IT Transmitter and Receiver Design

We design radio systems using RF/microwave components.

Q: Why don't we use the "usual” circuit components (e.g.,
resistors, capacitors, op-amps, transistors) ??

A: We do use these! But we require new devices because:

1.

A. Microwave Components

Let's carefully examine each of the microwave devices that
are useful for radio design:

1)
2)
3)
4)
5)
6)
7)
8)



1. Transmission Lines
Q: So just what is a transmission line?

A:
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Q: Oh, so its simply a conducting wire, right?

A:

HO: The Telegraphers Eguations

HO: Time-Harmonic Solutions for Linear Circuits

a) Basic Transmission Line Theory

Q: So, what complex functions I(z)and V(z)do satisfy both
telegrapher equations?

A:

HO: The Transmission Line Wave Eguations

Q: Are the solutions for I(z) and V(z) completely
independent, or are they related in any way ?



HO: The Transmission Line Characteristic Impedance

Q: So what is the significance of the constant p? What does
it tell us?

A:

HO: The Propagation Constant

Q: Is characteristic impedance Z, the same as the concept
of impedance I learned about in circuits class?

A:

HO: Line Impedance

Q: These wave functions V' (z) and V™ (z) seem to be
important. How are they related?

A:

HO: The Reflection Coefficient




HO: V. L Zor V', V', I"'?2?

b) The Terminated, Lossless Transmission Line

We now know that a lossless transmission line is completely
characterized by real constants Z, and £.

Likewise, the 2 waves propagating on a transmission line are
completely characterized by complex constants I and I .

Q: Z, and B are determined from L, C, and . How do we
find Vi and V- ?

A:

Every transmission line has 2 "boundaries”

1)
2)

Typically, there is a source at one end of the line, and a load
at the other.
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Let's apply the load boundary condition!



HO: The Terminated, Lossless Transmission Line

HO: Special Values of Load Impedance

Q: So what is the significance of the constant p? What does
it tell us?

A:

HO: The Propagation Constant

Q: So the line impedance at the end of a line must be load
impedance Z, (i.e., Z(z=2z,)=2Z,) whatis the line
impedance at the beginning of the line (i.e.,
Z(z=z,-0)=2)?

A:

HO: Transmission Line Input Impedance

Q: You said the purpose of the transmission line is to
transter E.M. energy from the source to the load. Exactly
how much power is flowing in the transmission line, and how
much is delivered to the load?

A: HO: Power Flow and Return Loss

Note that we can specify a load with:



1)
2)
3)

A fourth alternative is VSWR.

HO: VSWR

c) A second boundary condition: Applying a generator to the
transmission line

Q: A passive load Z; specifies Z(z) and I'(z), but we still don't
explicitly know V(z), I(z), V'(z), or V (z). How are these
functions determined?

A:

HO: A Transmission Line Connecting Source and Load

Q: OK, we can finally ask the gquestion that we have been
concerned with since the very beginning: How much power is
delivered to the load by the source?

A: HO: Delivered Power




Q: So the power transterred depends on the source, the
transmission line, and the load. What combination of these
devices will result in maximum power transfer?

A: HO: Special Cases of Source and Input Impedances

Q: Vikes! The signal source is generally a Thevenin's
equivalent of the output of some useful device, while the load
impedance is generally the input impedance of some other
useful device. I do not want to—nor typically can I—change
these devices or alter their characteristics.

Must I then just accept the fact that I will achieve
suboptimum power transfer?

A:

HO: Matching Networks

Q: But in microwave circuits, a source and load are connected
by a transmission line. Can we implement matching networks in
transmission line circuits?

A: HO: Matching Networks and Transmission Lines

Q: Matching networks seem almost too good to be true, can
we really design and construct them to provide a perfect
match?



A: It is relatively easy to provide a near perfect match at
precisely one frequency!

But, since lossless matching networks are made entirely of
reactive elements (not to mention the reactive components of
the source and load impedance), we find that changing the
signal frequency will typically "mismatch” our circuit!

Thus a difficult challenge for any microwave component
designer is to provide a wideband match to a transmission line
with characteristic impedance Z,.
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d) Scattering Parameters

Note that a passive load is a one-port device—a device that
can be characterized (at one frequency) by impedance Z; or
load reflection coefficient I'; .

However, many microwave devices have multiple ports!

Most common are two-port devices (e.g., amplifiers and
filters), devices with both a gozenta and a gozouta.

gozenta gozouta




Note that a transmission line is also fwo-port device!

Q: Are there any known ways to characterize a multi-port
device?

A: Yes! Two methods are:

HO: The Impedance Matrix

Q: You say that the impedance matrix characterizes a multi-
port device. But is this characterization helpful? Can we
actually use it to solve real problems?

A: Example: Using the Impedance Matrix

Q: The impedance matrix relates the quantities V/(z) and
I(2), is there an equivalent matrix that relates V(2) and V(2)?

A:

HO: The Scattering Matrix

Q: Can the scattering matrix likewise be used to solve real
problems?



A: Of coursel

Example: The Scattering Matrix

Example: Scattering Parameters

Q: But, can the scattering matrix by itself tell us anything
about the device it characterizes?

A: Yes! It can tell us if the device is matched, or lossless, or
reciprocal.

HO: Matched Lossless, Reciprocal

e) Types of Transmission Lines

Perhaps the most common ftransmission line structure is
coaxial fransmission line.

HO:Coaxial Transmission Lines

Coaxial Transmission lines are used with connectorized
devices.

HO: Coax Connectors

We can also construct transmission lines on printed circuit
boards.

HO: Printed Circuit Board Transmission Lines




The Telegrapher Equations

Consider a section of “wire":

o o
+ +
v(z,7) v(z+Az, 1)
o O
AZ

Q: Huh 2!/ Current i and voltage v are a function of position z 2?
Shouldn't i (z,t)=ri(z+Az,t)andv(z,1)=v(Z+Az,t) ?

A: NO ! Because a wire is never a perfect conductor.
A "wire" will have:

1) Inductance

2) Resistance

3) Capacitance
4) Conductance




i.e.,

i(zf) RAz [ Az i(z+Az,1)
— AN —>
°
v(z,7 G Az — v(z+Az,1)
CAz
o o)
Az
Where:

R = resistance/unit length
L = inductance/unit length
C = capacitance/unit length
& = conductance/unit length

resistance of wire length Az is RAz.

Using KVL, we find:

v(z+Az,H)-v(z,t)=—RAz/(z,1)-LAZ o1(z,1)

and from KCL:

(Z+Az,1)-i(z,1)=-6GAz V(z,r)—CAzaV(z’f)

or




Dividing the first equation by Az, and then taking the limit as

Az — 0:
lim v(z+Az,f)-v(z,1) __Ri(z.F)-L

Az—0 AZ

or(z,1)
or

which, by definition of the derivative, becomes:

V(2 piigpy- 1 0121
0z or
Similarly, the KCL equation becomes:
0 (2.1) _ Gzt -C 8véi,f)

0z

These equations are known as the telegrapher’'s equations !

vz _ 4 /.(Z’f)_Lél'(z,f)
0z ot
0i (z,1) _ —GV(Z,f)—CaVéj’f)

0z




Time-Harmonic Solutions

for Linear Circuits

There are an unaccountably infinite number of solutions
v(z,7) and /(z,1) for the telegrapher’s equations! However,
we can simplify the problem by assuming that the function of
time is time harmonic (i.e., sinusoidal), oscillating at some
radial frequencyw (e.g.,cos wt).

Q: Why on earth would we assume a sinusoidal function of
time? Why not a square wave, or tfriangle wave, or a
"sawtooth” function?

A: We assume sinusoids because they have a very special
property!

Sinusoidal tfime functions—and only a sinusoidal time
functions—are the eigen functions of linear, time-invariant
systems.

Q: 22?

A: If asinusoidal voltage source with frequency w is used to
excite a linear, time-invariant circuit (and a transmission line
is both linear and time invariant!), then the voltage at each
and every point with the circuit will likewise vary
sinusoidally—at the same frequency w!



Q: So what? Isn't that obvious?

A: Not at alll If you were to excite a linear circuit with a
square wave, or triangle wave, or sawtooth, you would find
that—generally speaking—nowhere else in the circuit is the
voltage a perfect square wave, triangle wave, or sawtooth.
The linear circuit will effectively distort the input signal into
something else!

Q: Into what function will the input signal be distorted?

A: It depends—both on the original form of the input signal,
and the parameters of the linear circuit. At different points
within the circuit we will discover different functions of
time—unless, of course, we use a sinusoidal input. Again, for a
sinusoidal excitation, we find at every point within circuit an
undistorted sinusoidal function!

Q: So, the sinusoidal function at every point in the circuit is
exactly the same as the input sinusoid?

A: Not quite exactly the same. Although at every point
within the circuit the voltage will be precisely sinusoidal (with
frequency w), the magnitude and relative phase of the
sinusoid will generally be different at each and every point
within the circuit.

Thus, the voltage along a tfransmission line—when excited by a
sinusoidal source—must have the form:



v(z,t)=v(z)cos(wt +¢(z))

Thus, at some arbitrary location zalong the transmission line,
we must find a time-harmonic oscillation of magnitude v (z)

and relative phase ¢(Zz).
Now, consider Euler's equation, which states:
e’ =cosy+ jsiny
Thus, it is apparent that:
Re {e/‘”} = cosy

and so we conclude that the voltage on a transmission line can
be expressed as:

v(z,t)=v(z)cos(wt +¢(z))
= Re {v(z)ej (wr+el2)) }
= Re {V(z)e”"’(z)ef“”}
Thus, we can specify the time-harmonic voltage at each an

every location zalong a transmission line with the complex
function V' (z):

V(z)=v(z)e Y



where the magnitude of the complex function is the
magnitude of the sinusoid:

v(z)=V(z)

and the phase of the complex function is the relative phase of
the sinusoid :

v(z)=arg{V (2)}

Q: Hey wart a minute! What happened to the time-harmonic
function e’ 2?

A: There redlly is no reason to explicitly write the complex
function e’ since we know in fact (being the eigen function
of linear systems and all) that if this is the time function at
any one location (such as gt the excitation source) then this
must be time function at all transmission line locations z!

The only unknown is the complex function I/ (z). Once we
determine V' (z), we can always (if we so desire) "recover” the
real function v(z,#) as:

v(z,t)=RellV (z)e™"}
Thus, if we assume a time-harmonic source, finding the

Transmission line solution v(z,#) reduces to solving for the
complex function I/ (z).



The Transmission Line

Wave Equation

Let's assume that v(z,7) and /(z,t) each have the time-
harmonic form:

v(z,1)= Re{[/(z)ef“”} and /(z,t)= Re{l’(z)ej‘”’}

The time-derivative of these functions are:

ov(z,t) oe’” . ot
S :Re{l/(z) Y }zRe{J@V(Z)eJ }

Jot

or(z,1) _RelI(z2) oe
ot

=1 }:Re{ja}I(z)eM}

The telegrapher’s equations thus become:

Re{ %;z) ej“”} = Re{—(R +jol)I(Z) ef‘”’}

Re{%(zz) e””} = Re{—(é+ JoC)V(z2) e””‘}

And then simplifying, we have the complex form of
telegrapher’'s equations:



ov(z) ,

> R+ jol)I(z)
ol(z) :

Py G+ joC)V (2)

Note that these complex differential equations are not a
function of time !

* The functions I(z)and V(z)are complex, where the
magnitude and phase of the complex functions describe the
magnitude and phase of the sinusoidal time function e/’ .

* Thus, I(z)and V{(z)describe the current and voltage along the
Transmission line, as a function as position z.

* Remember, not just any function I(z)and V{(z)can exist on a
transmission line, but rather only those functions that
satisfy the telegraphers equations.

Our task, therefore, is to solve
the telegrapher equations and
find all solutions I(2) and V' (2)




Q: So, what functions I (z) and V (z) do satisfy both
telegraphers equations??

A: To make this easier, we will combine the telegrapher
equations to form one differential equation for V (2) and
another for I{2).

First, take the derivative with respect to z of the first
telegrapher equation:

o joV(z) .

82{ = (R+Ja)L)I(z)}
V() ., 0I(2)
= e (R+ jol) A

Note that the second telegrapher equation expresses the
derivative of I(Z) in terms of U 2):

0l(2)
0z

=—(6+ joC) V(2)

Combining these two equations, we get an equation involving V/(2)
only:
OV (2)
0z°

=R+ jol)(G+ joC)V(z)

Now, we find at high frequencies that:

R« joL and 6« jolC



and so we can approximate the differential equation as:

O°V(2)
0z°

(Ja)L)(Ja)C')V(Z) ’LCV(z)=pV(2)

where it is apparent that:

B =w’lC

In a similar manner (i.e., begin by taking the derivative of the
second telegrapher equation), we can derive the differential
equation:

0°I(z)

I(z

D) prr(2)

We have decoupled the telegrapher's equations, such that we
nhow have two equations involving one function only:

az'g(") £V (2)
azg") pI(z)

These are known as the transmission line wave equations.



Note only special functions satisfy these equations: if we take
the double derivative of the function, the result is the original
function (to within a constant)!

Q: Yeah right! Every function 7‘/%
I know is changed after a double
differentiation. What kind of
"magical” function could possibly
satisfy this differential equation?

A: Such functions do exist !

For example, the functions V (z)=e/?? and V (z)=e"/** each
satisfy this transmission line wave equation (insert these into
the differential equation and see for yourself!).

Likewise, since the fransmission line wave equation is a linear
differential equation, a weighted superposition of the two
solutions is also a solution (again, insert this solution to and see
for yourself!):

V(z)= Ve’ + Iy e’

In fact, it turns out that any and all possible solutions to the
differential equations can be expressed in this simple form!

Therefore, the general solution to these wave equations (and
thus the telegrapher equations) are:




V(z)= W e’ + Uy e

I(z)=Ije’’” + I; et

where ", V7, I, and I; are complex constants.

—> It is unfathomably important that you understand what this
result means!

It means that the functions {z) and I(Z), describing the
current and voltage at all points z along a transmission line, can
always be completely specified with just four complex
constants (I}, V,, L), I;)ll

We can alternatively write these solutions as:

V(z)=V"(z)+ V (2)

I(z)=I"(z)+ I (2)
where:

V' (2)= Wy e V(2)= s e

I*(2)= I e’* I (2)=I; e




The two terms in each solution describe two waves propagating
in the transmission line, one wave (V*(2) or I'(2) ) propagating
in one direction (+2) and the other wave (V' (2) or I7(2))
propagating in the opposite direction (-2).

o O
‘ _—>
V2 =ets T L
— V (Z) T l/O €
(o o -

Q: So just what are the complex values V", V)", Iy, Iy ?

A: Consider the wave solutions at one specific point on the
transmission line—the point z= 0. For example, we find that:

vV (Z = O) = g /F=0)
A P
=" (1)

[/O+

In other words, )" is simply the complex value of the wave
function VV*(2) at the point z=0 on the transmission linel



Likewise, we find:

V=V (2-0)
Iy =I"(z=0)
Iy =I(z=0)

Again, the four complex values V", I, V", I, are all that is

needed to determine the voltage and current at any and all
points on the transmission line.

More specifically, each of these four complex constants
completely specifies one of the four transmission line wave
functions V' (z), I*(z2),V (z), I (2).

G But what determines these wave
functions? How do we find the values
of constants V", I, V,, I, ?

N

A: As you might expect, the voltage and current on a
Transmission line is determined by the devices attached to it on
either end (e.g., active sources and/or passive loads)!

The precise values of ", I,, V", I, are therefore determined

by satisfying the boundary conditions applied at each end of
the transmission line—much more on this later!



The Characteristic

Impedance of a

Transmission Line

So, from the telegrapher's differential equations, we know that
the complex current I(z) and voltage V'(z) must have the form:

V(z)= Ve ’’* + i e’

I(z)= Ije’’" + I; et

Let's insert the expression for V(z) into the first telegrapher’s
equation, and see what happens !

av(z) _

Zo= BV e+ BV e =~ jal I(z)

Therefore, rearranging, I (z) must be:

I(z)- Ll e - iy )



G But wait ! I thought we already knew\

current I(z). Isn't it:

I(z)=I;je '’ + I;e"’?* 2

How can both expressions for I(z) be frue??

N

A: Easy ! Both expressions for current are equal to each other.
I{Z): IO+ e—./ﬂz + IO— e+./ﬂ2 =%(VO+ e—jﬂz _ VO_ e+‘jﬂz)
0)

For the above equation to be true for all z, I, and I must be
related as:

Io+e—7z _ (%j Vo+e—7z Cmd Io—e+7z i (ij Vo_eﬂ/z

@ ol

Or—recalling that Ij'e™/*? =1/ (z) (etc.)—we can express this
in terms of the two propagating waves:

I*(z)=(a%) V'(z) and I(z)=(§j V-(z)

Now, we note that since:

,Bza)\/L_C'



We find that:

p_olE 2
ol ol L

Thus, we come to the startling conclusion that:

vi(z) |t 4 V(&) L
I (z) Ve ° I (z) \c

Q: What's so startling about this conclusion?

A: Note that although the magnitude and phase of each
propagating wave is a function of transmission line position z
(eg., V' (z) and I"(z)), the ratio of the voltage and current of

each wave is independent of position—a constant with respect
to position z!

Although V" and I; are determined by boundary conditions

(i.e., what's connected to either end of the transmission line),
the ratio V" /I is determined by the parameters of the

transmission line only (R, L, &, ).

-~ This ratio is an important characteristic of a transmission
line, called its Characteristic Impedance Z,.



We can therefore describe the current and voltage along a
Transmission line as:

V(z)= Ve’ + 1 e?”

I(z)= ge"ﬂ” - ge”"”
0 0

or equivalently:

V(z)= Z,Ij e’ - Z, I e*'**

I(z)=I}e '’ + I; e’

Note that instead of characterizing a transmission line with real
parameters L and ¢, we can (and typically dol) describe a
lossless transmission line using real parameters Z,and .



Line Impedance

Now let's define line impedance Z(z), a complex function

which is simply the ratio of the complex line voltage and
complex line current:

Q: Hey! I know what this is/ T/ze\

ratio of the voltage to current is
simply the characteristic

impedance Zy, right 222

S/

A: NO! The line impedance Z (z) is (generally speaking)
NOT the transmission line characteristic impedance Z, !l

-~ It is unfathomably important that you understand
this!lll

To see why, recall that:

V(z)=V"'(z)+V (2)



And that:

Therefore:

V(z) V= (z)+V (z)
20152 )

Or, more specifically, we can write:

Ve P + i et?
(Z) Z [ V+ -JjBz Vo—e+jﬂz }

q I'm confused! Isn't:

Vi (z)/I"(z)=2,???
N—

A: Yes! That is truel The ratio of the voltage to current for
each of the two propagating waves is +Z,. However, the ratio

of the sum of the two voltages to the sum of the two currents
is not equal o Z, (generally speaking)!

This is actually confirmed by the equation above. Say that
V= (z)=0, so that only one wave (V" (z)) is propagating on
the line.



In this case, the ratio of the total voltage to the total
current is simply the ratio of the voltage and current of the
one remaining wave—the characteristic impedance 2!

V(@) (V@) Vi) IANE
Z(Z)_I(z)_zo(lﬁ(z)]_I*(z)_ZO (when V™ (z)=0)

KSO, it appears to me that chamcferﬁs‘%
impedance Zp is a transmission line

parameter, depending only on the
transmission line values L and C.

Whereas line impedance is Z (z) depends
the magnitude and phase of the two
propagating waves V* (z) and V™ (z)--values
that depend not only on the transmission
line, but also on the two things attached to
elther end of the transmission line!

A: Exactlyl Moreover, note that characteristic impedance 2
is simply a number, whereas line impedance Z (z) is a function

of position (z) on the transmission line.




The Reflection Coefficient

So, we know that the transmission line voltage V' (z)and the
transmission line current I (z) can be related by the line
impedance Z (z):

V(z)=Z(z)I(z)

or equivalently:
-

6 Piece of cake! I fully
understand the concepts of
voltage, current and impedance
from my circuits classes. Let’s
move on to something more
important (or, at the very least,

@e interesting). /

Expressing the "activity” on a transmission line in terms of
voltage, current and impedance is of course perfectly valid.

However, let us look closer at the expression for each of
these quantities:



V(z)=V"(z)+V (2)

Vi(z)-V (z)
<o

I(z)=

_ - (V' (2)+V (2)
Z(Z)_ZO(IW(Z)—V(Z)]

It is evident that we can alternatively express all "activity” on
the transmission line in terms of the two transmission line
waves /" (z) and V" (z).

(o O
+ -

V= (z) =V e’ Vi(z) =V e’

o O
zZ

7z

(Iknow V(z) and I (z) are re/af%

by line impedance Z (z):

But how are V" (z) andV (z) related?




A: Similar to line impedance, we can define a new parameter—
the reflection coefficient I'(z)—as the ratio of the two

quantities:

V_(2)

F(Z)ﬁw(z)

— V(z)=T(z2)V'(2)

More specifically, we can express I'(z) as:

- ptJhz -
he™ W

+ Bz s+ e+J2ﬂz
o e Vo

I'(z)=

Note then, the value of the reflection coefficient at z=0 is:

[(z=0)=

Note then that we can alternatively write T'(z) as:

[(z)=T, e




So now we have two different but equivalent ways to describe
transmission line activity!

We can use (total) voltage and current, related by line
impedance:

_V(z)

Z(z)= I(z)

V(z)=2(2)I(z)

Or, we can use the two propagating voltage waves, related by
the reflection coefficient:

V= (z)

eV Erave)

I'(z)=

These are equivalent relationships—we can use either when
describing a transmission line.

- Based on your circuits experience, D
¢ might well be tempted to always use

the first relationship. However, we will

| find it useful (as well as simple) indeed

'! to describe activity on a transmission
line in terms of the second

U relationship—in terms of the two

@agaﬁng transmission line waves.//

o




VIZorV V' T?

ql—/ow do I choose which relationship
to use when describing/analyzing
transmission line activity? What if T
make the wrong choice? How will I
know if my analysis is correct?

N—

A: Remember, the two relationships are
equivalent. There is no explicitly wrong or
right choice—both will provide you with
precisely the same correct answer!

For example, we know that the total voltage and current can
be determined from knowledge wave representation:

V(z)=V"(z)+V" (2)
=V (z)(1+T(2))

V(@)Y (2)

L

V' (2)(1-T(2))
Z,

I(z)




Or explicitly using the wave solutions V" (z) ="e¢’”* and
V(z)=V e’
V(z)=V e’ +V e’
A (e‘fﬂz +T, e”ﬂz)
I(Z) 7 Vo+ e—j,b’z _Vo— e+j,Bz
<

+ -J/Bz +/jBz

Zo

More importantly, we find that line impedance
Z(z)=V(z)/I(z) can be expressed as:

Vi(z)+V" (z)
Vi (z)-V'(2)

B 1+T(2)
‘Z°(1—r<z)J

Look what happened—the line impedance can be completely
and unambiguously expressed in terms of reflection
coefficientI'(z)!

Z(z)=2,

More explicitly:



Vi e+l et
Z(2)=2,2—— 0
( ) 0] |/0+ e—Jﬂz _l/o_ e+Jﬂz
+j2pz
_z, 1+T,e s
1-T, e”
With a little algebra, we find likewise that the wave functions
can be determined from V' (z),I(z) and Z(z):

_V(2)+I(2)Z
2

gplees

V'(z)

V‘(z):V(Z)_j(Z)ZO

S

From this result we easily find that the reflection coefficient
I'(z)can likewise be written directly in terms of line

impedance:

_Z(2)- 4,
- Z(2)+Z,




Thus, the values I'(z) and Z (z) are equivalent parameters—
if we know one, then we can directly determine the other!

Q: So, /f they are equivalent, why \
wouldn't I always use the current,

voltage, line impedance representation?
After all, T am more familiar and more
confident those guantities. The wave

&ep/"esen tation sort of scares me! /

A: Perhaps I can convince you of the value of
the wave representation.

Remember, the time-harmonic solution to the telegraphers
equation simply boils down to two complex constants—|/" and

;. Once these complex values have been determined, we

can describe completely the activity all points along our
fransmission line.

For the wave representation we find:

V' (2) = 5 e

V- (2) = Iy e

r(z)= % e'/?r?
0



Note that the magnitudes of the complex functions are in
fact constants (with respect to position 2):

V= (z) = W
V=(z) = W
V_
T — |20
T (2)) %

While the relative phase of these complex functions are
expressed as a simple linear relationship with respect to z:

arg V' ()} = -Bz
arg |V~ (z)} = +pz

arg{I' (z)} = +2pz

Now, contrast this with the complex current, voltage,
impedance functions:



V(z)=V e’ +V e’

VO+ e—jﬂz_l/o— e+jﬁz
Zy

I(z)=

+ —Jjpz - JtJjBz
Z(z)=2, VO+ e—mz i VO_ e+jﬂz
Ve’ -l e

With magnitude:

V(z) =

Ve’ w1y e =22

VO+ e—jﬂz _VO— e+jﬂz

I(2)|= = -2
0
Vo+ e—jﬂz +VO— e+jﬂz‘
Z(2) =2 . 1
‘ (Z)‘ 0 VO+ e Pz _VO— e+‘//5’z‘

and phase:
arg{V (z)} =arg{ly” e/’* + 1 e’} =27
arg{I(z)}=arg{l e -l e"//*} =22
arg{Z (z)} = ar'g{l/o+ el e”ﬁ"}

—ar'g{l/o+ i 7 e”ﬂ"}
_



6 It appears to me that When\

attempting to describe the
activity along a transmission
line—as a function of position
z—I1 /s much easier and more
straightforward to use the
wave representation. Is my
insightful conclusion correct

chk, nyuck, nyuck)? /

"’
A: Yes it isl However, this does not mean that we never
determine Uz), I(2), or Z 2); these quantities are still
fundamental and very important—particularly at each end of
the transmission line!



The Terminated. Lossless
Transmission Line

Now let's attach something to our transmission line. Consider a
lossless line, length 7, terminated with a load Z;.

I(2) I
o
+ +
V(2) Zo. B v, ;zL
!
__\
| | z
| I
z=2z -/ zZ =2

Q: What is the current and voltage at each and every point on
the transmission line (i.e., what is I (z) and V (z) for all points

zwhere z, —-(<z<z 2?)?
A: To find out, we must apply boundary conditions!

In other words, at the end of the transmission line (z = z,)—

where the load is attached—we have many requirements that all
must be satisfied!



1. To begin with, the voltage and current (I(z=2z) and
V(z=2z)) must be consistent with a valid transmission line

solution:

V(z=2z)=V'(z=2)+V (z=2)

— I/t p~/BZ - ptJBz
= Vet + I e

W(z=2) WK(z=2)

T(z=z2)= -
(z=2z) Z Z

+ —_
L VLe—fﬂZL ] VLeJﬁ/ﬂZL
Zy Zy

2. Likewise, the load voltage and current must be related by

Ohm's law:
VL = ZL IL

3. Most importantly, we recognize that the values I'(z=2z2,),
V(z =2z,) and I, V, are not independent, but in fact are

strictly related by Kirchoff's Laws!




From KVL and KCL we find these requirements:

V(z=2)=VY
I(z=z)=1I,

These are the boundary conditions for this particular problem.

different boundary conditions—you must access each

! = Carefull Different transmission line problems lead to
problem individually and independently!

Combining these equations and boundary conditions, we find
that:

V=2, 1,
V(z=2,)=2I(z=2z)

V' (z=2z)+ l/‘(z=zL)=é (V' (z=2)-V (z=2))

o

Rearranging, we can conclude:




Q: Hey wait as second! We earlier defined V™ (z)/V*(z) as
reflection coefficient I' (z). How does this relate tfo the
expression above?

A: Recall that I'(z) is a function of transmission line position z.
The value V™ (z=2z,)/V* (z = z,) is simply the value of function
['(z) evaluated at z =z, (i.e., evaluated at the end of the line):

Z, -
+

N

=I'(z=2z)=

N
N

This value is of fundamental importance for the terminated
transmission line problem, so we provide it with its own special
symbol (T',) !

Q: Wait! We earlier determined that:

Z(z)-2Z,
r =
)= Z 2z,
so i1 would seem that:
B =F(Z:Z)=Z(2=ZL)_ZO
‘ Y Z(z=2)+Z,

Which expression is correct??



A: They both arel It is evident that the two expressions:

:ZL_ZO
Z +2Z,

r, and r, =

are equal if:
Z(z=2z)=2,

And since we know that from Ohm's Law:

=Z(z=2z)

we find it apparent that the line impedance at the end of the
transmission line is equal to the load impedance:

Z(z=2z)=2,

The above expression is essentially another expression of the
boundary condition applied at the end of the transmission line.



Q: I'm confused! Just what are were we
trying to accomplish in this handout?

—

olOY -4
3=
o

e e A

A: We are trying to find {2) and I{2) when a
lossless transmission line is terminated by a
load Z;!

We can now determine the value of I in terms of |/". Since:

Vi (z=2) Ve’

I' = = .
fVi(z=2z) Wel

We find:
Vy = e, 1
And therefore we find:
V(2)=(e® T, 1y e

Vz)=V [e‘fﬂz + (e‘zfﬂzﬁ FL) e”ﬂ"}

I(z)=

g |:e—J'ﬂ2 | ( g2 FL) e+jﬂ2}

where:

N
|
N

N
+
N



z, =0

Now, we can further simplify our analysis by arbitrarily
assigning the end point z; a zero value (i.e., z, =0):

I(2) I
O—_‘
V(2) Zo. B v, ;ZL
(
__\
| | T

If the load is located at z=0 (i.e., if z, =0), we find that:

V(z=0)=V"(z=0)+ V (z=0)

= e /PO 4 Vi eg/P0)

=W+
I(z=0)=2 (;:0)_ & (Z 0)
W -iro) _ W iso
Zy Z,
_hk-w
Zy




Likewise, it is apparent that if z, =0, I', and Iy are the same:

V (z=0) I,
FL:F(Z:ZL):V+EZ_O;:[/O+ :FO
- 0
Therefore:
I, _§L_ZO =L
A

Thus, we can write the line current and voltage simply as:

V(z)= W e’ + T, e’ ]

[for z, =0]
Vo+
Zy

I(z)=2|e’”-T, e

Q: But, how do we determine V)" 2?

A: We require a second boundary condition to determine I/".

The only boundary left is at the other end of the ftransmission
line. Typically, a source of some sort is located there. This

makes physical sense, as something must generate the incident
wave |



Special Values of
Load Impedance

It's interesting to note that the load Z; enforces a boundary
condition that explicitly determines neither U z) nor I{z)—but
completely specifies line impedance Z2)!

Z(2)=Z e’’?+ T, e’ _ Z cospz- jZ,sinpz
Ce 1, e T° Z cos Bz - jZ, sin Bz
I'(z)=T,e"*" = ZL=%0 grjer
‘ Z, + Z,

Likewise, the load boundary condition leaves V" (z) and V™ (z)

undetermined, but completely determines reflection
coefficient function I'(z)!

Let's look at some specific values of load impedance
Z, =R + JX, and see what functions Z{(z) and I'(z) result!

1. z =2

In this case, the load impedance is numerically equal to the
characteristic impedance of the transmission line. Assuming
the line is lossless, then Z;is real, and thus:



It is evident that the resulting load reflection coefficient is
zero:
— ZL_ZO A ZO_ZO 4

= =0
Z +Zy, Zy+Z,

I,

This result is very interesting, as it means that there is no
reflected wave I/ (2)!

Thus, the total voltage and current along the transmission line
is simply voltage and current of the incident wave:

V(2)=V"(2)=l5e "

I(z)=I'(z)= ;Le-ﬂ”
0

Meaning that the line impedance is likewise numerically equal
to the characteristic impedance of the transmission line for
all line position z

V(z) Vie /P
Z =7 9" ____7Z
(Z) I(Z) 0 [/()+e—Jﬂz 0

And likewise, the reflection coefficient is zero at all points
along the line:



V(z) O

V*(z)_lﬁ(z)zo

I'(z)=

We call this condition (when Z, = Z,) the matched condition,
and the load Z, = Z, a matched load.

2. Z,=jX,

For this case, the load impedance is purely reactive (e.g. a
capacitor of inductor), the real (resistive) portion of the load

IS zero:
R =0

The resulting load reflection coefficient is:

L 4% X%
L Z+Z, jX +2Z,

Given that Zis real (i.e., the line is lossless), we find that this

load reflection coefficient is generally some complex number.

We can rewrite this value explicitly in terms of its real and
imaginary part as:

X -2 (X -Z5 [ 24y X,
') =% = 2 2 |t 2 2
JX, + 2, X+ 2, X+ 2,

Yuck! This isn't much help!



Let's instead write this complex valueTl’, in terms of its

magnitude and phase. For magnitude we find a much more
straightforward result!

I, f = L _Xi+ZS
L ‘J)(L —|—ZO‘2 A/LZ +ZOZ

Its magnitude is one! Thus, we find that for reactive loads,
the reflection coefficient can be simply expressed as:

r,=e”
where
4l 2Z, X
6. =tan {XZ ZZ}

We can therefore conclude that for a reactive load:
V=t iy

As a result, the total voltage and current along the
transmission line is simply (assuming z, =0):

[/O+ (e Jpz | e+J9Le+J/32)

Vo+ e+_j¢9r/2 (e—J(ﬂz+9r/2) +e+j(ﬂz+0r/2))

V(z)

2Vt e’ cos(Bz +6,/2)



+

0 (e_./:Bz _e+./,Bz)

N

I(z)=

Zy
W (e7lomae) _ gritozsan)
Zy
e e
=— o grinre sin(fz+6,/2)

<

Meaning that the line impedance can be written in ferms of a
trigonometric function:

Z(z) =Z_§—2=J’Zo cot(Bz +6:/2)

Note that this impedance is purely reactive— I/(Z) and I(Z) are
90° out of phasel

We also note that the line impedance at the end of the
transmission line is:

Z(z=0)=jzZ, cot(6;/2)
With a little trigonometry, we can show (trust mel) that:

gl

0

cot (6;/2

and therefore:

Z(z=0)=jZ,cot(6:/2)=j X, =2,



Just as we expected (and our boundary condition demanded)!
Finally, the reflection coefficient function is:

_ V (z) | Vo+e+j'9re+jﬂz _ o tJ2ABz+6:)2)
Vi(z) Ve

I'(z)

Meaning that for purely reactive loads:

IC(z)=|e

+‘j2(ﬂz+¢9r/2)‘ 1

In other words, the magnitude reflection coefficient function
is equal o one—at each and every point on the transmission
line.

3. Z =R

For this case, the load impedance is purely real (e.g. a
resistor), and thus there is no reactive component:

X =0
The resulting load reflection coefficient is:

_Z-Z, R-Z

I, e =
+Zy, R+Z,




Given that Zpis real (i.e., the line is lossless), we find that
this load reflection coefficient must be a purely real value!
In other words:

R —
Re (T} =2~ Im{r,}=0

N

N

So a real-valued load Z; results in a real valued load reflection
coefficient 6, .

Now let's consider the line impedance Z (z) and reflection
coefficient function I'(z).

Q: I bet I know the answer to this one! We know that a
purely imaginary (i.e., reactive) load results in a purely
reactive line impedance.

Thus, a purely real (i.e., resistive) load will result in a purely
resistive line impedance, right??

A: NOPE! The line impedance resulting from a real load is
complex—it has both real and imaginary components!

Thus the line impedance, as well as reflection coefficient
function, cannot be further simplified for the case where
Z =R.



Q: Why is that?

A: Remember, a lossless transmission line has series
inductance and shunt capacitance only. In other words, a
length of lossless transmission line is a purely reactive device
(it absorbs no energy!).

* If we attach a purely reactive load at the end of the
transmission line, we still have a completely reactive system
(load and transmission line). Because this system has no
resistive (i.e., real) component, the general expressions for
line impedance, line voltage, etc. can be significantly
simplified.

* However, if we attach a purely real load to our reactive
Transmission line, we now have a complex system, with both
real and imaginary (i.e., resistive and reactive) components.
This complex case is exactly what our general expressions
already describes—no further simplification is possible!

4. Z =R + jX

Now, let's look at the general case, where the load has both a
real (resitive) and imaginary (reactive) component.

Q: Haven't we already determined all the general
expressions (eq., T, V(z),I(z),Z(z),I'(z)) for this general
case? Is there anything else left to be determined?



A: There is one last thing we need to discuss. It seems
trivial, but its ramifications are very important!

For you see, the "general” case is not, in reality, quite so
general. Although the reactive component of the load can be
either positive or negative (—o < X, <), the resistive

component of a passive load must be positive (R, > 0)—there's
no such thing as negative resistor!

This leads to one very important and useful result. Consider
the load reflection coefficient:

L ZL -
Z, + Z,

- ('QL +J)(L)_ZO
(R +JX,)+ Z,

| (R —Zy) + JX,
(R +Z)+JX,

L,

Now let's look at the magnitude of this value:



‘(RA Z, +JX
(

_|
(R
(Rf 2R, Z, +22)+X2
(RP+2R Z,+ 28 )+ X
|
N

R +Z5 + X})-2R Z,
P+ Z5 + XP)+ 2R Z,

It is apparent that since both R and Z, are positive, the

numerator of the above expression must be less than (or equal
to) the denominator of the above expression.

- In other words, the magnitude of the load reflection
coefficient is always less than or equal to one!

r,|<1 (for R >0)

Moreover, we find that this means the reflection coefficient
function likewise always has a magnitude less than or equal to
one, for all values of position z

C(z)<1 (forall 2)



Which means, of course, that the reflected wave will always
have a magnitude less than that of the incident wave
magnitude:

V- (z) <

Vi (z) (forall 2)

We will find out later that this result is consistent with
conservation of energy—the reflected wave from a passive
load cannot be larger than the wave incident on it.



The Propagation
Constant ﬁ

Recall that the activity along a transmission line can be
expressed in ferms of two functions, functions that we have
described as wave functions:

V' (2)= e
V- (2)= W e'**
where B is a real constant with value:
p=aLC
Q: What is this constant 2 What does it physically represent?

A: Remember, a complex function can be expressed in terms of
its magnitude and phase:

f(z)= \f(z)\ /%)
Thus:

Vi (z)|= W #'(2)=-Pz+4¢

V-(z) = [V ¢ (2)=+pz+¢;



Therefore, —fz + ¢, represents the relative phase of wave
V* (z).; a function of transmission line position z. Since phase ¢

is expressed in radians, and z is distance (in meters), the value
B must have units of:

5 - [ radians

Z meter

The wavelength 1 of the propagating wave is defined as the
distance Az,  over which the relative phase changes by 2z

radians. So:
2r = §(z + Az, )-¢(2) = Az, =fA

or, rearranging:

Thus, the value g is thus essentially a spatial frequency, in the
same way that o is a femporal frequency:

where T is the time required for the phase of the oscillating
signal to change by a value of 27 radians, i.e.:

ol =27



Note that this time is the period of a sinewave, and related to
its frequency in Hertz (cycles/second) as:

poan

o f

Q: So, just how fast does this wave propagate down a
transmission line?

We describe wave velocity in terms of its phase velocity—in
other words, how fast does a specific value of absolute phase ¢

seem to propagate down the transmission line.

Since velocity is change in distance with respect to time, we
need to first express our propagating wave in its real form:

vi(z,t)=Re{V" (z)e "}
V5| cos (ot — Bz + ¢ )

Thus, the absolute phase is a function of both time and
frequency:

¢ (2.1)=aot -z +¢
Now let's set this phase to some arbitrary value of ¢. radians.

a)f_ﬂ2+¢5 :¢c

For every ftime 7, there is some location zon a transmission line
that has this phase value ¢.. That location is evidently:



7 = a)f+¢(;_¢c
B

Note as time increases, so too does the location =z on the line
where ¢ (z,1)=¢..

The velocity v, at which this phase point moves down the line
can be determined as:

607"+¢J—¢C
az d( Yo} j w

(T dt T3

This wave velocity is the velocity of the propagating wave!

Note that the value:
%

Vo _ 0o B _ o _ £
A p2r 2x
and thus we can conclude that:
v, =14
as well as:
a
IB 2 1T
%

Q: But these results were derived for the V™ (z) wave what
about the other wave (V= (z))?



A: The results are essentially the same, as each wave depends
on the same value p.

The only subtle difference comes when we evaluate the phase
velocity. For the wave V™ (z), we find:

¢ (z,t)=0t+ fz+¢,
Note the plus sign associated with fz!

We thus find that some arbitrary phase value will be located at
location:
_ =t ¢ —of

B

y4

Note now that an increasing time will result in a decreasing
value of position z. In other words this wave is propagating in
the direction of decreasing position z—in the opposite direction
of the V" (z) wave!

This is further verified by the derivative:

_¢O_ +¢c - of
az d( yij j w

T dt B

Where the minus sign merely means that the wave propagates in
the -zdirection. Otherwise, the wavelength and velocity of the
two waves are precisely the samel



Transmission Line
Input Impedance

Consider a lossless line, length 7, terminated with a load Z;.

1(2) I
o
+ +
V(2) Zo. P v, Z
o
| ¢ |
z =/ z=0

Let's determine the input impedance of this linel
Q: Just what do you mean by input impedance?

A: The input impedance is simply the line impedance seen
at the beginning (z = —/) of the transmission line, i.e.:

V(z=-)

Zm:Z(ZZ_E)ZI(Zz—E)

Note Z;, equal to neither the load impedance Z; nor the
characteristic impedance Zp!

Z,#Z and Z #Z,

n



To determine exactly what Z;, is, we first must determine the
voltage and current at the beginning of the transmission line
(z =-1).

V(z=-1)= V' |e"" + T, e ]

+

ho

I(z=-()=2|e"” -T,e]

N

Therefore:

n= T, <0 e+jﬂé_FLe—jﬁ/,

We can explicitly write Z, in terms of load Z; using the
previously determined relationship:

_ZL_ZO

I, ==—+=>2
Z + Z,

Combining these two expressions, we get:

(ZL + Zo)eﬂm + (ZL = Zo)e_jm
(Z.+Z)e? - (Z2,-Z,)e”
Z, (e +e )+ Z, (e’ —e?")
Z,(e7 +e )= Z, (e —e ")

Z, = Z,

n

Now, recall Euler's equations:

e/’ =cos i+ j sin pe
e/’ =cos Bl Jsinpl



Using Euler's relationships, we can likewise write the input
impedance without the complex exponentials:

> -z Z, cospl+ j Z, sin Bl
" 70 Z cos Bl + j Z, sinpr

_ > Z, +J Z, tan B/
\Z, +j Z tan ¢

Note that depending on the values of g, Z, and 7, the input

impedance can be radically different from the load impedance
Z

Q: So is there a similar concept of input reflection
coefficient?

A: There sure is! As you might expect, it is simply the value of
reflection coefficient function I'(z) evaluated at the beginning

of the transmission line (i.e., at z =—/):
r,=T(z=-()=T,e’*"

Note that the input impedance and input reflection coefficient
are related in the same way as Zand I are at every other point
on the transmission line:



Power Flow and
Return Loss

We have discovered that two waves propagate along a
transmission line, one in each direction (V*(z) and V'~ (z)).

+

0 -JBz _ +JBz

N

I(z) =

N

+

The result is that electromagnetic energy flows along the
Transmission line at a given rate (i.e., power).

Q: How much power flows along a transmission line, and
where does that power go?

A: We can answer that question by determining the
power absorbed by the load!



The time average power absorbed by an impedance Z; is:

1 )
Pbs ZERe{VLIL }

a

- Re{V(z=0)I(z =0}

L e (o]
v [

L ZOZO Re{l—(rj —ri)—\rl\z}
v [

T 2020 (t-Ir.f)

The significance of this result can be seen by rewriting the
expression as:

A 2
abszzzo(l_‘rL‘)
RAINAY
22, 227,
- VO+2_‘[/O_2
22, 27,

The two terms in above expression have a very definite physical
meaning. The first ferm is the time-averaged power of the
wave propagating along the transmission line toward the load.



We say that this wave is incident on the load:

Likewise, the second term of the A, equation describes the
power of the wave moving in the other direction (away from
the load). We refer to this as the wave reflected from the
load:

2

AAA
27, 22,

‘2

eeleo—z :‘rLzenc

Thus, the power absorbed by the load is simply:

Pbsze

a nc

- Pr'ef

or, rearranging, we find:

p

nc

= Pabs + 'Dref
This equation is simply an expression of the conservation of
energy !

It says that power flowing toward the load (#;,.) is either
absorbed by the load (£,s) or reflected back from the load

(P /"ef)-



P/'nc P ref Z

Note that if \FL\Z =1, then AP = P..s, and therefore no power is
absorbed by the load.

This of course makes sense !

The magnitude of the reflection coefficient (|T,|) is equal to

one only when the load impedance is purely reactive (i.e., purely
imaginary).

Of course, a purely reactive element (e.g., capacitor or inductor)
cannot absorb any power—all the power must be reflected!

Return Loss

The ratio of the reflected power to the incident power is known
as return loss. Typically, return loss is expressed in dB:

nc

R.L. = —10 Jog,, {%”} = -10 /og,, \FL\Z



For example, if the return loss is 10dB, then 10% of the
incident power is reflected at the load, with the remaining 90%
being absorbed by the load—we "lose” 10% of the incident
power

Likewise, if the return loss is 30dB, then 0.1 % of the incident
power is reflected at the load, with the remaining 99.9% being
absorbed by the load—we "lose" 0.1% of the incident power.

Thus, a larger numeric value for return loss actually indicates
less lost power! Anideal return loss would be «vdB, whereas a
return loss of O dB indicates that |I',|=1--the load is reactive!



VSWR

Consider again the voltage along a terminated transmission line,
as a function of position z:

V(z)= VW [e?’”+ T, e ]

Recall this is a complex function, the magnitude of which
expresses the magnitude of the sinusoidal signal at position Z,
while the phase of the complex value represents the relative
phase of the sinusoidal signal.

Let's look at the magnitude only:

|V (2)l= || |e? + T, e™"|
= le |1+ T, e*/?F?|

:| VO+||1+ FL e+j2ﬁz|

ICBST the largest value of |V (2)| occurs at the location z
where:
r,e"’*?=Ir,|+ /0

while the smallest value of |V (2)|loccurs at the location z

where:
r,e’* =-Ir,|+ /O



As a result we can conclude that:

Vv (2)

| (1 +r,))

max

V(2)

| (1 - [T2))

The ratio of |V (z) _ to [V (z)| . is known as the Voltage
Standing Wave Ratio (VSWR):

min

‘V (Z)‘max _ 1+ |FL|

\V(z)\mm = 1o \FL\ 1<VSWR <

VSWR =

Note if |[',|=0 (i.e., Z, =Z,), then VSWR = 1. We find for this

case.

V@, =W (), =

min

max

In other words, the voltage magnitude is a constant with
respect to position z.

Conversely, if [T,|=1 (i.e., Z, = jX), then VSWR = «. We find
for this case:

V(2) and V(2) V'

min

max

In other words, the voltage magnitude varies greatly with
respect to position z.



As with return loss, VSWR is dependent on the magnitude of I',
(i.e, |TL]) only |

| U2)]

7

Az =%, )

Py
~

I [/(Z)lma;

| V(Z)lmm_

\




A Transmission Line
Connecting Source & Load

We can think of a transmission line as a conduit that allows
power to flow from an output of one device/network to an input
of another.

To simplify our analysis, we can model the input of the device
receiving the power with it input impedance (e.g., Z;), while we
can model the device output delivering the power with its
Thevenin's or Norton's equivalent circuit.




Typically, the power source is modeled with its Thevenin's
equivalent; however, we will find that the Norton's equivalent
circuit is useful if we express the remainder of the circuit in
terms of its admittance values (e.q., ¥, Y. Y(z2)).

I
—/\/\/\2——
Z, +
Vo <+> V; Z, ;ZL
| |
z =-l z=0

Recall from the telegrapher's equations that the current and
voltage along the transmission line are:

V(z)= Ve 4 Y etib:

I(z)= VZLe‘J"'”— g
0 0

e+jﬂz
At z =0, we enforced the boundary condition resulting from

Ohm's Law:

 v(z=0) W+W)
IL_I(z=O)_([/O _Voj

Z =

=

N



Which resulted in:

So therefore:

V(z)= Ve’ + T, e’ ]

[/o+
Z

I(z)=

I:e-J'ﬂZ B FL e+JﬂZ]

o

We are left with the question: just what is the value of complex
constant I ?1?

This constant depends on the signal source! To determine its
exact value, we must now apply boundary conditions at z = /.

We know that at the beginning of the fransmission line:

V{Z = —g) = l/0+ I:e"'./'ﬂ( + FL e—jﬂﬁ]

VO+
<

I(z=-1)= [e”’” - T, e‘f"”]

Likewise, we know that the source must satisfy:

l/g:%—l_zg‘z.f



To relate these three expressions, we need to apply boundary
conditions at z =—/:

From KVL we find: o
[4 = V ( z = o . 't;.-.n (toop)

And from KCL:

Combining these equations, we find:
V,=V.+Z,1I,
= — P —
V, =V [e P yT,e W]+Zgzlo[e T, e W]
One equation = one unknown (1/")!!

Solving, we find the value of I}":



Z,(1+1,)+Z,(1-1,)

where:
r,=T(z=-()=T,e*"

There is one very important point that must be made about the
result:

Zo
Z,(1+1,)+Z,(1-1,)

+ —-Jj Bl
=V, e

And that is—the wave )" (z) incident on the load Z; is actually

Remember:
r,=T(z=-()=T,e /"

We tend to think of the incident wave I)" (z) being "caused” by
the source, and it is certainly true that I" (z) depends on the
source—afterall, ;' (z) =0 if V/, =0. However, we find from

the equation above that it likewise depends on the value of the
load!

Thus we cannot—in general—consider the incident wave to be
the "cause” and the reflected wave the "effect”. Instead, each
wave must obtain the proper amplitude (e.g., 1",/ ) so that the

boundary conditions are satisfied at both the beginning and end
of the transmission line.



Delivered Power

Q: If the purpose of a transmission line is to transfer power
from a source to a load, then exactly how much power is
delivered to Z, for the circuit shown below 2?

I(z)

z =| —( z=0
A: We of course could determine )" and |/, and then
determine the power absorbed by the load (~,s) as:

o = 3RelV (20) I'(2-0)}

However, if the transmission line is lossless, then we know that
the power delivered to the load must be equal to the power
“delivered” to the input (#,) of the transmission line:

ebsz//)' :1

! ERe{V(z =—£)yI"(z=—£)}



However, we can determine this power without having to solve
for )" and I (i.e., V(z) and I (z)). We can simply use our
knowledge of circuit theory!

We can transform load Z; to the beginning of the transmission
line, so that we can replace the transmission line with its input
impedance Z,:

I(z=-1)
_/\N\ ——
Z, +
o <f> l/(z_z N £n=Z(z2=-1)
®

Note by voltage division we can determine:

e
V(iz=-0)=V d
(Z ) g Zg +Zm
And from Ohm's Law we conclude:
V
I (z1=/-t)=——2
(z ) Zg +Zm

And thus, the power £, delivered to Z;, (and thus the power
P.ps delivered to the load Z)) is:



1 ’
Pabs :en :ERQ{V(ZZ_E)I (Z:_f)}

( , %
—%Re%l/ Zi 4

n

‘ZngZ,.,7

>V

Note that we could also determine 2, from our earlier
expression:

P, = (1_\ri\2)

But we would of course have to first determine " (/):

<
Z,(1+T,)+Z,(1-T,)

+ -/ B!
Vs =V, e



Special Cases of Source
and Load Impedance

Let's look at specific cases of Z,and Z;, and determine how
they affect I and Pus.

For this case, we find that I)" simplifies greatly:

Zo
Z,(1+1,)+Z,(1-1,)
Z
Zy(1+T,)+Z,(1-T,)
1
1+T,+1-T,

+ -/ B!
Vo =V,e

il -J Bl
+ [/g e

1 -J Bl
_[/g e

:% [/g e /P

Look at what this says!

It says that the incident wave in this case is independent of
the load attached at the other end!



Thus, for the one case Z, = Z;, we in fact can consider V" (z)

as being the source wave, and then the reflected wave V™ (z)
as being the result of this stimulus.

Remember, the complex value I}’ is the value of the incident

wave evaluated at the end of the transmission line
(\;" =V (z=0)). We can likewise determine the value of the

incident wave at the beginning of the transmission line (i.e.,
V*(z=-1)). For this case, where Z, = Z,, we find that this

value can be very simply stated (!):

Vi (z=-0)= VeI

Ve
2

N |+~

Likewise, we find that the delivered power for this case can
be simply stated as:

2

l/o+

P e

abs

N
N

(t-Ir.f)
v,

8 Z, (I_MZ)

‘2




For this case, we find Z; takes on whatever value required to
make Z, = Z,. This is a very important casel!

First, using the fact that:

*

L Z - Z
L Z,-Z

"z 7 21z

n

o
(@]

*

o
Q
o

We can show that (frust mel):

V=V e Z,+ 2,
77 4Re{Z}

Not a particularly interesting result, but let's look at the
absorbed power.



| g Re {7
abs > ‘Zg-}—ZmZ 6{ m}
—1 ‘Vg‘z Re !z’
2 ‘Zg+Zg‘2 { g}
2
Mgz
2 [oRe{z;}
1 2 1
=5 v, W{Z;}—Pav/

Although this result does not look particularly interesting
either, we find the result is very important!

It can be shown that—for a given V/, and Z, —the value of

input impedance Z, that will absorb the largest possible
amount of power is the value Z, = Z.

This case is known as the conjugate match, and is essentially
the goal of every transmission line problem—to deliver the
largest possible power to Z;,, and thus to Z; as well!

This maximum delivered power is known as the available
power (~,,)of the source.

There are two very important things to understand about this
result!



Ver'y Important Thing #1

Consider' again the terminated transmission line:

Recall that if Z, = Z,, the reflected wave will be zero, and
the absorbed power will be:

b AN~
abs 2
\Zo+zg\

But note if Z, = Z,, the input impedance Z, = Z,—but then
Z, # Z, (generally)! Inother words, Z, = Z, does not

(generally) result in a conjugate match, and thus setting
Z, = Z, does not result in maximum power absorption!

Q: Huh!? This makes no sense! A load value of Z, = Z, will
minimize the reflected wave (P~ =0 )—all of the incident
power will be absorbed. Any other value of Z, = Z, will result
in some of the incident wave being reflected—how in the
world could this increase absorbed power?



After all, just look at the expression for absorbed power:

P, = (I—MZ)

Clearly, this value is maximized whenT', =0 (i.e., when
Z, =Z, )M

A: You are forgetting one very important fact! Although it is
true that the load impedance Z, affects the reflected wave

power P, the value of Z, —as we have shown in this handout—

likewise helps determine the value of the incident wave (i.e.,
the value of P7) as well.

Thus, the value of Z, that minimizes P~ will not generally
maximize P*, nor will the value of Z, that maximizes P’
likewise minimize P.

Instead, the value of Z, that maximizes the absorbed power

is, by definition, the value that maximizes the difference
P —P.

We find that this value of Z, is the value that makes Z, as

“close” as possible to the ideal case of Z, = Z,.

Q: Yes, but what about the case where Z, = Z,? For that

case, we determined that the incident wave is independent of
Z,. Thus, it would seem that at least for that case, the



delivered power would be maximized when the reflected
power was minimized (ie., Z, = Z, ).

A: True! Buft think about what the input impedance would be
in that case—Z, = Z,. Oh by the way, that provides a

conjugate match (Z, = Z, = Z)!

Thus, in some ways, the case Z, = Z; = Z, (i.e., both source

and load impedances are numerically equal to %) is ideal. A
conjugate match occurs, the incident wave is independent of
Z,, there is no reflected wave, and all the math simplifies

quite nicely:

1
2

vy ==V, e " P, =

Very Important Thing #2
Note the conjugate match criteria says:

GivenV, and Z,, maximum power fransfer occurs when

Zp, = Z_q*‘
It does NOT say:

Given v, and Z

.. maximum power transfer occurs when
Z _9* — Z//? .



This last statement is in fact falsel
A factual statement is this:

GivenV, and Z,, maximum power tfransfer occurs when

Z,-0.

A fact that is evident when observing the expression for
available power:

1
\

elva/'/ab/e = E

2 1 ‘Vg
Vg‘ 4Re{z;} 8R

In other words, given a choice, use a source with the smallest
possible output resistance (given that I/, remains constant).

This will maximize the available power from your source!



Matching Networks

Consider again the problem where a passive load is attached

to an active source:
Z

g

V_C] ZL:RL+\j)(L

_ }

The load will absorb power—power that is delivered to it by
the source.

A =5Re {VLIL*}

V %
Re Vg ZL g9
Z,+Z, \£,+Z,

2Re{ZL}
zZ,+2Z[
TR
2 7|z, +Z,

N|l—= N+~

N |~
Q

Recall that the power delivered to the load will be maximized
(for agiven ¥ and Z,) if the load impedance is equal to the

complex conjugate of the source impedance (Z, = Z,).



We call this maximum power the available power 2, of the

source—it is, after all, the largest amount of power that the
source can ever deliver!

max __
/DL T /Dav/

* Note the available power of the source is dependent on
source parameters only (i.e., ¥/ and R ). This makes sensel

Do you see why?

* Thus, we can say that o "take full advantage” of all the
available power of the source, we must to make the load
impedance the complex conjugate of the source
impedance.

* Otherwise, the power delivered to the load will be less
than power made available by the source! In other
"words":

AP,

= "avl

G But, you said that the load /'/71pea’ance\
typically models the input impedance of

some useful device. We don't typically get
to "select” or adjust this impedance—it is
what it is. Must we then simply accept the
fact that the delivered power will be less
@7 the available power?




A: NO! We can in fact modify our circuit such that all
available source power is delivered to the load—without in any
way altering the impedance value of that load!

To accomplish this, we must insert a matching network
between the source and the load:

Matching

Network

The sole purpose of this matching network is to "transform"”
the load impedance into an input impedance that is conjugate
matched to the sourcel T.E.:

Z, = '

n :Z*

g

N

n

Matching

Network




Because of this, all available source power is delivered to the
input of the matching network (i.e., delivered to Z, ):

g Wait just one second! The
matching network ensures that all
available power is delivered to the
input of the matching network, but
that does not mean (necessarily)
that this power will be delivered to
the load Z,. The power delivered

to the load could still be much less
than the available power!

A: Truel To ensure that the available power delivered to the
input of the matching network is entirely delivered to the
load, we must construct our matching network such that it

cannot absorb any power—the matching network must be
lossless!

We must construct our matching network entirely
with reactive elements!

Examples of reactive elements include inductors, capacitors,

transformers, as well as lengths of lossless transmission
lines.



Thus, constructing a proper lossless matching network will
lead to the happy condition where:
PL T en = ew/
* Note that the design and construction of this lossless

network will depend on both the value of source
impedance Z, and load impedance Z,.

* However, the matching network does not physically alter
the values of either of these two quantities—the source
and load are left physically unchanged!

Now, let's consider the matching network from a different
perspective. Instead of defining it in terms of its input
impedance when attached the load, let's describe it in terms
of its output impedance when attached to the source:

Matching

Network




This "new" source (i.e., the original source with the matching
network attached) can be expressed in terms of its

Thevenin's equivalent circuit:
Z

out

= /Qauf + \j)(auf

This equivalent circuit can be determined by first evaluating

(or measuring) the open-circuit output voltage 1/ :
Z =R +jX, =0

Matching *
Vo @ Network Vour

And likewise evaluating (or measuring) the short-circuit
output current I°:

Z,=R + jX,
AW—e
Matching
Vo @ Network




From these two values (V°: and I;.) we can defermine the
Thevenin's equivalent source:

oc
V, = Z,p = Yo
s — Your out — Iac

out

Note that in general that V. =V, and Z,, = Z,—the matching

network "transforms” both the values of both the impedance
and the voltage source.

Q: Arrrqg! Doesn't that \
mean that the available
power of this "transformed”
source will be different

from the original?

_/

A: Nope. If the matching network is lossless, the available
power of this equivalent source is identical to the available

power of the original source—the lossless matching network
does not alter the available power!

o W[ s
“ 8R, 8R,




Now, for a properly designed, lossless matching network, it
turns out that (as you might have expected!) the output
impedance Z,, is equal to the complex conjugate of the load

impedance. I.E.:
Z

out

- The source and load are again matched!

Thus, we can look at the matching network in two equivalent
ways:

Z,=R + jX,

Matching
Vo @ Network 2= R+ X

1. As a network attached to a load, one that "transforms” its
impedance to Z;,—a value matched to the source impedance




2. Or, as network attached to a source, one that
“transforms” its impedance to Z,,; —a value matched to the
load impedance Z;:

out

a0 z

Either way, the source and load impedance are conjugate
matched—all the available power is delivered to the load!

Recall that a primary purpose of a transmission line is to allow
the transfer of power from a source to a load.

Z

g9

% (N) z z




Recall that the efficacy of this power transfer depends on:
1. the source impedance Z,.
2. load impedanceZ,.
3. the transmission line characteristic impedance Z,.

4. the transmission line length 7.



Matching Networks and
Transmission Lines

Recall that a primary purpose of a transmission line is to allow
the transfer of power from a source to a load.

Q: So, say we directly connect an arbitrary source to an
arbitrary load via a length of transmission line. Will the
power delivered to the load be equal to the available power of
the source?

A: Not likelyl Remember we determined earlier that the
efficacy of power transfer depends on:

1. the source impedance Z,.

2. load impedanceZ,.

3. the transmission line characteristic impedance Z,.



4. the transmission line length .

Recall that maximum power transfer occurred only when
these four parameters resulted in the input impedance of the
transmission line being equal o the complex conjugate of the
source impedance (i.e., Z, = Z).

It is of course unlikely that the very specific conditions of a
conjugate match will occur if we simply connect a length of
Transmission line between an arbitrary source and load, and
thus the power delivered to the load will generally be less
than the available power of the source.

Q: Is there any way to use a matching network to fix this
problem? Can the power delivered to the load be increased to
equal the available power of the source if there is a
transmission line connecting them?

A: There sure is! We can likewise construct a matching
network for the case where the source and load are
connected by a transmission line.

For example, we can construct a network to transform the
input impedance of the transmission line into the complex
conjugate of the source impedance.



Matching

Network

Q: But, do we have to place the matching network between
the source and the transmission line?

A: Nope! We could also place a (different) matching network
between the transmission line and the load.

Matching
Network

In either case, we find that at any and all points along this
matched circuit, the output impedance of the equivalent
source (i.e., looking left) will be equal to the complex
conjugate of the input impedance (i.e., looking right).



Vs@ I an :Zai/f

Q: So which method should we chose? Do engineers typically
place the matching network between the source and the
transmission line, or place it between the transmission line and
the load?

A: Actually, the typical solution is to do both!
We find that often there is a matching network between the

a source and the transmission line, and between the line and
the load.

Matching Matching

Network Network




The first network matches the source to the transmission
line—in other words, it transforms the output impedance of
the equivalent source to a value numerically equal to
characteristic impedance Z,:

QL Z,

The second network matches the load to the transmission
line—in other words it transforms the load impedance to a
value numerically equal to characteristic impedance Z;:

Q: Yikes! Why would we want to build two separate matching
networks, instead of just one?



A: By using two separate matching networks, we can decouple
the design problem. Recall again that the design of a single
matching network solution would depend on four separate
parameters:

1. the source impedance Z,.
2. load impedanceZ,.
3. the transmission line characteristic impedance Z,.

4. the transmission line length .

Alternatively, the design of the network matching the source
and transmission line depends on only:

1. the source impedance Z,.
2. the transmission line characteristic impedance Z,.

Whereas, the design of the network matching the load and
transmission line depends on only:

1. the source impedance Z,.
2. the transmission line characteristic impedance Z,.

Note that neither design depends on the transmission line
length ¢!



Q: How is that possible?

A: Remember the case where Z, = Z, = Z,. For that special

case, we found that a conjugate match was the result—
regardless of the transmission line length.

Thus, by matching the source to line impedance Z, and

likewise matching the load to the line impedance, a conjugate
match is assured—but the length of the transmission line does
not matter!

In fact, the typically problem for microwave engineers is to
match a load (e.g., device input impedance) to a standard
transmission line impedance (typically Z, =500); or to
independently match a source (e.g., device output impedance)
to a standard line impedance.

A conjugate match is thus obtained by connecting the two
with a transmission line of any length!




The Impedance Matrix

Consider the 4-port microwave device shown below:

portl ). L]
Zo
port 3 I (z)
{-pom‘ "
microwave | Zp: v (z,)

device —

Note in this example, there are four identical fransmission lines
connected to the same "box". Inside this box there may be a
very simple linear device/circuit, or it might contain a very large
and complex linear microwave system.



= Either way, the "box" can be fully characterized by its
impedance matrix!

First, note that each transmission line has a specific location
that effectively defines the input to the device (i.e., zs, z2,
Zs3p, Z4p). These often arbitrary positions are known as the port
locations, or port planes of the device.

Thus, the voltage and current at port 7 is:
Vn(zn :zn/’) ‘2;7(2/7 :znP)

We can simplify this cumbersome notation by simply defining
port n current and voltage as I,and V:

Vn:Vn(Zn:znP) 1;7:1;7(2/7:2/7/’)
For example, the current at port 3 would be I, = I, (z, = z,,).

Now, say there exists a non-zero current at port 1 (i.e., I, # 0),

while the current at all other ports are known to be zero (i.e.,
L=I,=1I,=0)

Say we measure/determine the current at port 1 (i.e.,
determine I, ), and we then measure/determine the voltage at

the port 2 plane (i.e., determine I ).



The complex ratio between I, and I, is know as the trans-
impedance parameter Z;

V

Zy= = and Zy = Vi
1 1

We of course could also define, say, trans-impedance parameter
Z34 as the ratio between the complex values I, (the current

into port 4) and V; (the voltage at port 3), given that the
current at all other ports (1, 2, and 3) are zero.

Thus, more generally, the ratio of the current into port n and
the voltage at port mis:

Z, =1V_i (given that I, =0 forall kA =n)

mn




/Q: But how do we eﬂsur\
that all but one port ' .
current is zero ? J Y

N

A: Place an open circuit at those ports!

Zp
I, =0
4-port N
microwave Zo [/3

device

Placing an open at a port (and it must be at the port!) enforces
the condition that I =0.



Now, we can thus equivalently state the definition of trans-
impedance as:

Z,, = JV_i (given that all ports & = n are open)

6 As impossible as it sauna’s,\

this handout is even more
boring and pointless than any
of your previous efforts. Why
are we studying this? After all,
what is the likelihood that a
device will have an open circuit
on all but one of its ports?/ /

A: OK, say that none of our ports are open-circuited, such
that we have currents simultaneously on each of the four ports
of our device.

Since the device is linear, the voltage at any one port due to all
the port currents is simply the coherent sum of the voltage at
that port due to each of the currents!

For example, the voltage at port 3 can be determined by:

Vi=Z3 L+ Zs i+ £ L+ 2y I



More generally, the voltage at port mof an A-port device is:

This expression can be written in matrix form as:

NI
|

V=
Where Iis the vector:
f=[1'1,1'2,1},---,IN]T

and V is the vector:

V=[WW b ]

And the matrix Z is called the impedance matrix:

1n

Zy .. Z

NIl
I

Zml Zmn
The impedance matrix is a N by N matrix that completely
characterizes a linear, N -port device. Effectively, the

impedance matrix describes a multi-port device the way that Z,
describes a single-port device (e.g., a load)!



_ But beware! The values of the impedance matrix for a
{ﬂ particular device or network, just like Z,, are frequency

dependent! Thus, it may be more instructive to explicitly
write:

1 Zy(0) ... Z,(0)
Z(o)=| .
Zml (a)) —t Zmn ((0)



Example: Using the
Impedance Matrix

Consider the following circuit:

Where the 3-port device is characterized by the impedance
matrix:

NIl
Il
N = N
= N N

1
1
4

Let's now determine all port voltages /,l;,; and all currents
L, L. L.



Q: How can we do that—we
don’‘t know what the device
/s made of! Whats inside
that box?

_/

A: We don't need to know what's inside that box! We know
its impedance matrix, and that completely characterizes the
device (or, af least, characterizes it at one frequency).

Thus, we have enough information to solve this problem. From
the impedance matrix we know:

V=2I +1I,+21
=L+ L+41,

V=21, +41 + I

/Q: Wait! There a/"e\
only 3 eguations

here, yet there are
6 unknowns/?

A: Truel The impedance matrix describes the device in the
box, but it does not describe the devices attached to it. We
require more equations to describe them.



1. The source at port 1 is described by the equation:
=16.0-(1) 1
2. The short circuit on port 2 means that:
V,=0
3. While the load on port 3 leads to:

V; =-(1)I, (note the minus sign!)

Now we have 6 equations and 6 unknowns! Combining equations,
we find:

V=16-1, =21+ I, + 2 I,
16 =3I +1I1,+21

V,=0=1I+1,+41I
0=I+1,+41

Vi=-I;=2I +4L, + I
0=21+41I,+21I,

Solving, we find (T'll let you do the algebraic details!):
I =70 I,=-30 I,=-10

V=90 ¥, =00 ¥, =10



The Scattering Matrix

At "low” frequencies, we can completely characterize a linear
device or network using an impedance matrix, which relates the
currents and voltages at each device terminal to the currents
and voltages at all other terminals.

But, at microwave frequencies, it /L
is difficult to measure total
currents and voltages!

* Instead, we can measure the magnitude and phase of each of
the two transmission line waves V*(z)and V' (Z).

* In other words, we can determine the relationship between
the incident and reflected wave at each device terminal to the
incident and reflected waves at all other terminals.

These relationships are completely represented by the
scattering matrix. It completely describes the behavior of a
linear, multi-port device at a given frequency .



Consider the 4-port microwave device shown below:

microwave

device

Note in this example, there are four identical transmission lines
connected to the same "box". Inside this box there may be a
very simple linear device/circuit, or it might contain a very large
and complex linear microwave system.

- Either way, the "box" can be fully characterized by its
scattering parameters!



First, note that each transmission line has a specific location
that effectively defines the input to the device (i.e., z;, zz,
Z3p, Z4p). These often arbitrary positions are known as the port
locations, or port planes of the device.

Say there exists an incident wave on port 1 (i.e., I{" (z)=0),

while the incident waves on all other ports are known to be zero
(ie., W (z)=W (z)=V (z,)=0).

Say we measure/determine the voltage of the wave flowing into
port 1, at the port 1 plane (i.e., determine I (z, = z,,)).

Say we then measure/determine the voltage of the wave flowing
out of port 2, at the port 2 plane (i.e., determine I, (2, = z,,)).

The complex ratio between V" (z = z,) and V, (2, = z,,) is know
as the scattering parameter S;;:

(v — - pt/hz -
= VZ (Z i ZZ) _ [/02 € ? _ VOZ e+J,3(22P+21P)
1 -JBz
Vi(z=2z) We'™ W

Likewise, the scattering parameters Ss; and 54 are:

L Vi (z, = z,)
V' (z,=2z,)

_ Vi (73 = z;5)
Vi'(z = zp)

Ss1 and Sy



We of course could also define, say, scattering parameter S;4
as the ratio between the complex values V, (z, = z,,) (the wave
info port 4) and V (z; = z;,) (the wave out of port 3), given
that the input to all other ports (1,2, and 3) are zero.

Thus, more generally, the ratio of the wave incident on port nto
the wave emerging from port mis:

S, = ll//?((zzi 22”:)) (given that V" (z,)=0 forall & =n)

Note that frequently the port positions are assigned a zero
value (e.g., z, =0, z,, =0). This of course simplifies the
scattering parameter calculation:

Vi (2,=0) _Wne?” W,
"o V(z,=0) Ve W,

& /'.
\ p—— P
b r . .
£ \Frontal~ # / I;—’ar_Leta!
£\ Aobe=7 T i( Aok

We will generally assume that the port R A

v - e Occipital
locations are defined as z,, =0, and thus use |
the above notation. But remember where this 4

expression came from!

Pons”

L
Cerebellum
Medulla /

oblongata




- -
Q: But how do we ensure \
that only one incident wave ;

/s hon-zero ?

N— _

A: Terminate all other ports with a matched load!

r, =0

M

4-port
microwave
device




Note that if the ports are terminated in a matched load (i.e.,
Z, = Zy), then T',;, = 0 and therefore:

l//7+<zﬂ):0

In other words, terminating a port ensures
that there will be no signal incident on
that port!

Q: Just between you and me, I think you've messed this up! In all
previous handouts you said that if T, =0, the wave in the minus

direction would be zero:
V-(z)=0 if I, =0

but just now you said that the wave in the positive direction would
be zero:

Vt(z)=0 if I, =0

Of course, there is no way that both statements can be correct!

A: Actually, both statements are correct! You must be careful
to understand the physical definitions of the plus and minus
directions—in other words, the propagation directions of waves
Vi" (z,) and V" (z,)!



For example, we originally analyzed this case:

Zo S, V(z)=0 if T,=0

In this original case, the wave incident on the load is V' (z)
(plus direction), while the reflected wave is V= (z) (minus
direction).

Contrast this with the case we are now considering:

portn Vv, (z,)
—>
N-port
Microwave y4 T
Network 0 n
%
N
v, (2,)

For this current case, the situation is reversed. The wave
incident on the load is now denoted as ;" (z,) (coming out of
port n), while the wave reflected off the load is now denoted as
V," (z,) (going into port n).

As aresult, I," (z,) =0 whenT,, =0!



Perhaps we could more generally state that:

Vref/ecfea’ (z=2z)=T, |/ incident (z=2z2)

For each case, you must be able to \
correctly identify the mathematical
statement describing the wave incident on,
and reflected from, some passive load.

Like most eguations in engineering, the
variable names can change, but the physics
described by the mathematics will not/!

N /!

Now, back to our discussion of S-parameters. We found that if
z, =0 for all ports n, the scattering parameters could be

directly written in ferms of wave amplitudes I, and If,,.

s - % (given that 1 (2,)=0 for all k = n)
0

n

Which we can now equivalently state as:

S == (given that all ports, except port /1, are matched)




G As impossible as it sounds, this \

handout is even more boring and pointless
than any of your previous efforts. Why

are we studying this? After all, what is

the likelihood that a microwave network

will have only one incident wave—that all

of the ports will be matched?! /

A: OK, say that our ports are not matched, such that we have
waves simultaneously incident on each of the four ports of our
device.

Since the device is linear, the output at any port due to
all the incident waves is simply the coherent sum of the
output at that port due to each input wavel

For example, the output wave at port 3 can be
determined by (assuming z,, =0):

Vs = S3q Vog + S35 Vo3 + S35, Vo, + S5 Wy

More generally, the output wave voltage at port m of an
N-port device is:




This expression can be written in matrix form as:

V-5V
Where V- is the vector:

Vo=V Yoo Voo Von |

and V* is the vector:

The scattering matrix is a N by N matrix that completely
characterizes a linear, N-port device. Effectively, the
scattering matrix describes a multi-port device the way that T,

describes a single-port device (e.g., a load)!

But beware! The values of the scattering matrix for a particular
device or network, just like T',, are frequency dependent! Thus,

it may be more instructive to explicitly write:
Su(@) ... 5, (0)



Example: The
Scattering Matrix

Say we have a 3-port network that is completely characterized
at some frequency w by the scattering matrix:

~ [00 02 05
S=/05 00 02
05 05 00

A matched load is attached to port 2, while a short circuit has
been placed at port 3:

3-port
microwave
device




Because of the matched load at port 2 (i.e.,, I', =0), we know
that:
' (z2,=0) Wy

=2-0
V(z=0) W,

and therefore:
Vo =0

You've made a terrible m/'sfake./\
Fortunately, I was here fo
correct it for you—since T, =0,

the constant Vy, (not Vj,) is
equal to zero.

_/

NOIl Remember, the signal I, (z) is incident on the matched
load, and V,"(z) is the reflected wave from the load (i.e., V" (2)
is incident on port 2). Therefore, I, =0 is correct!

Likewise, because of the short circuit at port 3 (I', =-1):

V (2,=0) _W;
v (z,-0) ¥,

-1

and therefore:

Voz = Vo3

w
Il



Problem:

a) Find the reflection coefficient at port 1, i.e.:

b) Find the transmission coefficient from port 1 to port 2, i.e.,

Vo

T2 2
01

I am amused by the trivial \
problems that you apparently

find so difficult. I know that:

r=f_s -00

and

NOIl The above statement is not correct!

Remember, V; /V;; = S, only if ports 2 and 3 are
terminated in matched loads! In this problem port 3

is tferminated with a short circuit.




Therefore:

I = VLE # Sy
Voi
and similarly:
V-
Ty = % # S
o1

To determine the values 7, and I',, we must start with the
three equations provided by the scattering matrix:

V; = 0.2 + 05
V, =051 1021
Vs =051 +0.5 1

and the two equations provided by the attached loads:

+
Vo

o)

Vos = Vs



We can divide all of these equations by I/;, resulting in:

r,=to_  02%e o5k
% R
7 V.
Ty=22-05 0.2 203
ez N eI
V+
% _05+05-2
72
s g
%
i Vs
G v

Look what we have—5 equations and 5 unknowns! Inserting
equations 4 and 5 into equations 1 through 3, we geft:

r-f.- o5k
01 01
v v
T,=l2 _05_02%
T Vor
s o5




Solving, we find:

I, =-0.5(0.5)=-0.25

T,,=05-0.2(05)=0.4



Example: Scattering
Parameters

Consider a two-port device with a scattering matrix (at some
specific frequency «,):

- 01 /07
s(w:a)o):L,O] —o.z}

and Z, =50Q.

Say that the transmission line connected o port 2 of this
device is terminated in a matched load, and that the wave
incident on port 1 is:

Wi(z)=-j2e'™
where z,=2,,=0.
Determine:

1. the port voltages V[ (z = z,) and V;(z, = z,,).
2. the port currents I,(z, = z,) and I, (2, = z,,).

3. the net power flowing into port 1



1. Since the incident wave on port 1 is:
f(2)=—j2e "
we can conclude (since z, =0):

W (z=2,)=-j2e’™
_ —jZ e /P00

and since port 2 is matched (and only because its matched!),
we find:

V(zi=2,)=5 W (z1=2,)
=0.1(-/2)
=-40.2

The voltage at port 1is thus:

V(zi=2,)=W (z1=2,)+ W (7= z,)
—_j20-0.2
——j2.2
—22e '
Likewise, since port 2 is matched:

V' (2, =2,,)=0



And also:

V (z2=2p) =5 W (2= z,)
07 (-52)
=14
Therefore:

V(2= 2,0) =V (2, = 2,0 ) + V5 (2, = 2,p)
=0+14
=14
=14¢/°

2. The port currents can be easily determined from the
results of the previous section.

L(zi=2,)=0 (z1=2,)- L (2= z,)

and:



=0.028 ¢/~

3. The net power flowing into port 1 is:

(2y -(0.2)
2(50)
00396 Watts




Matched. Lossless
Reciprocal Devices

Often, we describe a device or network as matched, lossless, or
reciprocal.

Q: What do these three terms mean??

A: Let's explain each of them one at a time!

Matched

A matched device is another way of saying that the input
impedance at each port is numerically equal to Z; when all
other ports are terminated in matched loads. As a result, the
input reflection coefficient of each port is zero—no signal will
come out of a port when a signal is incident on that port (and
only that port !).

In other words, we want:

Vom = Spm Vst =0 forall m

a result that occurs when:

Sum= 0 forall mif matched.




We find therefore that a matched device will exhibit a
scattering matrix where all diagonal elements are zero.

Therefore:
| 0O 01 /02
S=(01 0 03
j02 03 O

is an example of a scattering matrix for a matched, three port
device.

Lossless

For a lossless device, all of the power that delivered to each
device port must eventually find its way out!

In other words, power is not absorbed by the network—no
power to be converted to heat!

Recall the power incident on some port mis related to the
amplitude of the incident wave (1{ ) as:

2
Vo
22,

b =

While power of the wave exiting the port is:

_ |2
eﬂ— L ‘VO’"‘
220




Thus, the power delivered to that port is the difference of the
two:

PR 754 A
B =l —fn = 2Zy 22,

Thus, the total power incident on an A-port device is:

+ & + 1 & + |2
P Z;%Zﬁ;%m

Note that:

where operator A indicates the conjugate transpose (i.e.,

H
Hermetian transpose) operation, so that v v* is the inner
product (i.e., dot product, or scalar product) of complex vector

V' with itself.

Thus, we can write the total power incident on the device as:

_H_
- ‘2_v+ v*
T 27

Similarly, we can express the total power of the waves exiting

our M-port network to be:
1 Y v v
1 e VvV
=gz 2l =27



Now, recalling that the incident and exiting wave amplitudes are
related by the scattering matrix of the device:

V+

O]

V_:

Thus we find:

H H =H=—
vV-'v- vi s sVvr
27, 22,

P =
Now, the total power delivered to the network is:

M
AP =S AP =P+ —pP-
m=1

Or explicitly:
AP =Pt — P
VT vt Vi s sV’
27 22,
_ v =H(T TP E g
—ZV [I—S S]V

where T is the identity matrix.

Q: Is there actually some point to this long, rambling, complex
presentation?

A: Absolutely! If our M-port device is lossless then the total
power exiting the device must always be equal to the total
power incident on it.



If network is lossless, then Pt = /P .

Or stated another way, the total power delivered to the device
(i.e., the power absorbed by the device) must always be zero if
the device is lossless!

If network is lossless, then AP =0

Thus, we can conclude from our math that for a lossless device:

_ 1y
AP =5V

= =M\ 1
I-S S]V+ =0 for all V*©

This is true only if:

(3
0
]

i

H =
S=0 =

H
OF

Thus, we can conclude that the scattering matrix of a lossless
device has the characteristic:

—H— =
If a network is lossless, then S S =1

Q: Huh? What exactly is this supposed to tell us?

=H — =
A: A matrix that satisfies S S =TI is a special kind of matrix
known as a unitary matrix.



If a network is lossless, then its scattering matrix S is unitary.

Q: How do I recognize a unitary matrix if I see one?

A: The columns of a unitary matrix form an orthonormal set!

S S S5 O
S S0 S S5 Sy
S5 S35 S35 53
_541 Sp Su3 544_
\rr,\\afr'ix/'
columns

In other words, each column of the scattering matrix will have
a magnitude equal to one:

. 2
Y |8 =1 foralln
m=1

while the inner product (i.e., dot product) of dissimilar columns
must be zero.

N
Y 5,50 =SS + 5, e+ GGy =0 forall /= j
n=1

ni~’nj

In other words, dissimilar columns are orthogonal.




Consider, for example, a lossless three-port device. Say a
signal is incident on port 1, and that all other ports are
terminated. The power incident on port 1 is therefore:

Vo1
27,

‘ 2

R =

while the power exiting the device at each port is:

o Wonl" [ Smbti[
m T 2Z 272

= |5/711|2 ’?Jr

The total power exiting the device is therefore:

Pr=R +8B +”
=|SuPR" +1%f R + |5l R
= (|Sul® + Sl +151 )R

Since this device is lossless, then the incident power (only on
port 1) is equal o exiting power (i.e, P~ =£A"). This is true only
if:

[Sul? + 51+l =1

Of course, this will likewise be true if the incident wave is
placed on any of the other ports of this lossless device:

1Si2 F + 1852 P 48522 4182 =1
1537 +1Ss 1 + S5 + 1S53 =1
|54 + 1524l + 1S54l + 1504 =1



We can state in general then that:

3
1S, =1 foralln
m=1

In other words, the columns of the scattering matrix must have
unit magnitude (a requirement of all unitary matrices). It is
apparent that this must be true for energy to be conserved.

An example of a (unitary) scattering matrix for a lossless
device is:

IEEERIRETIREY
b 0 0 Jj%%
% 0 0 4

0 Jj% % 0 |

(O
I

Reciprocal

Reciprocity results when we build a passive (i.e., unpowered)
device with simple materials.

For a reciprocal network, we find that the elements of the
scattering matrix are related as:



For example, a reciprocal device will have S; = 5, or
S3, = S3. We can write reciprocity in matrix form as:

ST =5 if reciprocal

where T indicates (non-conjugate) franspose.

An example of a scattering matrix describing a reciprocal, but
lossy and non-matched device is:

© 010 -040 -j020 005
~0.40 0.20 0 ;j0.10
~j020 0 0.10-,0.30 -0.12

| 005 4010  -012 0

(O]
I




Coaxial Transmission Lines

The most common type of transmission line!

Outer
Conductor

Inner
Conductor

The electric field (—)points in
the direction 4, .

The magnetic field (----)points
in the direction 4.

E. M. Power flows in the direction

a

z .

m=) A TEM wave!



Recall from EECS 220 that the capacitance per/unit length of a
coaxial fransmission line is:

C -

2re {fcrcds}
Inb/a] meter

And that the inductance per unit length is :

[ Mo In[b} {Henries}
2r m

Where of course the characteristic impedance is:

-
C

ln{b}

27z a

=o\LC = oy &

Therefore the propagation velocity of each TEM wave within a
coaxial fransmission line is:

and:

F Wf f

where ¢, = ¢/¢, is the relative dielectric constant, and cis the
“speed of light" (¢ =3x10° m/ s).

N
‘%I%



Note then that we can likewise express g in terms ¢, :

b=\ :a)\/ﬂogox/g:%\/;

Now, the size of the coaxial line (aand b) determines more than
simply Z, and £ (L and ) of the transmission line. Additionally,
the line radius determines the weight and bulk of the line, as
well as its power handling capabilities.

Unfortunately, these two characteristics conflict with each
other!

1. Obviously, to minimize the weight and bulk of a coaxial
transmission line, we should make aand 6 as small as possible.

2. However, for a given line voltage, reducing aand b causes
the electric field within the coaxial line to increase (recall the
units of electric field are V/m).

A higher electric field causes two problems: first, it results in
greater line attenuation (larger o); second, it can result in
dielectric breakdown.

Dielectric breakdown results when the electric field within the
Transmission line becomes so large that the dielectric material
is ionized. Suddenly, the dielectric becomes a conductor, and
the value & gets very large!



This generally results in the destruction of the coax line, and
thus must be avoided. Thus, large coaxial lines are required
when extremely low-loss is required (i.e., line length 7 is large),
or the delivered power is large.

Otherwise, we try to keep our coax lines as small as possible!




Coaxial Connectors

There are many types of connectors that are used to connect
coaxial lines Yo RF/microwave devices. They include:

SMA

The workhorse microwave connector.
Small size, but works well to > 20 GHz.
By microwave standards, moderately
priced.

BNC

The workhorse RF connector. Relatively
small and cheap, and easy to connect.
Don't use this connector past 2 GHZz!

F

A poorman's BNC. The RF connector
used on most consumer products such as
TVs. Cheap, but difficult to connect
and not reliable.



N

The original microwave connector. Good
performance (up to 186Hz), and
moderate cost, but large (about 2 cm in
diameter) | However, can handle greater
power than SMA.

UHF

The poorman’'s N. About the same size,
although  reduced reliability and
performance.

RCA

Not really an RF connector. Used
primarily in consumer application for
video and audio signals (i.e., <20 MHz).
Cheap and easy to connect.

APC-7 and APC-3.5

The top of the line connector. Best
performance, but cost big $$$. Used
primarily in test equipment (eg.,
network analyzers). 3.5 can work to
nearly 40 GHz.



Printed Circuit Board
Transmission Lines

V 4

Microstrip

Probably = most  popular  PCB
transmission line. Easy fabrication
and connection, yet is slightly
dispersive, lossy, and difficult to
analyze.

Stripline

Better than microstrip in that it is
not dispersive, and is more easily
analyzed. However, fabrication and
connection is more difficult.

Coplanar Waveguide

The newest technology. Perhaps
easiest to fabricate and connect
components, as both ground and

conductor are on one side of the
board.

Slotline
Essentially, a dual wire franmission
line. Best for “balanced”

applications. Not used much.



www.emi.dtu.dk/education/bachelors_course/31025.html

An antenna array feed, constructed using microstrip
transmission lines and circuits.

T 3 www.eng.nuS_*:?c:jtlll."sg;/EB__:e_;s'_rieWs/9511/nov95%25_.h_’rml

A wideband microstrip coupler.





