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Abstract— To take advantage of the unique scattering responses
associated with nonlinear radar, the predominant approach
involves the detection of target-induced harmonics elicited by the
interrogation of a single spectrally pure waveform (often a tone).
In contrast, we consider the impact of using a pair of highdimensional waveforms to realize a novel nonlinear
intermodulation approach. The interrogating waveforms in this
case are two unique sets of FM noise waveforms that also permit
the high incident power necessary to induce a nonlinear response.
Both waveforms reside in the resonant region of the device under
test, with their intermodulated response signal made sufficiently
separable from the second-order harmonics of each individual
waveform in the same band by virtue of very high dimensionality.
This framework, collectively denoted as shared-spectrum pseudorandom intermodulation (SSPRInt), is demonstrated via
simulation and experimentally in a loopback configuration.

(see [9,10] and references therein). For example, frequencies f1
and f2 would produce intermodulation frequencies f1 + f2,
f1 − f2, 2f1 + f2, 2f1 − f2, and so on that are distinct from the
individual harmonics (e.g. 2f1 and 2f2 for second harmonics).
However, because RF devices generally contain a front-end
bandpass filter [10,11] (see Fig. 1), the bandwidth over which a
nonlinear response can be elicited is limited. Consequently,
intermodulation signals tend to still be relatively near in
frequency to the harmonics, thus precluding easy separation.
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I. INTRODUCTION
The general concept of nonlinear radar has been known
since the 1970s (see [1]) and has been employed for a variety
of purposes including animal tracking, temperature sensing,
and monitoring of human vital signs (e.g. [2-4]). Nonlinear
radar relies on the phenomenological attribute of certain
scatterers, including RF electronics such as cellular telephones
and radios, to produce a measurable response at a frequency
that is discernible from that of the interrogating signal. The
resulting frequency offset therefore permits the possible
detection and discrimination of these particular responses
against the backdrop of linear clutter echoes received at a much
higher power. It has even been observed that dolphins exploit a
form of linear/nonlinear discrimination with biosonar in
bubble-rich environments [5] and their approach has likewise
been recently mimicked for radar applications [6].
A recent survey of research on nonlinear radar [7] provides
an overview of the myriad approaches and applications that
have been explored in this context and also establishes the
design trade-space and best practices. Specifically, it is noted in
[7] that “researchers working on nonlinear radar have
overwhelmingly chosen to exploit the harmonic responses of
targets rather than intermodulation.” For transmitted
frequency f0, the prevalent class of nonlinear radar denoted as
harmonic radar seeks to detect the presence of harmonics 2f0,
3f0, etc. within the resulting reflections. For this detection to be
meaningful, it is clearly necessary to suppress any such
harmonics from being self-generated by the transmitter, thus
placing strict requirements on spectral purity [8].
In contrast, a much smaller subset of nonlinear radar
research has relied on the intermodulation of different signals

Fig. 1: Standard model of a nonlinear device (from [10,11]) consisting of an
antenna, a bandpass filter, and a nonlinear component (here a low-noise
amplifier)

Here we propose a waveform diversity [12,13] based
approach to intermodulation radar that leverages a recently
demonstrated form of FM noise [14,15] denoted as pseudorandom optimized (PRO) FM. The relevant benefits of this
manner of waveform are a) it can be generated in a pulsed form
at high power so as to elicit a nonlinear response and b) it can
achieve tremendously high time-bandwidth products because it
never repeats (BT > 107 has been experimentally demonstrated).
This latter property is the key facilitator to the realization of
intermodulation responses that are highly separable from the
individual harmonic signals. The effect is accomplished by the
emission of large sets of unique pairs of PRO-FM waveforms
followed by coherent integration across the set of
intermodulated waveform responses on receive. This separation
capability is demonstrated in simulation and experimentally in
loopback.
II. INTERMODULATION & HARMONIC WAVEFORMS
The second harmonic is most commonly used for nonlinear
radar because the nonlinear reflected power decreases
exponentially with the order of the harmonic [16]. If we were
to generate simple sinusoidal tones at frequencies f1 and f2, the
resulting second-order signals of interest are the individual
harmonics 2f1 and 2f2, and the intermodulation term f1 + f2.
Per Fig. 1, the presence of the bandpass filter in any nonlinear
device that we may wish to detect limits the separability of
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these signals in frequency, particularly because the linear
scattering is received with orders-of-magnitude higher power.
More generally, now consider two arbitrary waveforms
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( ) are the respective continuous phase
where ( ) and
functions and is the center frequency. We shall assume that
both waveforms possess the same 3-dB bandwidth. These and
all subsequent waveforms/signals are summarized in Table I for
easy reference.
The waveforms are produced by separate transmitters and
we wish to detect their intermodulation product in the nonlinear
radar receiver. Because these waveforms must be generated at
sufficiently high power, harmonics are produced by each
transmitter that can be represented in the form of a power series
[17-19]. In particular, the second-order harmonics of the
waveforms in (1) can be expressed as
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( ) and
( ) the harmonic waveforms arising from the
for
original waveforms individually. Note that these harmonic
waveforms possess twice the bandwidth as their fundamental
counterparts and also reside at twice the center frequency.
TABLE I. SIGNAL DESCRIPTIONS FOR SSPRINT NONLINEAR RADAR
Signal

Description

( )

Transmitted waveform 1 at

( )

Transmitted waveform 2 at

( )

Harmonic waveform 1 at 2

( )

Harmonic waveform 2 at 2

( )

Intermodulation waveform at 2

( )

Autocorrelation of

( )

= cos 2

+

( )

( )

Cross-correlation between

( ) and

( )

,

( )

Cross-correlation between

( ) and

( )

,

( )

Harmonic waveform 1 at 2 , mth pulse

,

( )

Harmonic waveform 2 at 2 , mth pulse

,

( )

Intermodulation waveform at 2 , mth pulse
Coherent autocorrelation averaged over M pulses

̅

,

( )

Coherent cross-correlation averaged over M pulses

̅

,

( )

Coherent cross-correlation averaged over M pulses

( ) + cos 2

= cos 2
+ ( ) + cos 2
+ 2cos 2
+ ( ) ∙ cos 2

+
+
+

( )
( )
( )

+2 ( )
= 0.5 1 + cos 4
+2 ( )
+ 0.5 1 + cos 4
( )− ( )
+ cos
+ ( )+ ( )
+ cos 4
( ) + 0.5

= 1 + 0.5

( )+

( )+

( ). (4)

( ) and
( ) terms are the
At the bottom of (4), the
( )
second-harmonic waveforms from (2) and (3). The
term is the mixing product translated to baseband that does not
propagate, so we shall ignore it.
The final term in (4) is the intermodulation waveform
( ) that should only be produced by nonlinear scattering in
the environment given adequate isolation between the two
transmitters and neglecting intermodulation effects within the
radar receiver. This waveform resides in the same spectral
footprint (same bandwidth and center frequency) as the two
harmonic waveforms. Thus their separability is completely
dictated by the respective cross-correlations
̃  ( ) ̃ ( + ) 
, ( ) =
,
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where ̃ ( ) , ̃ ( ) , and ̃ ( ) are the complex baseband
versions of these waveforms. In contrast, the correlation of
̃ ( ) with itself, i.e. a matched filtering process, produces the
autocorrelation response
̃  ( ) ̃ ( + ) 
(6)
that possesses a discernible mainlobe and sidelobes on the order
of −10 log10 (BT).
Therefore the crux of the problem lies in how to obtain
waveforms ( ) and ( ) such that the cross-correlations in
(5) and sidelobes in (6) are minimized. It is important to note
that the relationship between the cross-correlation and the
cross-spectrum via the Wiener-Khintchine theorem effectively
places a lower bound on how small the cross-correlations in (5)
can be since ̃ ( ), ̃ ( ), and ̃ ( ) all occupy the same
spectrum and have constant envelopes. Given the bandwidth
restriction imposed by a hypothetical bandpass filter from Fig.
1 and the achievable pulsewidth for which high power can be
achieved, along with the expectation of linear scattering from
( ) and
( ) unintentionally generated by
the versions of
the transmitter, it consequently stands to reason that it may not
be feasible to obtain a single pair of waveforms ( ) and ( )
that achieve a sufficient degree of separability for (5).
To address this problem we propose to use multiple unique
pairs of FM noise waveforms that can be written as the simple
generalization of (1) as
( )=

,
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The intermodulation can likewise be expressed as the
power series operation [17-19] on the superposition of the two
waveforms in (1), which can be written as
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for the mth of M pulses. By extension, the mth set of harmonic
waveforms and the mth intermodulation waveform respectively
become , ( ),
, ( ), and
, ( ).
While any given pair of the waveforms in (7) can be no
better than those in (1), the coherent combining of M
intermodulated responses of , ( ) after individual matched
filtering like in (6) provides an effective time-bandwidth
product that is M times greater than a single waveform. As such,
the coherently averaged autocorrelation becomes
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for which the mainlobe is unchanged but the sidelobes are
reduced by roughly a factor of M due to their combining
incoherently [14,15]. Further, the cross-correlation responses
from (5) likewise combine incoherently, resulting in
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which again is roughly a factor of M reduction relative to (5).
III. FM NOISE WAVEFORMS
The concept of FM noise waveforms was theoretically
analyzed in [20-22] and a practical form using spectral shaping
via alternating projections optimization was experimentally
demonstrated in [14,15]. Since then, such waveforms have
demonstrated a capability for practical spectral notching on
transmit [23-27], a means to facilitate advanced emission
structures involving polarization and spatial modulation
[28,29], and gradient-based optimization approaches have also
been realized [30,31]. Here we briefly summarize the
alternating projections version denoted as pseudo-random
optimized (PRO) FM that serves as the basis for this nonlinear
radar formulation.
Given a desired power spectrum | ( )| , here selected to
be Gaussian due to the associated Gaussian autocorrelation, and
an initial randomized FM waveform , , ( ) obtained using a
random instantiation of the polyphase-coded FM (PCFM)
implementation [32], the projections [15]
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are applied K times in alternating fashion. The operation ∠(•)
in (11) and (12) extracts the phase of the argument, while ℱ •
and ℱ • are the Fourier transform and inverse Fourier
transform, respectively. The first stage (11) enforces the
spectrum shape and the second (12) enforces a constant
amplitude pulse.
After K iterations of (11) and (12) the final waveform is
denoted as , ( ) . The same process is repeated using an
independent initialization to obtain , ( ). The independent
initializations result in unique waveforms after the alternating
projections procedure, thereby providing the benefit of
incoherent combining of autocorrelation and cross-correlation
sidelobes that serve to decorrelate the intermodulation response
from the harmonic responses. This high-dimensional
decorrelation capability is what enables the needed separability
without resorting to complicated transmitter linearization
methods.
IV. SIMULATED AND EXPERIMENTAL RESULTS
First consider the properties of an intermodulation
( ) produced from a pair of FM noise waveforms
waveform
that are generated using the PRO-FM formulation, as well as
( ) has with the two harmonic waveforms
the relationship
( ) and
( ). Two waveforms are generated that each have
a time-bandwidth product of BT = 50, defined according to 3dB bandwidth. The associated harmonic and intermodulation
waveforms thus have BT = 100.
Figure 2 illustrates the autocorrelation function (ACF) of a
( ) intermodulation waveform as well as the crosssingle
correlation functions (CCFs) from (5). While one could most
likely optimize two waveforms to achieve better crosscorrelation than what is observed here, the time-bandwidth
product of 100 implies that the best that could be achieved is a
separability on the order of about −20 dB [12]. Also note that
this result does not account for the relative scaling of the
harmonic and intermodulation responses, where the former
would otherwise tend to mask the latter due to the linear
scattering induced by unintentionally generated versions of the
harmonic waveforms by the separate transmitters.

(11)
(12)

Fig. 2: Simulated correlations between the modeled intermodulation
( ) and harmonics ( ) &
( ) for a single pulse

However, when 100,000 unique PRO-FM pulse pairs are
produced, the coherently integrated ACF from (8) and the
coherently integrated CCFs from (9) and (10) are realized.
Specifically, it is observed that the cross-correlation responses
have been reduced by around 50 dB, which is in line with the
incoherent sidelobe suppression of 10 log10 (100,000) = 50 dB.
Thus there is good reason to believe that shared-spectrum
pseudo-random intermodulation (SSPRInt) can perform as
intended, particularly when the intermodulation response is
masked by the harmonic responses.

DUT is removed. Finally, in Case 3 the harmonics are not
filtered and the DUT is present. These different cases and their
purposes are summarized in Table II.
The unintentional second-order harmonics produced by the
TVA amplifiers (on “transmit”) and the second-order
intermodulation produced by the DUT each have a bandwidth
of 100 MHz at a center frequency of 1800 MHz. Following the
three diplexers in the “receive” chain, the harmonic and
intermodulation components are bandpass filtered from 1750
MHz - 1850 MHz with a custom K&L Microwave filter and
amplified with a MiniCircuits ZX60-33LN-S+. The I/Q data is
captured at a center frequency of 1800 MHz and a sample rate
of 200 MHz using a Rohde & Schwarz spectrum analyzer. This
test setup is depicted in Figs. 4 and 5. Figure 6 illustrates the
individual spectral components observed in Case 3 when both
the harmonic and intermodulation waveforms are present.
TABLE II. EXPERIMENTAL EVALUATION OF SSPRINT NONLINEAR RADAR
Test Case

Case 1
Case 2

Fig. 3: Simulated averaged correlations between the modeled intermodulation
( ) and harmonics ( ) &
( ) for 100,000 unique PRO-FM pulse pairs

We now evaluate SSPRInt from an experimental
perspective. The same two sets of 100,000 PRO-FM waveform
pairs were simultaneously transmitted using separate channels
of a Tektronix AWG70002A arbitrary waveform generator
(AWG) at a center frequency of 900 MHz and a pulse repetition
interval (PRI) of 4 , such that the total coherent processing
interval (CPI) is 0.4 . Each waveform has a 3-dB bandwidth
of 50 MHz and 1 μs pulsewidth. Signal images produced by the
AWG are suppressed by filtering with MiniCircuits SLP-1000+
lowpass filters. Each of these waveforms is then amplified by a
separate MiniCircuits TVA-82-213 amplifier that produces the
( ) and
( ).
unintentional harmonic waveforms
To emulate nonlinear scattering in a loopback
configuration, the amplified outputs are combined using a
MiniCircuits ZAPD-2-21-3W power combiner. The harmonic
components of these signals then either remain unfiltered or are
lowpass filtered by a MiniCircuits RDP-272+ absorptive
diplexer. The resulting signal is injected into the nonlinear
device under test (DUT), which in this context is a powered
MiniCircuits ZFL-2000G+ wideband amplifier. At the receiver,
the linear responses are highpass filtered using three
MiniCircuits RDP-272+ absorptive diplexers in series such that
nonlinearities within the receiver are mitigated. Without these
filters, detection of the DUT nonlinear scattering would be
limited by the second-order intermodulation and filter rejection
of the receiver at the fundamental frequency.
Three different cases are evaluated. For Case 1 the
transmitter harmonics are filtered and the DUT is present.
Alternatively, for Case 2 the harmonics are not filtered and the

Case 3

Description

Harmonic waveforms suppressed and DUT is present:
used to assess accuracy of the power series model of the
intermodulation waveform
Harmonic waveforms present and DUT removed:
used to verify that modeled intermodulation waveform has
low cross-correlation with harmonic waveforms
Harmonic waveforms present and DUT is present:
used to demonstrate that coherent averaging of FM noise
based intermodulation waveforms provides significant gain
relative to interference from harmonic waveforms

Fig. 4: Hardware setup for the SSPRInt loopback experiment

Fig. 5: Picture of hardware setup for Case 2

( )

( )

( )

( )

sufficiently unique waveforms, the harmonic responses can be
made highly uncorrelated with the desired intermodulation
response.

( )
Noise Floor

Fig. 6: Measured SSPRInt spectrum for Case 3

Case 1 is examined to determine the accuracy of the
nonlinear power series approximation used to model the
intermodulation waveform and that serves as the corresponding
( ) and
( ) are
matched filter. By prior filtering, both
attenuated below the noise floor. Figure 7 shows the normalized
cross-correlation between the power series approximation
of ( ) and the measured data of Case 1 for a single pulse,
1000 coherently averaged pulses, and 100,000 coherently
averaged pulses. Approximately 2 dB of mismatch loss is
observed between the measured DUT response and the modeled
power series approximation. As expected, the autocorrelation
mainlobe experiences a coherent gain and the sidelobes are
incoherently suppressed.

Fig. 7: Measured normalized nonlinear response using the power series
approximation of ( ) as matched filter for Case 1 for a single pulse, 1000
pulses averaged, and 100,000 pulses averaged

Case 2 is examined to verify that the power series
( ) is uncorrelated with the unintentional
approximation for
“transmitter” harmonics generated by the TVA amplifier.
Figure 8 shows the response of the DUT-free measurement to
( ), along with
the power series modeled matched filter for
the result from Case 1 for comparison for 100,000 pulses
coherently averaged. This result clearly shows that, with

Fig. 8: DUT-free measurement match filtered with the power series
approximation of the intermodulation waveform (Case 2) compared to Case 1
for 100,000 pulses averaged

Finally, the measured data in Case 3 possesses both
intermodulation and harmonic waveforms. This measurement
is again match filtered using the power series approximation of
the intermodulation waveform. Here the intermodulation
response is just barely visible for a single pulse. When more
pulses are coherently combined, however, the intermodulation
response is very clearly extracted from the harmonic
interference. This result demonstrates that the SSPRInt method
should be viable in practice.

Fig. 9: Measurement containing both intermodulation and harmonic responses
match filtered with the power series approximation of the intermodulation
waveform (Case 3)

V. CONCLUSIONS
It has been demonstrated experimentally in loopback that the
use of FM noise pulse pairs residing in the same spectrum can
be used to elicit detectable intermodulation responses for
nonlinear radar. The very high dimensionality of these

waveform sets enable the intermodulation response to be easily
separable from harmonic responses in the same band that would
otherwise mask its presence. These measurements also show
that the power series approximation of the intermodulation
waveform is a sufficiently good match with the measured
version of this waveform.
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