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Abstract—We consider the design of spectrum sharing com-
munication waveforms that may partially overlap spectrally with
a pulse-Doppler radar yet maintain a low, predictable level
of interference with radar operation. This is in contrast to
traditional communication waveforms, which can interfere with
radar operation despite having a negative interference-to-noise
ratio. A new communication symbol design is derived as an
improvement on previously developed subspace projection based
designs. The new design provides a significant reduction in
interference to radar operation while maintaining comparable
symbol error rate performance to the previous methods.

I. INTRODUCTION

The congestion of the electromagnetic spectrum has moti-
vated significant research efforts into techniques for spectrum
sharing between radar and communications systems. One com-
mon approach is to consider the radar as a secondary user that
must operate in a congested spectrum where communications
users have priority [1], [2]. In contrast we consider a spectrum
sharing scenario where a communication system is a secondary
user operating physically near a primary radar user. As a
secondary user, the communication waveforms must minimize
their interference to the radar operation while still being robust
to interference from the radar. As a first step, we will propose
a framework for the design of physical layer communication
waveforms based on a signal-to-interference metric.

Specifically, consider the design of communication wave-
forms that must operate spectrally adjacent to a high power
search radar, or even with partial spectral overlap. A possible
motivating application is a communication system broad-
casting data to a radar. Under this scenario the radar may
receive and demodulate the communication symbols by simply
oversampling the spectrum relative to the bandwidth of the
radar waveform. Future work will extend to the more general
case where the communication system is merely operating near
(in a physical and spectral sense) a search radar.

While the Central Limit Theorem has been invoked to
model interference due to communication signals at a radar
as complex Gaussian interference [3], experimentation and
simulation has noted impact to radar performance at negative
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interference-to-noise ratios (INR) [4], [5]. A consequence
of this interference is an increased bias to a constant false
alarm rate (CFAR) detector, causing a reduction in detection
sensitivity. By definition, if the performance of CFAR detector
is impacted by interference with a power less than the noise
floor, it cannot be considered to be distributed as complex
Gaussian. Therefore, the symbol design presented here is
motivated by a desire to minimize interference at the radar
as measured by both the signal-to-interference ratio (SIR)
at the output of the radar matched filter and the statistics
of the residue after pulse-Doppler processing. These results
have been shown for a multitude of traditional communication
waveforms, including phase shift keying (PSK), quadrature
amplitude modulation (QAM), and orthogonal frequency divi-
sion multiplexing (OFDM) [4], [5].

A similar concept was recently proposed [6] where a
waterfilled OFDM communications waveform was transmitted
within the passband and spectral rolloff of a simple search
radar using a tapered transmit spectrum. However, in contrast
to [6], we consider a pulse compression search radar using
pulse-Doppler processing. As will be shown in Section III we
also use a form of waterfilling, but in a subspace domain rather
than the frequency domain. However, in a follow-on journal
article the proposed approach will be compared against an
OFDM approach.

II. SIGNAL MODEL

Assume that a radar transmits a continuous pulse com-
pression waveform s(t) sampled at complex baseband with
3 dB bandwidth B, and corresponding radar code chip time
T =~ BLT. The radar pulse is T}, seconds long,and therefore
has a time-bandwidth product of N = % = T,B,. If
the received signal is oversampled by a factor of M, the
radar waveform can be represented by the discrete values
S=1[S0,...,8N M,l]T. Note that increasing the oversampling
factor M corresponds with expanding the bandwidth sampled
by the radar receiver, B;. As such, provided the receiver



is capable of expanding its bandwidth (e.g. bandpass/anti-
aliasing filters permitting) will naturally admit frequency con-
tent spectrally adjacent to the radar waveform.

Consider the design a set of K communication symbols
ck(t),k = 1,...K, allowing for the embedding of logs (K) bits
of information per transmitted symbol (assuming no coding).
It is assumed that the time extent of a single communication
symbol is equal to that of the radar pulse, and the symbol chip
time is sampled at a rate of T, = % Therefore, the commu-
nications symbols are designed to occupy a spectral extent
B. = M B,.. Previous work in [7] examined the construction
of direct sequence spread spectrum (DSSS) spreading codes
in the presence of additive colored interference. Here we will
extend the formulation proposed in [7] by assuming the radar
waveform to be the source of colored interference.

The continuous time received signal at the communication
receiver for the kth symbol is represented as

r(t) = ack(t) + s(t) * 2(t) + u(t), (1)

where « is the complex fading coefficient of the commu-
nication symbol, wu(t) is thermal additive white Gaussian
noise, and x(t) is a random process representing the channel
profile between the radar transmitter and the communication
receiver. The channel profile may consist of radar backscatter
(i.e. clutter), forward scatter, and/or reflections from moving
targets.

Subsequently, the sampled radar waveform and the k"
communication symbol are given as the NM x 1 vectors s
and cy, respectively. The sampled complex baseband receive
signal of the kth symbol is then

ry = ack + Sx + u, 2)

where the 2V M —1x 1 vector x is the sampled channel profile
and the discrete convolution matrix S is the Toeplitz matrix
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To determine the transmitted symbol the received signal is
filtered by the communication receiver with a filter bank,
where the filter corresponding to the A*" symbol is denoted as
wkH . The output of the filter corresponding to the transmitted
signal is then

ye=wir, = awlc, + wiSx 4+ wiu G))

The output signal-to-interference-plus-noise ratio (SINR) after
filtering is found from the components of the magnitude
squared filtered response as

E [|yé|2} =F [((Oéck)HWka (abfck))} S
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Under the assumption that the samples of the channel profile
process are independent, identically distributed zero-mean
complex random variables, the filtered interference power from
(5) is

R=E [((SX)H wiwH (sx))} ©6)
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It is well-known that the matched filter (i.e. wi = cy) will
maximize signal-to-noise ratio (SNR) for the received signal.
Therefore, under the assumption of matched filtered receive
processing and unit-normed codes (i.e. ¢ cj, = 1), the SINR
of the filtered response can be found from the components of
(5) as
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Thus the spreading codes may be used as communication
symbols themselves. Consequently, consider the SIR of the
communications symbol to the radar interference,
S |of?

STRo =3 o2cl’sSfc; ®)
In order to maximize communication performance in the pres-
ence of colored interference from the radar, we heuristically
consider the problem of designing communication symbols
to minimize the overlap with the interference term in the
denominator of (8). A formal optimization of (8) will be
examined in future work. As was noted in [7] the interference
may be expressed as an eigendecomposition

SSt = VAVH, )

where the columns of V are the collection of orthonormal
eigenvectors and the non-zero entries of the diagonal matrix
A are the descending eigenvalues corresponding to each
eigenvector. Therefore, the eigenvectors v associated with the
smallest eigenvalues may be used as waveforms.

While starting from a different model, the same conclu-
sion was reached for a communications symbol design for
embedding communication symbols in radar clutter [8], [9].
However, it was noted that the so-called eigenvectors-as-
waveforms, while the highest performing design in noise, were
highly sensitive to multipath [10]. Therefore, several other
communication symbol designs were developed and analyzed
[8], [9], [11]-[16]. As these symbol designs were developed
from an identical mathematical model, we will examine their
performance as spectrum sharing waveforms.



III. SYMBOL DESIGNS

By allowing the bandwidth of the communication symbols
to expand while maintaining the same center frequency results
in a wideband communications waveform centered around the
spectrum allocated to the radar. Therefore, as a baseline, we
will consider a traditional direct sequence spread spectrum
(DSSS) symbol design composed of complex Gaussian dis-
tributed values. We will then present three competing symbol
designs to improve on the DSSS approach. The general
solution consists of a base spreading code and a subspace
projection matrix derived from the eigendecomposition of (9).

A. Direct Sequence Spread Spectrum Symbol Design

The direct sequence spread spectrum (DSSS) symbol design
is simply a set of K unit-normed, length NM x 1 vectors
by, ...,bg,...,bxg where the individual chip values of each
vector are drawn from the distribution b;,; ~ CG(0,1).
For comparison’s sake, the symbols are then unit-normed by
multiplying by a the energy normalization factor ypggs.

CDSss,k = YDsss b
1
~ ——Db
NM F

B. Dominant Projection Symbol Design

(10)

As previously noted, a solution to spreading code design
was presented in [7] by using the individual eigenvectors of
(9) as spreading codes (communication symbols in our case).
However, an alternate solution was presented in [12], [17].
Consider the partition of the eigenspace into ”dominant” and
“non-dominant” eigenvectors. This partition is expressed as
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Ostensibly the set of m = NN dominant eigenvectors span
the space occupied by the interference term. Therefore, a
projection matrix may be formed to project away from the
interference

A=1-Vp,Vj,.

= VxD,m VD m- (12)

Subsequently, in the donminant projection formed by pro-
jecting away from these dominant eigenvectors. By using a
subspace as a whole, it was shown that the resultant symbols
were robust to multipath and estimation errors [14], [17]. The
k" dominant projection (DP) communication symbol is then
formed as

1/2
CDP,k = BDp’mAbk

1/2 H
= Bbpm VD VAD m B (13)
where the unit-norm enforcing scaling factor is found as

NM

ﬁDP,m ~ NM—m
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Note that for this symbol design a parameter m must be
chosen to define the dominant subspace (i.e. the eigenvectors
associated with the m largest eigenvalues). This “dial” permits
tuning the amount of overlap between the radar waveform
(where m = 0 is a full overlap and m = NM — 1 is minimal
overlap) and the communication waveform.

C. Shaped Dominant Projection Symbol Design

A modification to the dominant projection approach was
proposed in [15], where the projected symbols were scaled by
their corresponding eigenvalues as

cspp & = B5p VNDmAND 1 Viip ks (15)
with corresponding energy normalization factor
NM
N — 16
Bspp o (Anoon] (16)

This approach was called the shaped dominant projection
(SDP) symbol design, and was proposed to force the com-
munication symbols to better follow the spectral rolloff of the
radar clutter.

D. Inverse Shaped Dominant Projection Symbol Design

Taking inspiration from the SDP symbol design, here we
propose an inverse SDP symbol design, where in a waterfilling
approach (similar to that of [6]) we scale the projection by the
inverse of the associated eigenvalues. Formally, we define the
kth ISDP symbol as

cisppk = Biop VanmAnt o Vi mbes  (17)
with energy normalization factor
NM
Pispp = (18)
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E. Comments on Symbol Design Methods

In contrast to the DP and SDP symbol designs, the ISDP
symbol design will allocate more power to the subspace
outside of the dominant eigenvalues - in other words the guard
band. The subspace projection used in (13), (15), and (17)
projects the symbols from a NM dimensional space into a
NM — m dimensional subspace. Therefore, there is naturally
a tradeoff between the number of symbols K that may be
embedded in the NAM — m dimensional subspace and the
separability of the symbols. In the previous work of [8], [9],
[11]-[15] very small constellation sizes were chosen, where
K =4 or 8 when M = 64 and N = 2. In other words, there
were significantly more degrees of freedom than constellation
points. These symbols were designed to be easily separable at
the cost of lower data rates (2 and 3 bits/symbol, respectively).
In contrast, we consider the number of symbols transmitted to
be equal to NM — m to increase the data rate and improve
the spectrum sharing performance.

The ability to define the dominant subspace according to
operating requirements provides flexibility to retain dimen-
sionality for constellation points as a function of the output



SIR or SINR. Past work chose m as a function of processing
gain (i.e. ratio of output SINR to input SINR) for the DP
and SDP symbol designs [14]-[16]. However, in a spectrum
sharing context the impact to the radar will also need to be
considered. Therefore, in future work the SINR at the radar
will be incorporated into the processing gain equation to derive
the optimal value of m for spectrum sharing. It is expected
that synchronization and equalization will be more challenging
for the ISDP symbols as compared to OFDM, as is the case
with most spread spectrum symbol designs.

While the complex Gaussian code values used here are
more challenging to implement (both from a processing and a
hardware perspective) than traditional Walsh-Hadamard, Gold,
or other binary pseudo-random codes, they are chosen here to
improve co-existence with the radar. Specifically, by choosing
a spectrally white base for the symbol design, it is expected
that the output of radar pulse-Doppler processing will be com-
plex Gaussian interference, allowing for predictable impact on
radar performance. An initial analysis of this hypothesis is
presented in Section IV-B, but more work is needed to make
a definitive conclusion.

IV. SIMULATION RESULTS

An initial set of communication symbols were implemented
using the designs given in Section III. The radar waveform
is a 10us linear frequency modulated (LFM) waveform with
10 MHz of bandwidth, yielding a time-bandwidth product
of N = 100. The communication symbols were designed
with an oversample factor of M = 2, yielding 20 MHz of
communication bandwidth. Three sets of DP, SDP, and ISDP
symbols were generated using dominant subspace dimension-
alities of m = [50, 100], corresponding to m = [N/2, N].
All symbols used the DSSS symbols as a baseline prior to
projection. In a key departure from previous work, the number
of symbols for each set was K = NM —m, or K = [150, 100],
respectively. This was done to maximize the data rate at the
cost of interference and noise tolerance. All communication
symbols and the radar waveform were normalized to possess
the same pulse length and unit energy. The performance of
the spectrum sharing communication symbols were analyzed
in three contexts: spectral content, impact to the radar, and
symbol error rate.

A. Average Spectral Content of Symbols

First, the average spectrum of each symbol design was
compared as a function of subspace dimensionality. In Figure 1
the DP, SDP, and ISDP communications symbols are projected
away from the subspace spanned by the m = N/2 = 50
dominant eigenvectors. Inside the radar passband the DP and
ISDP symbols largely overlap, but the impact of the shaping of
the SDP symbols is clear in spectral rolloff region. Meanwhile,
the impact of the waterfilling approach used by ISDP symbols
manifests in higher power allocations on the outer frequencies.

For the m = N = 100 case shown in Figure 2 the poor
spectrum sharing performance of the SDP waveforms is clear.
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Fig. 1. Spectral content for m = N/2.

There is significantly more communication symbol energy
allocated within the radar passband, and the normalization
further causes overlap on the edges of the radar passband near
the “peaks” from the largest eigenvalues in the non-dominant
subspace. However, the ISDP symbols achieve improved sup-
pression within the radar passband.
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Fig. 2. Spectral content for m = N.

B. Impact at Radar

Next we examine the impact at the radar using two different
metrics. First, Figures 3 and 4 show the average output of the
radar matched filter for both the radar waveform (i.e. the pulse
compression response) and the communication symbols.

Figure 3 shows the response for symbols designed with
m = N/2 = 50. Note that while the DP symbols provide
a slight improvement in cross-correlation as compared to the
full dimensional DSSS symbols, the correlation induced by
the shaping of the SDP symbols results in a cross-correlation
response of greater magnitude than the DSSS symbols. This
increased response is despite the symbols being projected away
from half of the subspace spanned by the radar waveform.
In contrast, the shaping of the ISDP symbols provides more
than 45 dB of interference suppression simply from the



radar matched filter. Therefore, from an SIR perspective -
where the signal is a radar return and the interference is the
communication waveform - this symbol may be received at
the radar above the noise floor and have very little impact on
radar performance.
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Fig. 3. Radar matched filter output for m = N/2.

In Figure 4 the dominant subspace is chosen to be m = N =
100. The DP symbols begin to approach the cross-correlation
levels of the ISDP symbols, but still have ~ 10 dB greater
peak cross-correlation than the ISDP symbols. Note that the
ISDP symbols only reduce their average cross-correlation by
~ 2 dB compared to the m = N/2 case shown in Figure
3. Therefore, the ISDP symbols may be designed to possess
significant spectral overlap with the radar, providing more
degrees of freedom with which to embed information, while
still maintaining low cross-correlation.
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Fig. 4. Radar matched filter output for m = N.

Note that Figures 3 and 4 only show the cross-correlation
response of the radar and the communication symbols. How-
ever, as the communication symbols by definition will change
from pulse-to-pulse, the output of pulse-Doppler processing
the communication symbols will not be coherent. The Doppler
leakage caused by the presence of the communication symbols
is seen by comparing Figures 5 and 6. From visual inspection,

the Doppler leakage due to varying communication symbols
appears to be uniform. Due to page limits, further analysis
is omitted here. But due to the use of the complex Gaussian
spreading sequences, the output of pulse-Doppler processing
the communication symbols is likewise complex Gaussian dis-
tributed. As such, the presence of the communication symbols
may be treated as simple interference for the purposes of
CFAR processing, as opposed to traditional communication
waveforms that impact the CFAR processing even in negative
INR regimes [4], [5].
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Fig. 5. Range Doppler map generated with 32 pulses and no communications
symbols present
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Fig. 6. Range Doppler map generated with 32 pulses and ISDP communica-
tions symbols present

C. Communication Performance

The symbol error rate (SER) for the communication sym-
bols is shown in Figures 7 and 8 for an interference level of
SIR = -5 dB, where the SIR is measured as the input SIR of the
communication symbol and radar waveform, specifically. The
SNR is measured as the output SNR after matched filtering. To
bound performance, it is assumed here that the communication
receiver is perfectly synchronized. Note that there is an ~ 2
dB SER penalty for using m = N/2 rather than m = N,



with a corresponding increase in symbol density of 50% (i.e.
m = [N/2, N] corresponds to K = [3N/2, N], respectively).
As the SER performance of the ISDP symbols is comparable
to the DP and SDP sybmols, the ISDP symbols may share
some of the resiliency to multipath observed in the DP and
SDP symbol designs [14]-[17], and this will be addressed in
future work. Due to the assumptions in equations (7)-(8), the
matched filter was used in this analysis. As a baseline, future
work will examine the use of the decorrelating filter used in
[14], [15].
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Fig. 7. SER for symbols with m = N/2, SIR = -5 dB.
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Fig. 8. SER for symbols with m = N, SIR = -5 dB.

V. CONCLUSION

We have presented an new communication symbol design
that reduces the interference at the output of radar signal
processing by 10 — 45 dB while maintaining a comparable
symbol error rate relative to previously presented designs.
The interference to radar operation was examined from both
a cross-correlation perspective as well as at the output of
Doppler processing.

However, there are numerous open questions still to be
answered with this symbol design, the least of which are
synchronization, equalization, and sensitivity of the polyphase

codes to bit quantization and hardware distortion, and an
extension to multi-user communications. Also, the spectral
containment of the proposed waveform away from the radar
has yet to be examined.
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