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Abstract. In this paper we address for the firsttime the /O 1 Introduction
complexity of the problem of sorting strings in external mem-

ory, which is a fundamental component of many large-scale  The problem of lexicographically sorting a set of strings
text applications. In the standard unit-cost RAM comparison i, the internal memory of computers has received much at-
model, the complexity of sortin@’_strings of total lengthvV tention in the past (see e.g. [3, 34]). This problem is the
is O(K log, K +N). By analogy, in the external memory (or - most general formulation of sorting because it comprises in-
/0) model, where the internal memory has sideand the  eger sorting (i.e., strings of length one), multikey sorting
block transfgr size ig3, it WOU'|d be'natural toguessthatthe (e  equal-length strings) and variable-length key sorting
/O complexity of sorting strings i®(%; 1ogy/5 % + §):  (i.e., arbitrarily long strings). Very recently several authors
but the known algorithms do not come even close to achiev-naye considered the importance of this problem from differ-
ing this bound. Our results show, somewhat counterintu- on¢ points of view: multikey sorting (e.g. [11, 14, 39]), inte-

itively, that the 1/0 complexity of string sorting depends upon ger sorting and its variants (e.g. [4, 5, 25, 43]), and parallel
the length of the strings relative to the block size. We first string sorting (e.g. [29, 30, 32]), just to cite a few.

consider a simple comparison I/O model, where one is not
allowed to break the strings into their characters, and we
show that the I1/O complexity of string sorting in this model is
O (5 logy g - +Ka2log,y g Kot %), whereN, is the to-

tal length of all strings shorter thai and K, is the number

of strings longer tharB. We then consider two more general
I/O comparison models in which string breaking is allowed.

Today’s applications, however, tend to manipulate tex-
tual data sets of amazingly large size that do not fit into
the internal memory of computers. Examples include tex-
tual databases [26], digital libraries [24], and relational
databases [37]. In these cases, the data need to be stored
on external storage devices like disks or CD ROMs, which
L : ; are roughly one million times slower than internal caches
We obtain improved algorithms and in several cases lower in terms of access time (or latency). This disparity in la-

bounds th"?lt match .the|r I/Q bounds. Emally, we devglop tency has given rise in many applications to an input/output
more practical algorithms without assuming the comparison (or 1/0) bottleneck, in which the time spent on moving data

model. between internal and external memory dominates the over-
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algorithms.

The slow part of disk access is positioning the read-write
head and waiting for the disk to rotate into position; once
done, data in subsequent locations on disk can be accessed
very quickly. To amortize (or hide) disk latency, each in-
put/output operation (dfO) transfers a large block of con-
tiguous data. We use the standard model of I/O complex-



ity [2, 46] and define the following parameters: researchers have designed I/O algorithms for a number of
problems in different areas, such as in computational geom-

K = # of strings to sort, etry [6, 10, 28], graph theoretic computation [6, 7, 16] and
N = total # of charactersin the K strings, string matching [11, 17, 20, 22, 23].
M = # of characters fitting in internal memory, Aggarwal and Vitter [2] proved that the number of 1/Os

needed to sorV indivisibleelements i€)(% log /5 ) in
thecomparison /0O moddwhere the order between two el-
ements can be inferred only by their comparison or by tran-
sitivity).! They also proved that rearranging a set\ofin-
divisible elements according to a given permutation requires
Q(min{N, % log, 5 %}) I/0s. Thus in general, permuting

B = ¢ of characters per disk block (or track),

whereM < N andl < B < M/2. We measure the perfor-
mance of an algorithm in terms of the number of I/Os it per-
forms. The quantityp(N/B) corresponds to “linear time”

in the 1/0 model, sincéV/B I/O operations are needed to k g
read or write the whole set df strings. is harder in external memory than in internal memory where

We shall see that the I/O complexity of string sorting de- i? takes Iinear time.. Aggarwal and Vitter also devellop'ed op-
pends upon the lengths of the strings relative to the block timal sorting algorithms based upon merge and distribution

size B. We use the ternshort stringto denote any string
with fewer thanB characters, and we defindamg stringto
be a string of lengttB or greater. This distinction naturally
introduces four additional input parameters:

In internal memory a balanced search tree can be used in
the context of insertion sort to sort optimally. If we use the
standard external memory search tree, the B-tree [12, 19], we
getanO(N logp N)-I/O insertion sort. This algorithm’s 1/0
K, = # of short strings, efficiency is a multiplicative factor oB logg (M /B) larger
than optimal. In [6, 8] a so-callebuffertechnique for lazy

Ky = of long strings, . . updates in external data structures is developed, and using
N1 = total # of characters in the short strings, this technique théuffer treeis designed. Using this struc-
N, = total # of characters in the long strings, ture in the external insertion sort yields an optimal sorting
algorithm.
where K = K, + K is the total number of strings, and As far as the general string sorting problem is concerned,
N = N1 + N, is their total number of characters. Note that here are a number of data structures like prefix B-trees [13],
Ny < KiBandN; > K»B. SB-trees [20], compacted tries [38], suffix trees [17, 36],

We assume that th& input strings are initially stored  anq suffix arrays [35] that can be used to sort arbitrarily
on disk in contiguous locations; the long strings are stored long strings in external memory. Among them, the SB-tree
in contiguous blocks. We assume without loss of generality j5 the most I/O-efficient in the worst case: it can be em-
that the length of each long string is a multiple®f Every ployed to sort a set of strings (K logg K + &) 1/Os.
block on disk has a unique integer-valued address, and whenrpis sorting algorithm can be converted into an optimal
we talk about a pointer to a (long) string we mean the address@(K10g2 K + N)-time algorithm for the internal compar-
of its first block. We can locate the block containing tlie ison model by fixingB to a constant [21]. Very recently,
character of a long string by using simple arithmetic opera- Bentley and Sedgwick [14] emphasized the practical impor-
tions on the string's address. We assume @) pointers  tance of string sorting and presented a version of quicksort
orintegers fit in a block. that also achieves the optin@( K log, K + N) comparison

When discussing string sorting algorithms we shall dis- phoyng. Analyzed in the 1/0 model, however, the algorithm

cuss short and long strings separately. Given a set of stringqjseso(K log, K + N) 1/0s, which is worse than the bound
we can easily separate it into a set of short strings and gptained using the SB-tree.

a set of long strings usin@(N/B) 1/0Os; similarly, two
sorted sets of strings can be merged togethed(iV/B)

I/Os. Our algorithms for sorting long strings first produce
the sorted sequence of pointers to the strings (usually called . . ,
rank sorting: the final sorted sequence can be obtained with ~ Since algorithms exist that match &K log, K + N)

O(K» + Na/B) = O(Nz/B) extra 1/Os by moving the lower bound for sorting strings in the internal compari-
strings into their final position one at a time. son model, it seems reasonable to expect that the com-

plexity of sorting strings in the comparison 1/0 model is
O(4% logar/ s % + %). However, the existing sorting algo-
. rithms do not even come close to meeting this bound. In this
tation paper we show as far as optimal I/O bounds are concerned
) ) that sorting strings in external memory is not nearly as sim-
Early work on I/O algorithms concentrated on sorting and e as it is in internal memory. We analyze the problem in the

permutation related problems [2, 9, 18, 41, 40, 46]. Work {q)|owing three variants of th#O comparison modetvhich
has also been done on matrix algebra and related problems

arising in scientific computation [2, 45, 46]. More recently, 1We define for conveniendeg ;, ; % = max{1, (log %)/ log % }.

1.3 Our Results

1.2 Previous Results in 1/0-efficient Compu-




differ from one another in how strings can be processed:

Model A Strings are considereiddivisible (i.e., they are
moved in their entirety and cannot be broken into char-
acters), except that long strings can be divided into
blocks.

Model B: We relax the indivisibility assumption of Model A
by allowing strings to be divided into single characters
in internal memory only

Model C. We waive the indivisibility assumption com-
pletely and allow division of strings both internal and
external memory

The algorithm by Bentley and Sedgwick [14] can easily be
modified to work in Model A; the SB-tree algorithm [20]
requires the power of Model C.

One of our results is counterintuitive in the sense that we
prove that the conjecturedl( % log,, /5 4 + %) 1/0 bound
is too low. We also formally confirm the intuition that break-
ing up strings into their individual characters can reduce the
I/O complexity of string sorting. Specifically, Models A
and B have different string sorting complexities. One of our
main results is that the 1/0 complexity of string sorting de-
pends upon thaumber of characterfor small strings {V;)
and thenumber of stringgor long strings ). In addition,
our theoretical study gives some crucial insights into the de-
sign of practical string sorting algorithms. Our specific re-
sults are summarized in the remainder of this section.

Model A. In Section 2 we prove the following optimal
sorting bound for Model A:

Theorem 1 In Model A, the /O complexity of sorting
a set of K; short strings andK, long strings of total
lengths N; and N,, respectively, is@(%logM/B % +
K2 IOgM/B K2 + N1+N2).

B
The first term in the bound is the cost of sorting the short

strings, the second term is the cost of sorting the long strings,
and the last term accounts for the cost of reading the whole

input. The result shows that sorting short strings is as diffi-
cult as sorting their individual characters, while sorting long
strings is as difficult as sorting their firgt characters.

The lower bound for small strings in Theorem 1 is proved
by extending the technique in [2] and considering the spe-
cial case where all; small strings have the same length
N, /K;. The lower bound for the long strings then follows
by considering the{, small strings obtained by looking at
their first B characters. The upper bounds in Theorem 1 are

Model B. In Section 3 we discuss the more complex situa-
tion of Model B, in which we need to handle long and short
strings separately.

Theorem 2 In Model B, the 1/O complexity of sortinf»
long strings of total lengttV, is © (K> log,, K> + 32).

The optimal bound in Theorem 2 differs from the corre-
sponding bound in Theorem 1 in terms of the base of the
logarithm; the base i3/ rather thanl//B. This shows that
breaking up long strings in internal memory is provably help-
fulin external string sorting. We again prove the lower bound
by a generalization of the technique used in [2]. We obtain
the upper bound by means of a novel combination of the SB-
tree data structure [20] and the buffer tree technique [6]. This
allows us to get ®(M) SB-tree node fanout rather than a
©(B) fanout. Our algorithmis based upon a type of insertion
sort with a new batched insertion procedure for SB-trees.

For short strings, we can prove the following upper
bound:

Theorem 3 In Model B, K; short strings of total length
Ny can be sorted it (min{ K log,, K1, 55 logar s 35}
I/Os.

The bound in Theorem 3 is the same as the cost of sort-
ing all the characters in the strings (1.6(3 logy 5 35))
when the average length; /K, of the short strings is
O(B/logy g M). For the (in practice) narrow range
B/logy g M < N1/K1 < B, the bound in Theorem 3 be-
comesO(K; log,, K1). In this range, the sorting complex-
ity for Model B is lower than the one for Model A, which
shows that breaking up short strings in internal memory is
provably helpful. We derive Theorem 3 by using either the
merge sort algorithm proposed for Model A or by executing
the sorting algorithm for long strings in Model B.

As far as the lower bound is concerned, we prove the fol-
lowing result:

Theorem 4 In order to sortK; short strings in Model B,

Q(max{% IOgMNl/BKl %, min{% 1OgM/B %,Kl}})
I/Os are needed, whet¥, is the total length of the strings.

The lower bound in Theorem 4 is the maximum of two
terms. The first term is derived using the same technique
as in the proofs of Theorems 1 and 2. The second term ac-
counts for the cost of permutiniy; short strings once their
ranks in the final sorted sequence are given. When the av-
erage (short) string lengtN: /K1 is O(B/log /5 %), the
lower bound become8(Ztlog,,/ 5 4+). In this case, The-
orem 3 gives a matching upper bound. For the narrow range
B/logy g B+ < Ni/K;i < B, in which there are very few

obtained by using a novel external merge sort approach thatSnort strings per block, our bounds are only sometimes tight;

takes advantage of a lazy trie in internal memory to guide

the full characterization will appear in the full paper.

the merge passes. Our upper bound represents a significant

improvement over the previously known algorithms, since
T < K and the base of the logarithm terms\i§/ B.

Model C. Although the original SB-tree data structure [20]
fits in Model C (it keeps a variant of tries in some blocks of



the external memory and thus it divides strings into charac- runs into a longer sorted run, until we end up with one sorted

ters), it does not improve the bounds that we can immediatelyrun containing all the strings. The crucial property is that we

derive from Model B (Theorem 2 and 3). As a consequence, can mergeé (M /B) sorted runs of small strings together in

the algorithms designed for Model B also turn out to be the a linear number of I/Os in terms of their total length. Since

fastest known for Model C. In Section 3, we discuss more in there ardog,;/5 M= logar/m L1 — 1 levels in the merge

detail the relation between Model B and Model C. process, each requiring(N,/B) I/Os, we obtain the fol-
lowing result:

Practical Algorithms.  Waiving the comparison model as- Lemma 1 In Model A, K; short strings of total lengthV,
sumption and using the insights we have gained during the can be sorted irtD(% 108/ R %) 1/Os.

theoretical considerations, we have designed a number of ) )

practical algorithms. These algorithms exploit the limited W& now focus on merging long strings, where we have

size of the alphabeX from which the characters are cho- 2 < N2/B. Tr;]e main diffiCLrJ]Ity is that we cannot I
sen in practice. By compressing the input strings in three COMPare strings character by character, since we could

different ways and using a variant of tiubling tech- end up loading every block of every string during e_ach.of
nique [33], we have obtained three different algorithms. € 108a/p K> levels of the merge process, resulting in

Their 1/0 bounds ar® (X log,; /5 %), O(X- log 5 X + a total ofO(%logM g K2) 1/0s. We instead obtain an
N : B oM/BE L TEL WP O(Kslogy,, 5 K> + N2) 1/0 algorithm by modifying the
&) (whereF is a positive integer such thdt|S|"” < M), 2108y p K2 + 5 g y 9
andO(% logy 5 % + % logar/p |3)) (if there is a positive meligltng process '”t;‘ rsovelway.. N

integerF such that:|F < N), respectively. In Section 4 we et us assume that we are giv /B string sequences
sketch the idea behind the second algorithm. Note that in theSt» - - -»Sn/B @S input in a merging process. All string se-

third algorithm, compression techniques and a constant-sizeU€nces have the same number of strings but are possibly of
alphabet allow us to beat the theoretical lower bounds we different total length. Each string in the sequence is repre-
proved for the I/O-comparison models above. An important sented by a block of characters (initially its first block) and

property of the three algorithms is that their I/O complexities € length of its longest common prefix with the previous
are typically linear in practice. string in the sequence. We denoteXythe next nonmerged

h-String in S;. Since we want to merge the/ /B sequences
put of /O systems is to use a numh@rof disks in parallel, N0 & new ordered string sequenSewe maintain a heap-
such that one can read (or writé) blocks in one I/O pro-  lIK& data structureil on X,,..., X/ in internal mem-
vided that they come frond distinct disks [15, 46]. An ory. At the beginning of the merging process, we initialize

important property of our three practical algorithms is that H with the first string of each sequensg At the generic

they are all able to take full advantage of multiple disks; that StEP, We usé to obtain the minimum string’. among the
M/ B strings inH, and we append (a block off,. and its

is, they obtairlinear speedupvith respect to the number of : , ) .
available disks. In contrast, we can make our theoretical |0Ngestcommon prefix length with the previous output string

algorithms work onD disks but without obtaining a linear (© the output sequencg We then insert the string follow-
speedup. To do so we use thisk stripingtechnique [46], ing X, |n.S,n into H. We call this sequence of operations
which in terms of performance has the effect of using a single €Xtract-min. o o

large disk with block siz&' = D B. Even though disk strip- The H data structure, which is always stored in internal
ing does not in theory achieve asymptotic optimality wilen ~ MeMOrY, is a lazy and slightly modified version of a com-

is large, it is often the method of choice in practice [44]. pacted search trie [34, 38] storitg, ..., Xy in lexico-
graphical order. Only the leftmost path of the trie is main-

tained (soH is actually in the form of a linear list), and no
characters are explicitly stored with the arcs, but for concep-

] ] ) tual purposes its function is that of a trie. The leftmost leaf
In this section we prove Theorem 1 in two parts. In Sec- i, the trie stores the current minimum stridg.; the rest

tion 2.1 we consider the upper bound and in Section 2.2 the ot the strings are stored in lists associated with the internal

lower bound. nodes ofH. We label each node on the leftmost path il
by the lengthlen(u) of the stringl¥ (u) spelled out by the
2.1 Upper Bounds path from the root ta.. Nodeu has associated with it a list
of all the strings whose longest common prefix wih has
We use variants of external merge sort to sort both shortlengthlen(u); the block from each string containing char-
and long strings. For the small strings the algorithm is almost acter numbeten(u) is also stored in internal memory. The
identical to the standard single-character external merge sorinumber of nodes i/ is bounded byl/ /B and the structure
algorithm [2]: We first produc® (N, /M) sorted “runs” us- occupiesO(M/B) blocks in internal memory even though
ing O(N1/B) /O by repeatedly loading as many strings as the A/ /B strings can collectively be much longer.
can fit in internal memory, sorting them, and writing them We now describe how to implement thetract_min oper-
back to disk. Next we continually merg®(M/B) sorted ation. LetX,. be the (minimum) string stored in the leftmost

An increasingly popular approach to increase the throug

2 Model A—Indivisible Strings



leaf f € H, and letX,. be its succeeding string in the se- Proof (sketch) Given the input parametefs;, and Ny, we
guencesS, (stored in external memory). Associated with the consider a special instance in which all short strings have
header information foX] is the length of the longest com- the same lengthV, /K (hence, we hav& = BK;/N;
mon prefix betweenX,. and X/, denoted bylcp(X,, X.). strings per block), and apply a modified version of the argu-
We load the block of string(]. containing character number ment used in [2]. Initially there ar&; ! possibilities for the
lep(X,, X)) and insertX. into H in two phases. Inthe first  correct ordering of thé(; equal-length short strings; every
phase, X, is inserted into an existing or new node on the input operation and the string comparisons done after it de-
leftmost path based upon the valuelef(X,., X!). Then crease this number. Consider an input operation loadling
leaf f is deleted fromH, and (a block of)X,. is appended  short strings from one block and assume that their relative
to the merged output (along with the length of the longest order is not known (this may happévy /B times). After
common prefix betweeX,. and the last output string). In  the input operation, there are at mQW/B)X)X! sets of

X
the second phase, a new leftmost leaf node is constructed byossible outcomes to the comparisons between the strings in
expanding the currently lowest internal nadm H. Several internal memory. Conversely, if the order of thestrings is

strings—each represented by one block of characters in in-known, there are at mosfM/)f)X) possible outcomes. An
ternal memory, including character numbet(u)—may be adversary always chooses the outcome that maximizes the
associated withu. Succeeding blocks from these strings are number of total orderings consistent with the comparisons
read until a unique leftmost leaf (i.e., minimum string) can done so far. Aftet I/Os, the number of consistent orderings
be determined. In this process the strings stored in node is at IeastKl!/(X!)Nl/B((M/)f)X)t. Setting this expression
are “pushed” down the tree. Several new internal nodes mayto 1, we get t =0(%2 logrr s ). U

be formed immediately above the new leaf. The longest

common prefix between this new minimum string and the ~ We now have all the ingredients to prove the sorting lower

previous minimum stringY,. is the value previously stored ~bound for long strings. It suffices to observe that sorfiig
aslen(u). long strings is at least as difficult as sorting their prefixes of

) length B. Consequently, by using Lemma 3 and the fact that
Lemma 2 In Model A, K long St””l\%s of total lengthV, we need to read all thd, characters (which take¥ 1/0s),
can be sorted i) (K; logyy/p K2 + 75) /Os. we obtain the following corollary, which completes the proof

Proof (sketch)In each merge pass, disregarding for now the ©f Theorem 1.

initialization of H, each string requires no more than one Corollary 1 In Model A,Q(K log 5 Ko + %) 1/Os are

I/O plus some extra I/Os needed to push the string down yaaded to sort a set @, long strings of total lengthvs.
the H structure. The extra I/Os are to blocks of the string

that are not reloaded in later merge passes. Summed ove
thelog,,, 5 K> merge passes, the total number of I/Os done
for each string isy (1 + #extral/O$ = logy, g K2 +
(length of string)/B. Hence, over all thé, strings, the to-

tal number of I/O operations done#$ log ;s K2+N2/B.

All that remains is to analyze the 1/O cost of all the ini-
tializations of H. At the beginning of each merge pass, we
initialize H at a cost bounded by the number of blocks in the
M /B strings initially stored inH. Except for the minimal
string X, we charge the 1/0 cost of examining the blocks of 3-1 Upper Bounds
a string to the string itself. FakK,., we charge its I1/O cost
to the String among the OthM/B -1 Strings that has the In this section we describe an algorithm for Sorting Iong
longest prefix withX,; the number of blocks of this stringis ~ Strings, and this proves the upper bound in Theorem 2. As
at least the 1/0 cost fak,.. The stringX, is the only string mentioned in the introduction the algorithm for short strings
from this merge pass that will participate in the initialization 1S obtained by applying either this long string algorithm or
of H in a later merge pass. By the above charging scheme,the short string algorithm for Model A. Our solution for long
no String is Charged in more than one merge pass, and nostrings will be based upon the SB-tree and the buffer tree
string is charged more than double the number of blocks thatdata structures which we briefly review below (we refer the
it contains. Hence, the total number of I/Os needed to initial- '€ader to [6, 8, 20] for more details). We then describe our
ize the |azy triesH among all the merge passes is bounded improved algorithm which is a combination of these two data
by 2N,/ B. O structures.

3 Model B—Strings Indivisible in External
Memory

In this section we prove Theorems 2, 3 and 4. The up-
per bounds (Theorems 2 and 3) are discussed in Section 3.1
and the lower bounds (Theorems 2 and 4) are discussed in
Section 3.2.

2.2 Lower Bounds The Buffer Tree. The basic buffer tree oRt integer keys is
a B-tree (or rather aru(b)-tree [31]) with fanou© (M /B)
Lemma 3 In Model A, the number of I/Os needed to skt and with blocks of elements in the leaves; thus the tree has

short strings of total lengttV; is (5 logy, 5 ). heightO(log ;5 &). A buffer of size ®(M/B) blocks is



assigned to each internal node and the operations on therhe Buffered SB-Tree. We obtain the improved long
structure are done in a “lazy” manner. For example, when string sorting algorithm by means of a novel combination of
inserting a new key, one does not search all the way downthe the buffer tree and the SB-tree which we callidb&ered
the tree to find the place among the leaves to insert the ele-SB-tree

ment. Instead, one waits until a block of insertions has been

We modify the SB-tree by increasing the fanout (and thus

collected, and then this block is inserted into the buffer of the the size of bothBT, and S;) to ©(AM/) in order to obtain

root. When a buffer “runs full,” its elements are “pushed”
one level down to the buffers on the next level. Thigfer
emptying procesis performed by loading the elements (and

heightO(log,, K>). Furthermore, in order to make the SB-
tree work in Model B (where strings are considered indivisi-
ble in external memory), we do not explicitly store the blind

the splitting/routing elements) into internal memory, sorting trie branching characters but rathmintersto them. Each
them, and writing them back to the appropriate buffers on SB-tree noder can then be stored i®(A/B) blocks in

the next level. If the buffer of any of the nodes on the next external memory. However, when we need to use the blind
level becomes full, the buffer emptying process is applied trie BT, of a noder in internal memory, we have to per-

recursively. The main point is that a buffer emptying pro-
cess can be performed () /B) 1/Os, and since it pushes

form O(M/B) 1/Os to loadr andO (M) extra I/Os to load
the branching characters BT, from theO (M) strings be-

©(M/B) blocks of elements one level down, a constant longing toS;.

number of I/Os is used on each block (as opposed to each el-

ement) on each of th@(log,,, 5 £) levels of the structure.

If we were to insert strings in the above structure on an in-

dividual basis, we would get ai(M log,; K-> + %) inser-

In [6] it is thus shown that the total number of I/Os used to tion 1/0 bound for a string®, because we would uge(M)

insert R elements in a buffer tree, including 1/Os used for
rebalancing, i£)(£ logy/p &)

The SB-Tree. From a high level point of view an SB-tree
storing a set oR strings is a B-tree [12, 19] built on the set of

I/Os on each level of the structure to load a blind trie. The
main idea to go around this problem is (as in the buffer tree)
not to insert strings on an individual basis, but to collect
©(M) strings (pointers) in a buffeB,. associated with the
noder and to push the strings one level down the structure
onceB, gets full. In this way the)(M) I/Os used to load

pointers to the strings: The pointers are stored in the leavesBT . can be charged to the stringsi# so that only a con-

of the tree ©(B) pointers per leaf) and are ordered accord-

ing to the lexicographical order of the strings they point to.
Each internal node contait¥(B) string pointers, namely, a

stant number of I/Os is charged to each of them. As a conse-
qguence, we get an amortizédlog,, K>+ %) insertion /0
bound for each strin?, and thus ai® (K> log,; K> + 42)

copy of the leftmost and rightmost pointer contained in each |/0 algorithm for sortings’, long strings of total lengttV,.

of its ©(B) children. The SB-tree has heigh(logs R)

It is worth noting that the insertion procedure developed

and rebalancing after an update is done by splitting or fusing in [20] needs to be modified to work in the setting described

nodes (or by sharing sons).

above. We describe here the new batched insertion proce-

In order to allow 1/O-efficient search and update opera- dure, leaving a lot of details to the full paper: When a buffer

tions, each internal node contains the so-callellind trie
data structureBT ,;, which is built on the set of stringS,
pointed to by the pointers in. The blind trie is a variant of
the compacted trie [34, 38] where each nadelabeled with
the lengthlen (u) of the stringl¥ (u) spelled out by the path
from the root tou, just like in theH structure in Section 2.1.

B, contains® (M) elements, we perform a buffer emptying
process on node as follows. We first load blind trid3 T
into internal memory usin@ (M) 1/0s, and then we route
each string pointer i, throughz's children by executing
the procedur®T_Search described below. In order to do
the routing efficiently, we inductively maintain the invariant

The substring normally labeling an arc is replaced by its first that each element in bufféd, is actually a triple(P, ¢, X},

character, called theranching character (In the H struc-
ture the substring was instead completely removesll),.
occupiesO(|Sx|) space (it contain®(|S,|) characters and
pointers), even though the total length of the stringS,ircan
be much larger. Consequent® T, fits in one block. This

such thatP is the string pointer anck is a (pointer to a)
string in S, that shares the first characters withP (i.e.,
lep(P,X) > 0).

ProcedureBT_Search({P, ¢, X), S,) searches for the
lexicographic position oP among the strings i§; and thus

is one of the important properties used in [20], where it is determines the child wher® has to be routed. The proce-
shown how the blind tries can be used to efficiently guide the dure works in two phases. In tliest phasewe identify the

search for the lexicographical position of a strifgamong

leaf v in BT, associated withX (i.e., W(v) = X). We

the strings (i.e., pointers) stored in the leaves. This can thendefine thehit nodefor a pair(v, £) to bev’s anceston, sat-

be used to design afl(logg R + %) I/O insertion proce-

isfying len(u) > € > len(parent(u)); if £ = 0, the hit

dure, which in turn can be used to obtain an external sorting node is the root. We then begin a downward traversal of

algorithm usingD (R logz R+ %) 1/Os, where is the total

BT, from the hit nodex by matchingP’s characters with

length of theR strings. Note that the SB-tree uses the power the branching characters of the traversed arcs, until either
of Model C because single characters from many strings area leaf f is reached or no further branching is possible. In

used to form the blind tries.

the latter casef is chosen to be one of the leaves descend-



ing from the last traversed node. Note thfastores one of
the strings inS,; that share the longest common prefix with
P [20]. The downward traversal &7, cannot be executed
without 1/0s becausé is stored in external memory. We
therefore perform it as follows: We first load the block con-
taining the characteP[¢ + 1] into internal memory; assume
that this block contains the substriiji, i + B — 1]. After
that, we travers®T . downwards using[i, i + B — 1] until

we end up in a node in which either no further branching
is possible (and thus we can determjf)eor a character of
P[i + B, |P|] is needed to continue the branching. In the
latter case, we take a leatlescending fronw and compare
Pl[i,i + B — 1] with the corresponding substring &¥ (t)
using only one I/O. If they are different,is the leaff we
are looking for, and we have fouridp (P, W (f)) and the
mismatching character @ and W (f), and thus we can go

on to the second phase described below. Otherwise, we loadshort strings of total lengttV; is Q%

the block forP[i + B, i+ 2B — 1] and resume the downward
traversal of BT, from nodew. This approach guarantees
that we do not rescaR. If lcp = lep(P, W(f)) the number
of I/0s used in the first phase@(“2-- + 1).

The second phasbegins when leaff has been identi-
fied. Sincef stores one of the strings i, that shares the
longest common prefix withP, the mismatching character
of P and W (f) can be used along with the hit node for
the pair(f, lep(P, W(f))) to find P’s position inS,. with-

out any further I/Os. In [20], it has been shown that one

of the strings, say’, adjacent taP’s position inS, shares
lep(P, W(f)) characters withP (i.e., lep(P, W(f)) =
lep(P,Y)). We therefore maintain the invariant fét by
using one I/O to store the tripke?, icp, Y) in the buffer of
the child ofr that containg”. (Details will appear in the full
version of the paper.)

From the above discussion we get that the routing cost

for string P is O(“2-% + 1). The O(M) I/Os used to
load BT are divided among th® (M) strings as described
above, such tha©(1) I/Os are charged td. It follows
that routingP contributes withO(}",; % +1) I/Os

indivisibility assumption and use Model C. In the above al-
gorithm for Model B, we replaced the branching characters
by their pointers to avoid string breaking in external mem-
ory. Consequently, we needéy M) I/Os to load a blind

trie into internal memory. If we waive the indivisibility as-
sumption also in external memory, we can store the blind
trie directly in © (M /B) blocks and thus decrease the cost
of loading it to®(M/B) 1/0Os. However, we still obtain the
same overall I/0 bound. In general, it seems that we cannot
use the buffered SB-tree technique to obtain a better bound
in Model C, because we have already obtained the maximal
©(M) fanout on every node.

3.2 Lower Bounds

Lemma5 In Model B, the number of I/0Os needed to st
B o8N, /BK, %)

Proof (sketch) We use a technique similar to the one in the
proof of Lemma 3 except that we bound the number of pos-
sible outcomes of the comparisons among the strings in in-
ternal memory b)(])‘?)X!, as we can have characters from
as many as\/ different strings in internal memory. Setting
K/ (x)yM/B(AE < 1 and simplifying, we get the de-
sired lower bound on. O

Analogously to what we was done in Section 2.2, we can
now obtain the following for long strings:

Corollary 2 In Model B,Q(K> log,, K>+ 52) 1/0s are re-
quired to sortK, long strings of total lengthv,.

We have now characterized the asymptotic I/O complex-
ity of sorting long strings (i.e., proved Theorem 2). As
discussed in the introduction, Lemma 5 and Lemma 6 (be-
low) allow us to characterize the complexity of sorting short
strings except for a narrow set of inputs:

Lemma 6 In Model B, Q(min (& log,,, 5 53, K1)) 1/0s

to the overall cost of the buffer emptying processes, where 5.6 needed to sor&; short strings of total lengthV; .

H = O(log,, K>) is the height of the SB-tree arfgis the

value of/ at leveli, forall1 < ¢ < H. This sums up to
O(logys K2+ %) becaus® < ¢;_; < ¢; < |P|,and hence
we need a total 0O(K> log,, K2 + %) I/Os for all the

strings.

Proof (sketch) We again consider the equal length case
where we haveX = BK;/N; strings per block. First
note that from apermutationpoint of view, Models A
and B are equivalent because strings are moved in and

The only 1/0Os we have not accounted for so far are the out of internal memory in their entirety. Thus a permuta-
ones used to rebalance the buffered SB-tree structure. Foltion bound in Model A also holds in Model B. The per-

lowing the argument in [6], it can be argued that inserting mutation lower bound proved in [2] shows that there ex-

K, strings results im(K-/M) splits in total. Since one
split can be performed i® (M) 1/Os, the rebalancing cost
adds up ta)(K>). Details will appear in the full version of
this paper. This ends our proof of the following:

Lemma 4 In Model B, K> long strings of total lengthv;
can be sorted inO(K>log,, K> + 42) 1/Os using the
buffered SB-tree.

ists a permutatiodl of N’ indivisible elements requiring
Q(min{N', 7 log, /5 5 }) /Os on a machine with block

size B’ and memory sizeV!’, respectively. An algorithm

that sortsk; = N' short strings in Model A must be ca-
pable of permuting the strings accordinglio Thus by re-
garding strings as single elements, we can obtain a sequence
of I/Os performing the permutatiol on a machine with

B'= X andM' = %X from a sequence of I/Os permuting

An interesting question is what happens if we waive the the strings in Model A. Since the two sequences perform the



same number of I/Os, we obtain the lower bound by substi-
tuting N' = K;, B' = X, andM’ = 42X into the above
bound. 0

4 Practical Algorithms

The basic tool we use to design practical sorting algo-
rithms is an external memory version of the Karp-Miller-
Rosenberg labeling technique [33], also calleddbabling
algorithm, which use)( 55 log,, 5 %) I/0s. We defer the
description of the external doubling algorithm to the full pa-
per. Our three algorithms share a similar overall structure:
In a preprocessing step, the input string sequeh¢ef to-
tal lengthN) is compressed into a sequerieby shrinking
each string inS by a factorF’ > 1, while preserving their
relative lexicographic order. Then the doubling algorithm is
applied taS’.

In this extended abstract, we just sketch one of our three
algorithms. In this algorithm, the preprocessing step consists
of compressing the original strings as follows: We “break”
the strings into a set of O(£ + K) substrings of lengtt’
(strings shorter tha@’ form a single substring). Each string
of lengths is thus a sequence 6f(s/F') “supercharacters”,
each one being a string th The parameteF’ > 1 is chosen
to be the maximum integer (if any) such that the whole set
C can be kept simultaneously in internal memory; it suffices
that F|£|F < M. Since we can kee@ in internal mem-
ory (by means of a ternary search tree [14]), we can@srt
strings by one single scan of the whole input. This clearly
gives the final rank of’s strings. Subsequently, we cre-
ate the new string sequen&é in which each string i is
compressed by replacing its supercharacters (i.e., lefgth-
substrings) with their ranks computed previously. The main
observation is that for any two substrings®bne is lexi-
cographically smaller than the other if and only if the rank
of the former is smaller than the rank of the latter. There-
fore, sorting the strings i®’ is equivalent to sorting the
strings inS. We finally execute the doubling algorithm 6h
and determine the sorted string sequence. The overall cos
is O(#55 logy /s & + Bg), Which becomes linear when
F' > logy g(N/B) (i.e., in many practical cases).

5 Conclusions and Open Problems

Our goal in this paper was to explore the I/O complexity
of sorting strings from both a theoretical and practical per-
spective. For various I/0 models, we showed the relationship
between string length and sorting complexity and derived up-
per and lower bounds. All our algorithms have better I/O
performance than all previously known algorithms.

Several interesting open questions remain. One primary

open problem is to close the remaining gap between the up-

per and lower bounds in Model B. Another is to prove lower
bounds in Model C. Proving such new or better lower bounds
would probably require a fundamentally new approach.

Our strongest model (Model C) removes the indivisibi-
lity assumption on strings, but still assumes that the indi-
vidual characters are indivisible. A natural question to ask
is whether compression and coding techniques can be used
to get better algorithms when, for example, bit operations
are allowed on the characters, akin to the recent result on a
type of matrix transposition [1]. The practical algorithms in
Section 4 already exploit some of these techniques.

Another natural question to ask is how to sort strings opti-
mally usingD disks. As discussed, the practical algorithms
in Section 4 can achieve optimal (linear) speedup infthe
disk model in many real situations. We are currently im-
plementing several of our algorithms and hope to report full
experimental results soon.
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