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capability can be achieved via a tandem hopping
arrangement. To assess the robustness to in-band/adjacentband interference, measured data collected at the U.S. Army
Research Laboratory (ARL) is used to synthetically assess the
pulse compression filter response for different combinations
of both simulated and physically measured notched PROFMCW waveforms and measured interference at various
power levels and relative spectral locations.

Abstract
It was recently shown that spectral notches can be
incorporated into a physically realizable form of FM noise
radar. Here it is shown how these spectral notches can be used
to permit radar operation in a band where narrowband
interference sources are present. The impact of interference
and associated notches in different regions of the waveform
spectrum (i.e. passband versus roll-off regions) is examined
through assessment of the matched filter response when
considering different receive power levels for the radar
relative to measured interference. This assessment is
performed for both simulated and experimentally measured
notched waveforms.

2 Spectrum Shaping and Optimization
The PRO-FMCW waveform [5] is designed on a segment-bysegment basis with pseudo-random initializations and
subsequent optimization to approximate a desired power
spectrum |G( f )|2 (a Gaussian shape is an attractive choice
because it corresponds to low range sidelobes). Because each
segment is initialized with a random FM waveform, the result
after spectral-shaping optimization of each segment retains a
unique range sidelobe structure that, when combined across
segments during Doppler processing, further reduces the
sidelobes to yield a thumbtack delay-Doppler ambiguity
function.

1 Introduction
Auctioning of frequency bands once designated solely for
radar use [1] severely undermines the performance of vital
sensing functions. These radar systems must therefore either
move to other bands, a prospect that is extremely costly and
involves less desirable electromagnetic propagation and
phenomenology [2], or learn how to cohabitate with other
spectrally congested RF systems via a cognitive framework
(e.g. [3,4]). This rapidly increasing spectral congestion has
necessitated the investigation of how radar systems may better
operate in a crowded spectrum by minimizing interference to
other users and vice-versa.

Spectral notches were introduced into the PRO-FMCW
framework in [8] through enforcement of
G( f )  0 for f   ,

(1)

where Ω represents the set of frequency interval(s) for the
spectral notches. It was noted in [8] that inclusion of spectral
notches with sharp edges produce a sin(x)/x roll-off of the
range sidelobes. This effect was partially mitigated [9] through
tapering of the notch edges to allow for a gradual transition as

Here we explore a means to avoid spectral interference by
placing spectral notches in a form of FM noise radar denoted
as pseudo-random optimized (PRO), for which FMCW [5]
and pulsed FM [6] versions have been realized. This
waveform is attractive because it is constant amplitude and
well-contained spectrally, thus making it amenable for use
with a high-power radar transmitter. Further, while it is
known that range sidelobes will degrade when spectral
notches are incorporated into a waveform [7], the nonrepeated structure of PRO-FMCW provides inherent
robustness to this effect due to the non-coherence of sidelobes
across waveform segments in the coherent processing interval
(CPI), and likewise for the pulsed PRO-FM case. It was
shown in [8,9] that spectral notches can be readily
incorporated into the waveform design process without
adversely affecting physical realizability. In [10] it was even
demonstrated that a multi-function radar/communication
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where ΩL, Ω, and ΩU correspond to the frequency intervals of
the lower frequency taper, the notch, and the upper frequency
taper, respectively. The frequency tapers hL ( f ) and hU ( f ) are
forced to be continuous with the surrounding power spectrum,
thus providing a gradual transition.

Initialization and optimization of a set of M unique segments
comprises the total PRO-FMCW waveform. Prior to
optimization, the mth segment is initialized with a length T
pseudo-random FM signal p0,m(t) taken from a random
instantiation of the polyphase-code FM (PCFM) framework
[11]. The mth segment of the PRO-FMCW waveform, denoted
as pK,m(t), is then generated by K iterations of the alternating
projections

1

rk 1,m (t ) 
and
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pk 1,m (t )  u(t )exp  jrk 1,m (t )  ,

Here we use spectral data measured from 100 MHz to 1 GHz
collected at the Army Research Laboratory (ARL) in Adelphi,
MD, USA as described in [3]. The strongest interference
source in the data (of 28 dBm at 389 MHz) was chosen to
represent a narrowband interference source (see Fig. 1). In the
following simulations, this measured interference source and
surrounding noise level are synthetically combined with both
simulated and experimentally measured notched PRO-FMCW
waveforms to evaluate the efficacy of such waveforms for
interference rejection in a variety of arrangements. Note that,
because the interference and radar echoes are uncorrelated, a
12-bit receive ADC would be sufficient to ensure the thermal
noise adequately exceeds the quantization noise such that the
radar echoes could be captured without the interference
saturating the receiver [13-15].

(3)
(4)

where u(t) is a length T rectangular window to maintain
constant amplitude, (•) extracts the phase of the argument,
is the Fourier transform, and
transform.

1

is the inverse Fourier

Notch depths of about 20 dB relative to the local power
spectrum peak can be obtained through application of the
notch regions defined in (1) and (2) to the formulation in (3).
However, greater notch depths are required to adequately
mitigate spectral interference (and to not interfere with other
spectrum users). Deeper notches can be obtained via the
Reiterative Uniform Weighting Optimization (RUWO)
method [12], where the optimized mth segment pK,m(t) is cast
as the length-N discretized vector x0,m corresponding to
temporal extent T and over-sampled with respect to 3-dB
bandwidth B to represent the power spectrum with sufficient
fidelity.
Per [8], the frequency sets in Ω from (1) are discretized into Q
frequency values fq. An N  Q matrix of frequency steering
vectors is then defined as

1
1
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The structured N  N interference covariance matrix is
subsequently formed via

W  BBH   I ,

Fig. 1. Measured spectrum (blue) and selected narrowband interference
(red)

(6)

where δ is a diagonal loading term and I is an N  N identity
matrix. After the K iterations of (3) and (4), applying L
iterative applications of

 

1

xl ,m  exp j W xl 1,m



4 Assessment with Simulated FM Noise
The narrowband interference source in Fig. 1 is used to
construct four different interference scenarios by placing the
interference in three separate spectral locations relative to the
PRO-FMCW waveform baseband spectrum. These locations
are shown in Fig. 2. One scenario contains the interference at
location A only, one at location B only, one at location C
only, and the final contains interference at all three locations.

(7)

produces deeper notches, where the resulting vector x L , m can
be readily converted into the continuous time signal xL,m(t)
due to the sufficient over-sampling. After the above
optimization process, the mth segment is phase rotated so that
its initial phase value is identical to the final phase value of
the (m1)th segment to prevent phase discontinuities.

Four PRO-FMCW transmit waveforms are generated in total,
one for each interference scenario. Each PRO-FMCW
waveform consists of M = 104 segments, with each optimized
segment having an approximate time-bandwidth product of
BT  1600, yielding BT  1.6  107 over the entire M segments
(for a coherent integration gain of 72 dB).

3 Measured Interference Data
Now consider the situation where a radar system must operate
in a crowded spectrum while minimizing interference to/from
other users. If the spectral notch enforced in (1) and (2) can be
made sufficiently deep, the radar can transmit in the crowded
spectrum while avoiding interference to other systems. A
Gaussian-shaped power spectrum combined with the nonrepeating nature of PRO-FMCW yields low autocorrelation
sidelobes. It remains to be seen, however, what the impact to
radar receive processing will be when such in-band/adjacentband interference is present.

For a peak transmit power of 0 dBm, the PRO-FMCW
waveform for each case is designed such that the notch depth
reaches the measured noise floor to avoid interference with
other spectrum users. Note that this transmit power clearly
corresponds to a low-power system and there are practical
limitations to notch depth (e.g. see [9]) when operating in a
high-power regime as discussed in Section 6.
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The matched filter responses for interference location A are
shown in Fig. 4. Clearly the presence of the notch in the
middle of the band results in an extended roll-off in range
sidelobes compared to the absence of a notch. However, when
the relative received radar signal power is low (100 and
120 dBm) the sidelobe floor is much lower (by roughly 34
dB for both cases) when the transmit waveform avoids the
interference through spectral notching. For a higher relative
receive power (80 dBm), the near-in sidelobes of the
notched waveforms are much higher than that exhibited by
the associated no-notch case, though beyond roughly 0.05T
the benefit of the notch is still noted (about 27 dB lower).

Fig. 2. Constructed interference spectrum locations relative to PRO-FMCW
baseband spectrum

A notch of bandwidth B/16 is placed in the PRO-FMCW
waveform spectrum centered on each interference source (see
Fig. 3). Per (2) from [9], a spectral taper of bandwidth B/16 is
also placed in the transition regions of each notch to minimize
the growth of range sidelobes due to sharp spectral notches.

Fig. 4. Matched filter responses (detail view) with interference at location A
using simulated PRO-FMCW waveforms

The responses for interference location B are shown in Fig. 5.
For the interference/notch midway into the roll-off region (3
dB down from the peak per Fig. 3) the degradation for the nonotch cases are somewhat lessened. However, significant
improvements are still observed for the notched waveforms
(27 dB for 120/100 dBm and 20 dB for 80 dBm).

Fig. 3. Simulated notch-tapered PRO-FMCW spectra

To perform the simulated evaluation, a time-domain version
of each interference + noise spectrum is superimposed with
an attenuated version of the time-domain notched PROFMCW waveform to represent the received signal at the
radar. The attenuation sets the peak spectral power of the
received radar waveform to one of three different power
levels: 80, 100, and 120 dBm (representing two-way path
losses relative to 0 dBm). The reference radar waveform is
used to match filter this combined received response to
evaluate the impact of the interference and notching. A
matched filter result for a PRO-FMCW waveform without
notches at each power level is also included for comparison.

Fig. 5. Matched filter responses (detail view) with interference at location B
using simulated PRO-FMCW waveforms
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waveform is upsampled to 8 GS/s, converted to a center
frequency of 3.55 GHz, and physically generated using a
Tektronix AWG70002A arbitrary waveform generator. Each
waveform is then subsequently captured in a loopback
configuration using a Rohde & Schwarz FSW Real-time
Spectrum Analyzer (RSA) at a sampling rate of 200 MS/s.

The matched filter response for interference location C is
shown in Fig. 6. When the interference is even further into the
roll-off region (now 6 dB down from the peak per Fig. 3)
there is even less degradation to the matched filter responses
than what was observed in the previous two cases (now 25 dB
for 120/100 dBm and 18 dB for 80 dBm). The take away
from these results is that if spectral notching is employed, it is
preferable for it to occur further from the passband if
possible. Note that Figs. 4, 5, and 6 are close-up views near
the autocorrelation mainlobe and the notched PRO-FMCW
waveform for all cases provides the same low sidelobe levels
beyond 0.2T.

Fig. 7. Matched filter responses (detail view) with interference in all three
locations using simulated PRO-FMCW waveforms

The spectra of these experimentally generated and captured
waveforms are shown in Fig. 8 along with the same
constructed interference spectra from Fig. 2. The RSA has an
analysis bandwidth limitation of 160 MHz, which induces a
sharp roll-off in the captured spectrum (note the sharper band
edges in Fig. 8 relative to Fig. 3). It is now observed that each
spectral notch has an achievable depth of only about 42-45 dB
relative to the peak due to practical hardware limitations,
similar to what was observed in [9]. Since the spectral
notches no longer reach the measured noise floor, one can
expect this more practical radar emission to impose more
interference on other spectrum users.

Fig. 6. Matched filter responses (detail view) with interference at location C
using simulated PRO-FMCW waveforms

Finally, the matched filter response for interference located in
all three locations (A, B, and C) is shown in Fig. 7. With three
spectral notches, a significant amount of power is being
relocated to the roll-off region of the spectrum (since the
waveform is constant amplitude, the total amount of power is
fixed), thus increasing the matched filter sidelobes somewhat
further. Comparing to Fig. 4 it is observed that the
interference/notch in the center of the band is still the
dominant factor.

5 Assessment with Measured FM Noise
Now consider physically measured versions of the four
notched PRO-FMCW waveforms from Fig. 3 (one for each
interference location individually and one for all three
simultaneously). Experimentally generating each of these
waveforms and capturing in a loopback configuration on
hardware highlights the challenges of obtaining sufficient
spectral notch depth for real radar waveforms.
Each PRO-FMCW waveform has a length of Tw = 200 ms and
is comprised of M = 104 segments. Each segment has a postoptimization 3 dB bandwidth of B = 80 MHz and is T = 20 μs
in length. As with the simulated waveforms, each
experimentally generated, optimized waveform segment has
an approximate time-bandwidth product of BT  1600,
yielding BT  1.6  107 over the entire M segments. Each

Fig. 8. Physically measured notch-tapered PRO-FMCW spectra
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The simulations from the previous section are repeated with
the same interference locations and relative receive powers.
However, the simulations are now conducted using the
measured notched PRO-FMCW waveforms of Fig. 8 instead
of simulated PRO-FMCW waveforms. Matched filter results
for each simulation scenario using measured waveforms are
shown in Figs. 9-12.
The matched filter responses for interference location A are
shown in Fig. 9. The plot compares well to its counterpart in
Fig. 4, where once again placing a spectral notch in the center
of the band induces an extended roll-off of range sidelobes.
Nonetheless, similar benefits in the matched filter responses
are observed for the notched waveforms which avoid the
spectral interference, albeit now with a reduced notch depth.
For the 120, 100, and 80 dBm cases, these practical
notches now provide improvements of 29, 29, and 20 dB,
respectively, in the sidelobe floor regions.
Fig. 10. Matched filter responses (detail view) with interference at location B
using measured PRO-FMCW waveforms

Fig. 9. Matched filter responses (detail view) with interference at location A
using measured PRO-FMCW waveforms
Fig. 11. Matched filter responses (detail view) with interference at location C
using measured PRO-FMCW waveforms

The matched filter responses for interference location B are
shown in Fig. 10. This plot likewise compares well to its
counterpart in Fig. 5. An improvement is once again observed
for the range sidelobe roll-off of the matched filter responses
of the notched waveforms when the interference/notch is
moved further into the spectral roll-off region. At the sidelobe
floor, the notches now provide 27, 27, and 19 dB lower
sidelobes for the 120, 100, and 80 dBm cases,
respectively.

Finally, the matched filter response for interference located in
all three locations (A, B, and C) is shown in Fig. 12.
Comparing to Fig. 7 it is once again observed that
interference/notch in the center of the band is the dominant
effect since this location corresponds to the peak of the
spectral power.
Note that the matched filter results using measured notched
PRO-FMCW waveforms are all rather close to their
corresponding simulated waveform matched filter results,
even though the measured spectral notches are considerably
shallower (by more than 40 dB). This observation indicates
that spectral notching provides a significant advantage even
when the interference cannot be completely mitigated. Of
course, other spectral users will experience more interference
due to this shallower (practical) notch depth.

The matched filter response for interference location C is
shown in Fig. 11. As with the other cases, this plot compares
well to its counterpart in Fig. 6. Moving the
interference/notch even further into the roll-off region lessens
the degradation to the matched filter response. Here the
120, 100, and 80 dBm cases yield 25, 25, and 18 dB
lower sidelobes. As with the simulated waveforms, the take
away is that if spectral notching is employed, it is preferable
for it to occur further from the passband.
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