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Abstract—It was recently shown that a new form of nonlinear 
radar can be achieved using pairs of separately optimized FM 
noise waveforms, where the optimization serves to provide useful 
spectral shaping of each waveform. Here the utility of jointly 
designing these separately transmitted waveforms according to 
their resulting intermodulation response is explored. This 
formulation relies on gradient descent optimization of an 
intermodulation-based cost function that is defined in the context 
of physically realizable polyphase-coded FM (PCFM) waveforms. 
The result is evaluated both in simulation and experimentally via 
a hardware loopback configuration. 
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I. INTRODUCTION 

Nonlinear radar has been investigated since the 1970s [1] 
for a variety of applications, a notable example of which is the 
detection of RF electronics such as cellular telephones and 
radios. With the fundamental sensing mechanism being driven 
by the capture of a phenomenological response at a frequency 
that is discernible from the interrogating signal, research has 
overwhelmingly focused on harmonic responses instead of 
intermodulation effects [2]. Specifically, for transmitted 
frequency f0, the prevalent class of approaches is denoted as 
harmonic radar and seeks to identify the presence of harmonics 
2f0, 3f0, etc. within the resulting reflections. For this detection 
to be meaningful, however, it is necessary to suppress similar 
harmonic signals that the transmitter itself may generate, thus 
incurring strict requirements on transmitter spectral purity [3]. 

By comparison, much less effort has been focused on the 
intermodulation of different signals (e.g. see [4, 5]). In this case, 
frequencies ଵ݂  and ଶ݂  produce intermodulation frequencies      ଵ݂ + ଶ݂, ଵ݂ − ଶ݂, 2 ଵ݂ + ଶ݂, 2 ଵ݂ − ଶ݂, etc. that are distinct from the 
individual harmonics of 2 ଵ݂ , 2 ଶ݂  and so on. Intermodulation 
approaches have generally been viewed as more limited than 
harmonic approaches because RF devices tend to contain a 
front-end bandpass filter [5, 6] that confines the bandwidth over 
which a nonlinear response can be elicited. The two 
interrogating signals can only be separated by a limited degree, 
which limits the frequency separability of the intermodulation 
response from the harmonics. 

However, the recent shared-spectrum pseudo-random 
intermodulation (SSPRInt) approach [7] experimentally 
demonstrated that a large number of FM noise waveform pairs 
can produce a set of unique intermodulation responses over a 
coherent processing interval (CPI). Because these responses are 
distinct from the individual harmonics of each waveform, 
subsequent slow-time processing over the CPI facilitates 
coherent gain on only the intermodulation response in 
accordance with the number of pulse pairs. 

The approach in [7] relies on the use of pseudo-random 
optimized FM (PRO-FM) noise waveforms [8, 9] possessing 
spectral shaping that provides relatively good spectral 
containment (to make them amenable to a high-power 
transmitter) and to afford acceptable range sidelobe 
performance on a per-pulse basis. The notion of FM noise 
waveforms represent a form of waveform diversity [10] that has 
been theoretically analyzed in [11-13] and has been employed 
in a variety of applications such as the realization of practical 
transmit spectral notches [14], separation of simultaneous 
co/cross-polarized emissions [15], random modulation of a 
spatial mainbeam during the pulse via a MIMO arrangement 
[16], experimental demonstration of a practical complementary 
capability [17], a particular form of dual-function 
radar/communications [18], and more. 

Where the approach in [7] involves separate optimization of 
each random waveform in a given pulse pair, here we examine 
the impact of optimizing the pair in a joint manner according to 
their intermodulation response. In other words, given an 
approximate model for the expected nonlinear behavior in the 
form of a power series [19-21], a cost function based on the 
separability of the intermodulation and harmonic responses can 
be constructed that permits the co-design of the interrogating 
waveforms. The efficacy of this joint SSPRInt (or J-SSPRInt) 
approach is demonstrated in simulation and experimentally in a 
loopback configuration. 

II. JOINT SSPRINT WAVEFORM OPTIMIZATION 

In [7] a concise discussion of the operation of the SSPRInt 
approach to intermodulation radar is provided and the reader is 
directed there for further details. Here we focus on the joint 
design of the unique waveform pairs. Consider a pulsed, FM 
waveform (ݐ)ݏ with pulsewidth T that is defined on ݐ ∈ [0, ܶ] 
according to the polyphase-coded FM (PCFM) model [22] ݐ)ݏ; (ܠ = exp ൝݆ ൭න ݃(߬) ∗ ߙߜ൫߬ − (݊ − 1) ܶ൯ே

ୀଵ ൩௧
 ݀߬൱ൡ 

													= expሼ݆߶(ݐ)ሽ.																																																																	(1) 
Here ݃(ݐ) is a shaping filter with time support [0, ୮ܶ] such that ܶ = ܰ ୮ܶ , the operation ∗ is convolution, (ݐ)ߜ is an impulse 
function, and ܠ = ଶߙ	ଵߙ] ்[ேߙ…  contains the N parameters to 
optimize. Because it is composed of linear operations, the phase 
function in (1) can alternatively be expressed as 																											߶(ݐ) = 	ܾ(ݐ)ߙே

ୀଵ + ߶,																												(2) 
where 
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																						ܾ(ݐ) = 	න ݃൫߬ − (݊ − 1) ܶ൯݀߬௧
 																					(3) 

is the continuous basis function that is weighted by ߙ and ߶ 
is an arbitrary phase offset. For ݃(ݐ) a rectangular filter, the 
basis functions of (3) become time-shifted ramp functions. 

For the purpose of optimization, a discretization of the 
PCFM model in (1) is  																																ܛ = exp(݆۰ܠ + ߶)																															(4) 
in which the columns of the ܮ		ܰ  matrix B are discretized 
versions of ܾ(ݐ)  and ܮ = ܰܭ  is the length of ܛ , for ܭ  the 
“over-sampling” factor relative to the waveform’s 3-dB 
bandwidth B. Note than N approximates the time-bandwidth 
product BT for each individual waveform. Here two signals ܛଵ 
and ܛଶ are to be jointly optimized, and the phase offsets ߶୭,ଵ 
and ߶୭,ଶ are drawn independently from a uniform distribution 
on U[0, 2ߨ]. Thus we can write 																																													ܛଵ = e۰ܠభାథ,భ																																		(5) 																																													ܛଶ = e۰ܠమାథ,మ	.																																(6) 

We wish to design the two phase-change codes ܠଵ and ܠଶ 
such that the corresponding discretized FM signals ܛଵ and ܛଶ 
produce a) an intermodulation signal ܛଵଶ whose autocorrelation 
has minimal sidelobes and b) harmonic signals ܛଵଵ and ܛଶଶ that 
each have minimal cross-correlation with ܛଵଶ. From the power 
series model [19-21], and using the continuous representation 
from [7], the discretized form of the intermodulation and 
harmonic signals can be expressed as 																																								ܛଵଶ = ଵଵܛ																																								 (7)																																								ଶܛ	⨀ଵܛ = ଶଶܛ																																								 (8)																																								ଵܛ	⨀ଵܛ =  (9)																																								ଶܛ	⨀ଶܛ
where ⨀ is the Hadamard product.  

Now append L − 1 zeros to ܛଵ and ܛଶ as  																					̅ܛଵ = ଵ்ܛൣ 	ଵ(ିଵ)൧்																																		(10) 																					̅ܛଶ = ଶ்ܛൣ 	ଵ(ିଵ)൧்																																		(11) 
such that the (2L − 1) × 1 discretized frequency response is 																																							̅ܛଵ, = ଶ,ܛ̅																																							 (12)																																											ଵܛு̅ۯ =  (13)																																										ଶ,ܛு̅ۯ
for ۯு the (2L − 1) × (2L − 1) discrete Fourier transform (DFT) 
matrix, ۯ  the inverse DFT, and (•)ு  the Hermitian. The 
corresponding nonlinear waveforms can thus also be written as 																																								̅ܛଵଶ = ଵଵܛ̅																																								 (14)																																								ଶܛ̅	⨀ଵܛ̅ = ଶଶܛ̅																																								 (15)																																								ଵܛ̅	⨀ଵܛ̅ = ଵଶ,ܛ̅																																							 (16)																																								ଶܛ̅	⨀ଶܛ̅ = ଵଵ,ܛ̅																																							 (17)																																								ଵଶܛு̅ۯ = ଶଶ,ܛ̅																																							 (18)																																								ଵଵܛு̅ۯ =  (19)																																						.	ଶଶܛு̅ۯ
The (2L − 1) × 1 discretized autocorrelation of ̅ܛଵଶ  can 
therefore be written as 																					ܚ = =																									ଶ,หଶܛ̅	⨀ଵ,ܛห̅	ۯ	 [(ଶܛ̅	⨀ଵܛ̅)ுۯ]	൛ۯ ⊙  (20)								ൟ,∗[(ଶܛ̅	⨀ଵܛ̅)ுۯ]

for (•)∗ complex conjugation, and the (2L − 1) × 1 discretized 
cross-correlations between ̅ܛଵଶ and ̅ܛଵଵ, ̅ܛଶଶ can be written as 																			܋ଵ = [(ଶܛ̅	⨀ଵܛ̅)ுۯ]	൛ۯ ⊙ ଶ܋																			 (21)								ൟ∗[(ଵܛ̅	⨀ଵܛ̅)ுۯ] = [(ଶܛ̅	⨀ଵܛ̅)ுۯ]	൛ۯ ⊙  (22)							ൟ.∗[(ଶܛ̅	⨀ଶܛ̅)ுۯ]

To minimize the sidelobes of (20) while also minimizing the 
cross-correlations of (21) and (22), we modify the generalized 
integrated sidelobe level (GISL) metric from [23] that operates 
on the p-norm ratio of the sidelobes to the mainlobe and 
subsumes both ISL (p = 2) and PSL (p = ∞) as special cases. 
This new cost function is defined as 																	ܬ = ቈ‖ܟୗ ⊙ ‖ܚ + ଵ‖܋‖ + ܟ‖ଶ‖܋‖ ⊙ ‖ܚ ଵ/ 													(23) 
where ‖•‖ is the p-norm and the (2L − 1) × 1 vectors ܟୗ and ܟ extract the sidelobes and mainlobe of the autocorrelation 
r, respectively. For an “over-sampling” factor of K, the null-to-
null width of the mainlobe comprises the 2K − 1 samples in the 
center of r, with ܟୗ and ܟ constructed accordingly. It was 
shown in [24] that setting the mainlobe width in this manner 
likewise effectively establishes the 3-dB bandwidth of the 
intermodulation. For convenience, we define the components ܬଵ = ୗܟ‖ ⊙ ଶܬ		 																																									‖ܚ = ଷܬ		 																																																							ଵ‖܋‖ = ସܬ		 																																																							ଶ‖܋‖ = ൫‖ܟୗ ⊙ ‖ܚ + ଵ‖܋‖ + ହܬ																				 ଶ‖൯ଵ/܋‖ = ൫‖ܟ ⊙  (24)																																									൯ଵ/.‖ܚ

The N × 1 gradient with respect to each code ܠଵ and ܠଶ is  																						સܠభ = ቈ ଵ,ଵߙ߲߲ 		 ଵ,ଶߙ߲߲ 	…		 ଵ,ே்ߙ߲߲ 																								(25) 																						સܠమ = ቈ ଶ,ଵߙ߲߲ 		 ଶ,ଶߙ߲߲ 	…		 ଶ,ே்ߙ߲߲ .																						(26) 
If (25) is applied to (23), using (24), then we obtain સܬଵܠభ = 2p۰ഥ்	ℑ ቄ(̅ܛଵ∗ ⊙ ⊙(∗ଶܛ̅ ቂۯ	ۯ]ு(̅ܛଵ ⊙ ⊙(ଶܛ̅ ୗܟ)ுۯ ⊙ ିଶ|ܚ| ⊙ భܠଶܬቃቅ સ[(ܚ = 2p۰ഥ்	 

ℑቐ ∗ଵܛ̅) ⊙ (∗ଵܛ̅ ⊙ ൫ۯ	ۯ]ு(̅ܛଵ ⊙ (ଶܛ̅ ⊙ ଵ|ିଶ܋|)ୌۯ ⊙ +ଵ∗)]൯܋ 12 ∗ଵܛ̅) ⊙ (∗ଶܛ̅ ⊙ ൫ۯ	ۯ]ு(̅ܛଵ ⊙ (ଵܛ̅ ⊙ ଵ|ିଶ܋|)ୌۯ ⊙ ଵ)]൯ቑ܋ 	 સܬଷܠభ = 	p۰ഥ்	ℑ	൛(̅ܛଵ∗ ⊙ ⊙(∗ଶܛ̅ ൫ۯ	ۯ]ு(̅ܛଶ ⊙ ⊙(ଶܛ̅ ଶ|ିଶ܋|)ுۯ ⊙ భܠସܬଶ)]൯ൟ સ܋   = ቀଵቁ ଵܬ] + ଶܬ + ଷ]ଵ/ିଵܬ ቂસܬଵܠభ + સܬଶܠభ + સܬଷܠభቃ 



સܬହܠభ = 2 ቆܬହܬହቇ۰ഥ்	ℑ	൛(̅ܛଵ∗ ⊙ ⊙(∗ଶܛ̅ ൫ۯ	ۯ]ு(̅ܛଵ ⊙ ⊙(ଶܛ̅ ܟ)ுۯ ⊙ ିଶ|ܚ| ⊙  ൯ൟ[(ܚ
સܠܬభ = (ହܬ) ቀ	સܬସܠభቁ − (ସܬ) ቀસܬହܠభቁܬହଶ 	.																																				(27) 
Here the matrix B has likewise been appended with L − 1 rows 
of zeros as 																																				۰ഥ = ൣ۰்	ே×(ିଵ)൧்,																															(28) ℑ{•} is the imaginary part of the argument, and |•|ିଶ applies 
an element-wise absolute value and element-wise exponent. A 
similar result, albeit in terms of ܠଶ, is obtained when (26) is 
applied to (23). The final overall gradient is therefore the 

concatenation સܠܬ = ൣસܠܬభ்		સܠܬమ்൧்.  With the gradients 
expressed in this manner they can be efficiently computed using 
fast Fourier transforms (FFTs) and vector/matrix multiplies 
[25, 26].  

The generic descent optimization update for ܠ = ଵ்ܠ] ଶ்ܠ		 ]் 
at the ݅௧ iteration is 																																						ܠାଵ = ܠ +  (29)																																ܘ	ߤ
for ܘ the current descent direction and ߤ the associated step 
size. Here, the descent direction is updated using the heavy-ball 
gradient descent method [27] that uses a combination of the 
current and past gradients and is known to converge faster than 
standard gradient descent. 

III. SIMULATED AND EXPERIMENTAL RESULTS 

The properties of an intermodulation waveform ܛଵଶ 
produced from a pair of PRO-FM waveforms (the approach 
from [7]) is compared to that produced by a pair of waveforms 
realized by the joint SSPRInt (J-SSPRInt) formulation above. 
The relationship that ܛଵଶ has with the two harmonic waveforms ܛଵଵ and ܛଶଶ is considered in each case.  

Each PRO-FM waveform is optimized to have a 
fundamental time-bandwidth product of BT = 50, resulting in 
an associated intermodulation waveform with BT ≅  72 and 
harmonics with BT ≅ 124. The J-SSPRInt waveform pair is 
optimized according to the 2nd order nonlinear characteristics 
and thus the associated intermodulation response is designed to 
have BT = 50 while the harmonics have BT ≅ 100.  

A. Simulation Results 

Figures 1 and 2 illustrate the autocorrelation ܚ of a single ܛଵଶ  intermodulation pair as well as the corresponding cross-
correlations ܋ଵ and ܋ଶ for PRO-FM and J-SSPRInt waveforms, 
respectively. Note that this result does not account for the 
phenomenological scaling of the harmonic and intermodulation 
responses, where the former would otherwise tend to mask the 
latter due to the transmitter(s) generating harmonics as well.  

However, when 100,000 unique PRO-FM or J-SSPRInt 
waveform pairs are produced, the coherently integrated 
correlations shown in Figs. 3 and 4 are realized. Specifically, it 
is observed that the cross-correlation responses have been 
reduced by around 50 dB in both cases, which is in line with the 
incoherent sidelobe suppression of 10 log10 (100,000). 

The mean power spectrum of ܛଵଶ, ܛଵଵ, and ܛଶଶ over each set 
of 100,000 waveform pairs is shown in Figs. 5 and 6. In the 
latter it is interesting to note that, in agreement with the cross-
spectrum form of the Wiener-Khintchine theorem, the 
waveform pairs obtained by J-SSPRInt realize a 3.5 dB notch 
(relative to the harmonic peak power) that coincides with the 
peak of the intermodulation spectrum. Thus, an improved 
separation between the harmonic and intermodulation 
responses are observed relative to the PRO-FM case of Fig. 5. 

 
Fig. 1: Simulated correlations between the modeled intermodulation ܛଵଶ 
and harmonics ܛଵଵ and	ܛଶଶ for a single pair of PRO-FM waveforms 

 
Fig. 2: Simulated correlations between the modeled intermodulation ܛଵଶ 
and harmonics ܛଵଵ and	ܛଶଶ for a single pair of J-SSPRInt waveforms 

 
Fig. 3: Simulated correlations between the modeled intermodulation ܛଵଶ and 
harmonics ܛଵଵ and	ܛଶଶ integrated over 100,000 pairs of PRO-FM waveforms 



 
Fig. 4: Simulated correlations between the modeled intermodulation ܛଵଶ and 
harmonics ܛଵଵ and	ܛଶଶ integrated over 100,000 pairs of J-SSPRInt waveforms 

 
Fig. 5: Mean power spectrum of  ܛଵଶ, ܛଵଵ, and 	ܛଶଶ for a set of 100,000 
PRO-FM waveform pairs 

 
Fig. 6: Mean power spectrum of  ܛଵଶ, ܛଵଵ, and 	ܛଶଶ for a set of 100,000               
J-SSPRInt waveform pairs 

 
To better visualize the difference in performance between 

these two waveform sets, Fig. 7 shows the root mean squared 
(RMS) correlations of ܛଵଶ, ܛଵଵ, and ܛଶଶ for 100 unique sets of 
the mean response from 1000 waveform pairs. It is observed 
that, disregarding the close-in shoulder lobes, the J-SSPRInt 
waveform pairs provide about 5 dB improvement over the 
separately designed PRO-FM waveform pairs. A small cross-

correlation peak occurs for the PRO-FM pairs, though it does 
de-cohere when integrating over all 100,000 pairs coherently. 

 
Fig. 7: Simulated correlations between the modeled intermodulation ܛଵଶ and 
harmonics ܛଵଵ and	ܛଶଶ when integrating the magnitude over 100 unique sets of 
coherent combinations of 1000 PRO-FM and J-SSPRInt waveform pairs. 

B. Experimental Results 

We now evaluate J-SSPRInt experimentally in a loopback 
configuration. The same 100,000 pairs of J-SSPRInt and    
PRO-FM waveforms are individually tested. Each waveform 
pair is implemented using separate channels of a Tektronix 
AWG70002A arbitrary waveform generator (AWG) at a center 
frequency of 900 MHz and a pulse repetition interval (PRI) of 
4 μs, such that the total coherent processing interval (CPI) is 0.4	s. All fundamental waveforms have 3-dB bandwidths of 25 
MHz and 2 μs pulsewidths. The image signals produced by the 
AWG are suppressed with MiniCircuits SLP-1000+ lowpass 
filters. Each waveform pair is then amplified by a separate 
MiniCircuits TVA-82-213 amplifier that produces the 
harmonic waveforms ݏଵଵ(ݐ) and	ݏଶଶ(ݐ).  

Each amplifier output is separated into a low frequency 
(850-950 MHz) and high frequency (1700-1900 MHz) band, 
corresponding respectively to each fundamental and second 
order harmonic, using two Mini-Circuits RDP-272+ diplexers. 
The RF chain is then split into the following three paths: 1) the 
high frequency band of the first amplifier ݏଵଵ(ݐ) is attenuated, 
2) the high frequency band of the second amplifier ݏଶଶ(ݐ) is 
attenuated, 3) the low frequency bands of each amplifier are 
attenuated, combined using a MiniCircuits ZAPD-2-21-3W 
power combiner, and injected into the nonlinear device under 
test (DUT), which in this context is a powered MiniCircuits 
ZFL-2000G+ wideband amplifier. The resulting 
intermodulation signal ݏଵଶ(ݐ) is then variably attenuated and 
recombined with both harmonics ݏଵଵ(ݐ)  and (ݐ)ଶଶݏ	  using a 
Broadway Technologies 151-040-008 power combiner. 
Unused inputs are terminated with loads. The RF chain is 
arranged in this way to improve isolation and control of the 
signal-to-interference ratio between the intermodulation and 
the harmonic components for analysis purposes. 

At the receiver, the linear responses are highpass filtered 
using two MiniCircuits RDP-272+ diplexers in series, with the 
low frequency ports terminated, such that nonlinearities 
generated within the receiver are mitigated. Without these 
filters, detection of the DUT nonlinear scattering would be 



limited by the second-order intermodulation and filter rejection 
of the receiver at the fundamental frequency. Following the two 
diplexers in the “receive” chain, the harmonic and 
intermodulation components are amplified with a MiniCircuits 
ZX60-33LN-S+. The resulting I/Q data is captured at a center 
frequency of 1800 MHz and sample rate of 200 MHz using a 
Rohde & Schwarz spectrum analyzer. This test setup is depicted 
in Figs. 8 and 9. 

 
Fig. 8: Hardware setup for the J-SSPRInt loopback experiment 

 
Fig. 9: Picture of hardware setup 

To determine the accuracy of the nonlinear power series 
approximation used to model the intermodulation waveform for 
matched filtering, as well as the ability to coherently integrate 
the autocorrelations resulting from both waveform sets, paths 1 
and 2 are disconnected from the combiner and terminated with 
a matched load so that only the intermodulation on path 3 is 
received. Figure 10 shows the normalized correlation between 
the power series approximation of (ݐ)ଵଶݏ	  and the measured 
intermodulation data for 100,000 coherently averaged pulse 
pairs. Mismatch losses of −2.3 dB and −2.6 dB are observed 
between the measured DUT response and the modeled power 
series approximation for the PRO-FM and J-SSPRInt 
waveform pairs, respectively. As expected, the intermodulation 

autocorrelation mainlobe experiences a substantial coherent 
gain and sidelobes are incoherently suppressed in both cases. 

 
Fig. 10: Experimentally measured nonlinear response using the power series 
approximation of	ݏଵଶ(ݐ) as matched filter when only the intermodulation signal 
is present for 100,000 PRO-FM and J-SSPRInt waveform pairs 

To verify that the power series approximation for ݏଵଶ(ݐ) is 
uncorrelated with the unintentional “transmitter” harmonics 
generated by the TVA amplifier for the J-SSPRInt waveforms, 
paths 1 and 2 are connected to the combiner while path 3 is 
disconnected and terminated such that no intermodulation is 
present. Figure 11 shows the correlation response between the 
harmonic measurements with the corresponding modeled 
matched filter for (ݐ)ଵଶݏ	  overlaid with the corresponding 
results of Figure 10 for 100,000 responses coherently averaged. 
This result clearly shows that, with sufficiently unique 
waveforms, the harmonic responses can be made highly 
uncorrelated with the desired intermodulation response. 

Finally, all three paths are connected and the variable 
attenuator of path 3 used to control the SIR between the 
intermodulation signal and the total harmonic power. Figure 12 
shows the result when the combined intermodulation/harmonic 
measurement is matched filtered with the power series 
approximation and then coherently averaged for 100,000 
waveform pairs. For an SIR of −60 dB the intermodulation 
response can still be recovered despite being masked by 
significant harmonic interference power. 

 
Fig. 11: Response of the experimental harmonic measurement to the matched 
filtered from the power series approximation for 100,000 J-SSPRInt waveform 
pairs. Compared with matched filtered intermodulation response from Fig. 10. 



 
Fig. 12: Measurement containing both intermodulation and harmonic responses 
matched filtered with the power series approximation and coherent averaged 
for 100,000 J-SSPRInt waveform pairs 

IV. CONCLUSIONS 

Leveraging recent work on the intermodulation of FM 
noise waveform pairs, it was shown here that joint optimization 
of the waveform pairs for the purpose of minimizing the 
correlation between the intermodulation and waveform 
harmonics can provide a few dB additional receive separation. 
It remains to be seen just how much additional benefit joint 
optimization can realize for free-space operation, though the 
tremendous gains that these random waveforms facilitate in 
general does underscore the potential for this form of nonlinear 
radar. 
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