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Abstract—Random FM radar waveforms designed to possess a 

desirable spectral shape (on average) have been experimentally 

demonstrated for an increasing number of applications. However, 

the benefits of these waveforms can be offset by the computational 

cost of performing real-time spectral-shaping optimization for 

each random initial waveform. Here the constant-envelope 

orthogonal frequency division multiplexing (CE-OFDM) 

framework from communications is examined as a means to 

generate random FM radar waveforms. This scheme is attractive 

from a radar perspective because it inherently provides useful 

spectrum shaping without the need for optimization, thereby 

realizing an effective form of random FM that can be produced in 

real-time on systems with modest computational resources, in 

addition to the obvious communication capability. Radar 

performance is assessed in simulation and using free-space 

experimental measurements. 
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I. INTRODUCTION 

Random FM (or FM noise) waveforms can originally be 

traced back to a US Navy patent filed in 1956 by Whiteley and 

Adrian that was issued in 1980 [1]. Subsequent work on the 

subject was performed by Guosui, et al, in China during the 

1990’s [2], by Axelsson in the early 2000’s in Sweden [3], and 

more recently by Pralon, et al, in Brazil [4]. A consistent theme 

through these efforts has been a focus on the use of white noise 

to drive the frequency modulation of the random signal. 

In contrast, the notion of spectrally-shaped random FM 

(RFM) has in recent years been experimentally demonstrated 

using a variety of different approaches to perform the shaping 

and for a number of different applications (see [5] for an 

overview). The primary benefit of spectrum shaping is to 

realize good waveform autocorrelation properties (i.e. low 

range sidelobes while preserving the mainlobe) on a per-pulse 

basis (or per-segment if CW [6]). 

However, performing this spectral shaping does incur some 

computational cost depending on how it is performed, bearing 

in mind that shaping of the spectral roll-off region is just as 

important as shaping the in-band region, and also that the FM 

structure must be maintained for each waveform to be amenable 

to high-power radar transmission. The approaches considered 

thus far include forms of alternating time/frequency projections 

[6-9], applications of gradient descent [10,11], and most 

recently an offline optimization approach to construct a 

framework that shapes a white noise process [12].  

The latter of these, denoted as stochastic waveform 

generation (StoWGe), is the only one that does not require real-

time optimization to produce new RFM waveforms. Of course, 

StoWGe does still require offline optimization to obtain the 

spectral shaping framework that is applied in real-time. 

Here we consider another approach that, while not having 

quite the degree of design freedom of these other methods, has 

the interesting benefit of realizing a desirable spectral shape (on 

average) for RFM without the need for any spectral-shaping 

optimization whatsoever. This approach is based on the CE-

OFDM communication signal structure [13-16] and builds 

upon subsequent work [17-22] that sought to apply this scheme 

to radar (or dual-function radar/communications). Specifically, 

[17-21] rely upon real-valued constellations of modulating 

symbols such as BPSK or a multi-level form like pulse 

amplitude modulation (PAM). The authors of [22] also 

generalize this framework to complex constellations such as 

quadrature amplitude modulation (QAM).  

In some of these cases the selection of symbol values (i.e. 

code design) is considered as a means to realize a particular 

waveform with low range sidelobes. Alternatively, in [21] the 

remediation of pulse-to-pulse range sidelobe modulation 

(RSM) [23] is addressed by introducing a parameter to control 

the sidelobe variation similar to that proposed in [24] for 

continuous phase modulation (CPM) implementation. 

Here we examine the utility of the CE-OFDM signal 

structure for RFM radar applications, where a goal is to 

maximize the diversity among the set of waveforms in the 

coherent processing interval (CPI) while maintaining roughly 

the same power spectrum content. To that end, the complex 

constellation framework from [22] is employed for different 

numbers of subcarriers and different symbol constellation 

densities to assess the efficacy of CE-OFDM for utility as an 

optimization-free class of RFM radar waveforms. The dual-

function radar/communication (DFRC) attribute, a topic of 

much interest in its own right (e.g. [25-29]), is thus a natural 

occurrence of this waveform structure. 

II. CE-OFDM SIGNAL STRUCTURE 

Fourth generation (4G) and emerging 5G cellular 

communication systems employ OFDM because it makes 

efficient use of spectrum and is easy to demodulate and 

equalize. The baseband representation for one symbol interval 

T of an OFDM signal can be expressed as 

1
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where  n is the communication symbol (based on some 

constellation) for the nth subcarrier, which is the corresponding 

complex sinusoid with frequency fn. To preserve orthogonality 

for communication purposes the subcarrier frequencies are 

separated by 1/T. Because (1) is comprised of a weighted sum 

of complex sinusoids, the envelope of u(t) is clearly not 

constant and high power efficiency on transmit (via amplifier 

saturation) is not possible. 

 Consequently, CE-OFDM [13-16] was proposed as an 

alternative communication implementation that does realize a 

constant envelope signal, though other trade-offs do arise. For 

application in the radar context we shall use the form from [22] 

that expresses CE-OFDM as 

1

( ) exp 2 exp( 2 )
N

n n

n

s t j h j f t
=

  
=    

  
    for 0 ,t T   (2) 

in which 2h is the modulation index, T is now the radar pulse 

width, and {∙} extracts the real part of the argument, which in 

this case is the complex OFDM signal from (1). It is easy to 

show that (2) can likewise be expressed as 

1
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where  n is the phase of symbol  n . Thus this form is a 

generalization of those in [17-21], which involve a weighted 

sum of cosines, by allowing their phases to vary as well, 

consequently providing greater freedom for each individual 

waveform that is produced in this manner. 

If we now compactly express the terms in (3) as 

2n nz h=                                      (4) 

and 

( ) 2n n nt f t  = + ,                                (5) 

then (3) can also be written as 
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which is equivalent to 

( )( )
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As previously leveraged for CE-OFDM [14] and more recently 

for the related multi-tone feedback FM (MT-FFM) waveform 

design approach by Hague and Kuklinksi [30], the Jacobi-

Anger expansion [31] of each exponential term in (7) yields 
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where Jm(⦁) is the mth Bessel function of the first kind and in 

the lower part of (8) we have resubstituted for (4) and (5). 

Now collecting the constant terms in (8) together as 

( ) ( ), 2 expm
n m m n nd j J h jm=                     (9) 

we obtain the waveform representation 

( ),

1

2
( ) exp 2 rect

N

n m n

mn

t T
s t d j m f t

T



=−=

− 
=  

 
  ,     (10) 

where inclusion of the rect(⦁) function explicitly indicates the 

pulsed time support on [0, T]. Thus each term in the repeated 

product of (10) is comprised of an infinite sum of complex 

sinusoids that are weighted by the Bessel function envelope and 

truncated to a temporal extent of T.  

Consequently, the Fourier transform of each infinite sum in 

(10) is a like-weighted infinite set of sinc(⦁) functions in the 

frequency domain, centered at frequency offset m fn . 

Moreover, since each repeated product becomes a repeated 

convolution in the frequency domain, the central limit theorem 

implies that the overall spectral content of s(t) will tend toward 

a Gaussian shape (on average) as N and h gets large, to the 

degree possible for a rectangular pulse shape. 

Note that while standard OFDM, and by extension CE-

OFDM, would generally rely on the use of a cyclic prefix (CP) 

to avoid intersymbol interference (ISI) and to simplify 

equalization in the communication context, doing so for radar 

is expected to introduce a significant range sidelobe due to the 

inherent repetition involved. From a DFRC perspective, the 

pulsed structure does avoid the ISI issue if symbol interval is 

the same as the pulse width, though equalization is a bit more 

complicated. For instance, the latter can be achieved via a zero-

forcing approach such as that employed for the tandem-hopped 

radar/communications (THoRaCs) experimental demonstration 

in [32]. 

III. INSTANTANEOUS FREQUENCY 

In [15] the root-mean-squared (RMS) bandwidth (in Hz) for 

CE-OFDM is specified as 

( )2B h N T= ,                          (11) 

assuming the subcarriers are symmetric about the carrier 

frequency (0 at baseband) and as long as 2πh > 1, in which case 

the expected power spectrum is Gaussian. Because CE-OFDM 

also represents a form of FM, it is likewise instructive to 

consider the instantaneous frequency. If we define the 

continuous, instantaneous phase from (3) as 

1
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N
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such that (3) becomes ( ) exp( ( )),s t j t=  then instantaneous 

frequency (in Hz) can be expressed as 
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Inserting (12) into (13) and evaluating the derivative therefore 

yields 
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Figure 1 illustrates the (normalized) mean power spectrum 

computed by averaging 104 unique CE-OFDM pulsed 

waveforms comprised of N = 35 subcarriers, each modulated 

with an independent symbol drawn from a 4-QAM 

constellation, a pulsewidth of T = 4.5 µs, and modulation index 

h = 0.75. Inserting these values in (11) yields 36.7 MHz, which 

fairly closely aligns with the 3-dB bandwidth in Fig. 1. 

In comparison, we have also included in Fig. 1 a 

(normalized) histogram of instantaneous frequency values 

based on the evaluation of (14) over each of the 104 unique CE-

OFDM waveforms. Indeed, this result is an even closer fit to a 

Gaussian shape (as indicated by the dashed trace). The reason 

for the discrepancy in these two representations is that the mean 

power spectrum includes the pulse envelope structure, and 

therefore still exhibits some degree of sin(x)/x spectral roll-off 

that becomes evident below –30 dB normalized power. In 

contrast, the instantaneous frequency expression in (14) does 

not account for the rapid rise/fall at the pulse edges. 

 

 
Fig 1. Normalized mean power spectrum and normalized instantaneous 

frequency histogram for 104 unique CE-OFDM waveforms (dashed black trace 

is the ideal Gaussian shape) 

IV. SIMULATION ANALYSIS 

To demonstrate the efficacy of CE-OFDM as a convenient, 

optimization-free approach to generate RFM radar waveforms, 

we compare a single waveform instantiation with the coherent 

combination of 1000 unique CE-OFDM waveforms, where the 

latter indicates the impact of slow-time processing (i.e. Doppler 

or cross-range). Here each waveform has a 3-dB bandwidth of 

33 MHz and pulsewidth of 4.5 µs, resulting in a per-waveform 

time-bandwidth product (BT) of 150.  

Each unique waveform is comprised of 35 subcarriers that 

are modulated with symbols independently drawn from a 4-

QAM constellation. Figure 2 illustrates the power spectrum 

obtained from a single random instantiation of a CE-OFDM 

waveform. It is worth noting that, despite the clear random 

variation, the expected Gaussian spectrum shape is relatively 

well maintained even for a single waveform.  

The mean power spectrum over the 1000 unique CE-OFDM 

waveforms does realize a smooth Gaussian shape as illustrated 

in Fig. 3. A quite similar result is likewise observed in Fig. 3 

for two additional sets of 1000 unique CE-OFDM waveforms 

that are based on 16-QAM and 64-QAM constellations, 

implying that constellation density provides negligible impact 

from a radar range sidelobe perspective (since the inverse 

Fourier transform of a Gaussian spectral density corresponds to 

a Gaussian autocorrelation). 

 

 
Fig 2. Power spectrum of a single CE-OFDM waveform instantiation 

 

 
Fig 3. Mean power spectrum over 1000 unique CE-OFDM waveforms 

 

The more interesting comparison (see Fig. 4) is obtained by 

examining the autocorrelation for the single instantiation of a 

CE-OFDM waveform relative to the (normalized) coherent 

combination of autocorrelations of the 1000 unique waveforms 

(i.e. the zero-Doppler response from slow-time processing). It 

is observed that, as noted previously for other random FM 

waveforms [5], the coherent combination of M waveforms 

provides a sidelobe suppression of 10 log10(M) dB due to 

incoherent sidelobe averaging, while the respective mainlobes  

remain coherent. Here 10 log10(1000) = 30 dB of sidelobe 

suppression is clearly observed.  

Figure 5 demonstrates that, as noted in Fig. 3, the 

constellation size has no noticeable impact on the sidelobe 

quality of radar performance.  Here the coherent combination 

of autocorrelations for each constellation is compared with the 

root-mean squared (RMS) autocorrelation response across each 

set of 1000 unique waveforms, where the latter provides a mean 

per-waveform performance measure.  



 

 

 

 
Fig 4. Coherent autocorrelation for 1000 unique CE-OFDM waveforms versus 

the autocorrelation of a single repeated waveform 

 

 
Fig 5. Coherent autocorrelation response (solid) and RMS autocorrelation 
response (dashed) for 1000 unique CE-OFDM waveforms, for 4-QAM (blue), 

16-QAM (orange), and 64-QAM (yellow) 

V. EXPERIMENTAL RESULTS 

The inherent FM nature of CE-OFDM makes it readily 

amenable for generation by a high-power radar transmitter with 

minimal distortion. The importance of this aspect cannot be 

overstated because CE-OFDM represents a rare intersection of 

being easily parameterized (for randomized diversity), 

providing natural spectral shaping of a desirable form 

(Gaussian), and being readily implementable in radar hardware. 

In contrast, previous RFM approaches either did not provide 

spectral shaping [1-4] or necessitated some manner of 

optimization to achieve it [5-12]. Consequently, we now 

examine the efficacy of these waveforms experimentally in 

both loopback and open-air measurement configurations. 

A. Loopback Assessment  

From a baseband sample rate of 200 MSample/sec each of 

the 1000 unique waveforms examined in simulation were up-

sampled to 12 GSample/sec and then digitally up-converted to 

a center frequency of 3.55 GHz so they could be implemented 

on a Tektronix AWG70002A arbitrary waveform generator 

(AWG), which has a 10-bit depth. Each generated waveform 

was passed through a class-A amplifier and then an attenuator 

before being “received”, where they were amplified by an LNA 

to approximate an actual open-loop configuration. The captured 

signals were recorded using a Rhode & Schwarz FSW real-time 

spectrum analyzer (RSA). 

Figure 6 duplicates the autocorrelation comparison of Fig. 4, 

albeit now using loopback-captured versions of the waveforms. 

We again see the same incoherent sidelobe averaging effect that 

realizes 30 dB suppression for 1000 RFM waveforms. Because 

no optimization was employed at all here, one can surmise that 

the benefits of diversity (by way of high dimensionality) may 

actually outweigh the achievable benefits from trying to 

optimize any single waveform. Indeed, applying the hyperbolic 

FM benchmark for peak sidelobe level (PSL) of [33,34] 

10PSL [ 20log ( ) 3] dBHFM BT= − −               (15) 

to a single waveform of BT = 150 indicates that the best possible 

PSL is on the order of – 47 dB. Here this value has been 

surpassed using random (yet structured) waveforms with no 

optimization whatsoever. The reason for this distinction is the 

fact that the 1000 unique waveforms with individual BT = 150, 

which per Fig. 5 yield an RMS PSL of about –23 dB, provide 

an aggregate time-bandwidth product of 1501000 = 1.5105, 

and it is this greatly expanded dimensionality that is readily 

compensating for the lack of optimization. Of course, as has 

been shown previously in [6-11], optimization of individual 

nonrepeating waveforms can realize even more sidelobe 

suppression, though at the cost of requiring real-time 

computation.  

 

 
Fig 6. Loopback coherent autocorrelation for 1000 unique CE-OFDM 

waveforms versus the autocorrelation of a single repeated waveform 

 

B. Open-Air  Measurements  

 An open-air test was performed from the roof of Nichols 

Hall on the University of Kansas campus using the same 

waveforms evaluated in loopback. The test setup was directed 

toward the intersection of 23rd and Iowa Streets to observe 

moving vehicles. Range-Doppler responses were formed for 



 

 

three cases: 1) baseline LFM waveform (with same BT) 

repeated over 1000 pulses, 2) a single CE-OFDM waveform 

repeated over 1000 pulses, and 3) use of the 1000 unique CE-

OFDM waveforms. The pulse repetition frequency (PRF) for 

all three cases was 40 kHz and the three CPIs were repeated 

nearly back-to-back to try to capture the same moving vehicles. 

Simple projection-based clutter cancellation was performed 

since the platform was stationary. 

Figure 7 illustrates the baseline case using an LFM 

waveform. Relatively large movers can be observed, along with 

the gradual range sidelobe roll-off typical of LFM. While it is 

true that mismatched filtering via tapering could be employed, 

we did not do so here to provide a consistent response across 

the three cases with no SNR loss or resolution degradation 

incurred. 

 

 
Fig 7. Baseline range-Doppler response (in dBm) for LFM 

 

Figure 8 then depicts the range-Doppler response when a 

single CE-OFDM waveform is repeated over the 1000-pulse 

CPI. What is particularly noticeable in this result, relative to the 

LFM case, is the extended sidelobe floor over most of the range 

interval in between roughly 9 m/s and 13 m/s in velocity. This 

phenomenon is a manifestation of the flatter range sidelobe roll-

off exhibited by a single waveform in Figs. 4 and 6 (compared 

to the sin(x)/x sidelobe roll-off of LFM).  

In contrast, Fig. 9 shows the range-Doppler response when 

1000 unique RFM waveforms based on CE-OFDM are 

employed. While a precise comparison is difficult since the 

three CPIs did not illuminate the scene at exactly the same time, 

one can qualitatively pick out moving targets somewhat more 

easily.  

The main take-away from this result is that CE-OFDM 

provides a convenient way in which to produce transmitter-

amenable RFM radar waveforms that have good per-waveform 

performance (in terms of range sidelobes) while completely 

avoiding the need for optimization. The fact that these 

waveforms are based on a viable communication signal 

structure, even if CE-OFDM is not as useful as standard OFDM 

in that regard, means that a DFRC capability is readily available 

and easy to deploy. 

 

 
Fig 8. Range-Doppler response (in dBm) for repetition of a single CE-OFDM 

waveform 

 

 
Fig 9. Range-Doppler response (in dBm) for 1,000 unique CE-OFDM 

waveforms  

 

VI. CONCLUSIONS 

The CE-OFDM signal structure has previously been 

proposed as a power-efficient and spectrally-efficient means of 

communication, though it does involve more complex receive 

processing than standard OFDM and thus has not been widely 

used. This signal has also previous been examined as a 

prospective way in which to design radar waveforms for these 

same reasons since CE-OFDM essentially represents a form of 

FM. Here we have extended this premise to evaluate the utility 

of this waveform class as a convenient approach to construct 

RFM waveforms that do not repeat over the CPI. Because it 

avoids the need for per-waveform spectral shaping 

optimization, while still providing the benefits of RFM, CE-

OFDM does indeed enable a readily deployable approach to 

achieving this capability as well as dual-function 

radar/communications. Loopback and open-air measurements 

demonstrate the practical efficacy of this approach from the 

RFM radar perspective. 
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