in this handout were given for Cartesian
base vectors ( a,,a,,a,). However, they are equally valid for

any right-handed set of base vectors q,,a,,a;, (eg., a,,a,,a, or

a.,a, a,).
* These results are algorithms for evaluating various vector
algebraic operations. They are not definitions of the

operations. The definitions of these operations were covered in
Section 2-3.

* The scalar components Ay, A,, and A, represent either
discrete scalar (e.g., A = 4.2) or scalar field quantities (e.g.,

A, =r°sinfcos¢.



