Matched. Lossless
Reciprocal Devices

As we discussed earlier, a device can be lossless or reciprocal.
In addition, we can likewise classify at being matched.

Let's examine each of these three characteristics, and how
they relate to the scattering matrix.

Matched

A matched device is another way of saying that the input
impedance at each port is equal to Zy when all other ports are
terminated in matched loads. As a result, the reflection
coefficient of each port is zero—no signal will be come out of a
port if a signal is incident on that port (and only that port).

In other words, we want:
Vi = SV =0  forall m

a result that occurs when:

Spym=0 for all mif matched




We find therefore that a matched device will exhibit a
scattering matrix where all diagonal elements are zero.

Therefore:
1 0O 01 /02
S=(01 0 03
Jj02 03 O

is an example of a scattering matrix for a matched, three port
device.

Lossless

Recall for a lossless device, all of the power that delivered to
each device port must eventually finds its way out!

In other words, power is not absorbed by the network—no
power to be converted to heat!

Consider, for example, a four-port device. Say a signal is
incident on port 1, and that all other ports are terminated. The
power incident on port 1 is therefore:
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YA

while the power leaving the device at each port is:



vl s F

The total power leaving the device is therefore:

B =R +hKh +R +A
=S4 R +|SalP BT+ PR +|Sul AT
= (150l +1%1F +1531 F +|5ul* )R

Note therefore that if the device is lossless, the output power
will be equal to the input power, i.e., 5,; = A". This is frue only

if:
1Su P+ 151 F + 1Sl +|Suff =1

If the device is lossless, this will likewise be true for each of
the other ports:

G2 + 1502 F + 1552 + 1552 =1
1Si31F 4+ 1S3 + 1S53 + 1843’ =1
1514 ° + 1504 * + 1534 ° +[Saal® =1

We can state in general then:

4 2
YIS =1 foralln

m=1

In fact, it can be shown that a lossless device will have a unitary
scattering matrix, i.e.:



sHs -1 if lossless

where A indicates conjugate transpose and I isthe identity
matrix.

The columns of a unitary matrix form an orthonormal set—that
is, tThe magnitude of each column is 1 (as shown above) and
dissimilar column vector are mutually orthogonal. In other
words, the inner product (i.e., dot product) of dissimilar vectors
is zero:

N
2.51/.513 :‘51/"51?' + ‘SZ/‘SZ*J RERR ‘SN/S/:;‘/ T O for G” /' # J
n=1

An example of a (unitary) scattering matrix for a lossless
device is:
i Yo B 0-
Y 0 0 j%
Jj% 0 0 %
0 Jj% % O

Q1
I

Reciprocal

Recall reciprocity results when we build a passive (i.e.,
unpowered) device with simple materials.



For a reciprocal network, we find that the elements of the
scattering matrix are related as:

Smn T Snm

For example, a reciprocal device will have S5 = 5, or
S3, = S,3. We can write reciprocity in matrix form as:

s’ =5 if reciprocal

where T indicates (non-conjugate) transpose.

An example of a scattering matrix describing a reciprocal, but
lossy and non-matched device is:

010 -040 -j0.20  0.05]

~0.40 0.20 0 j0.10
~j020 0 0.10-,030 -0.12
| 005 4010  -0.12 0

O]
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