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Abstract—In a companion paper a continuous phase modu-
lation (CPM) based approach has been introduced to embed
information sequences into physical radar emissions, yielding
spectrally-efficient constant-envelope waveforms. In addition, the
CPM-based approach enables direct control of the degree of
range sidelobe modulation (RSM), which occurs due to the
changing waveform structure during the coherent processing
interval (CPI), by trading off bit error rate (BER) and/or
data throughput. When not properly addressed, RSM translates
to residual clutter in the range-Doppler response, and hence
degraded target visibility.

Here receive filter design to mitigate RSM is addressed.
The objective for such filters is to produce pulse compression
responses that are similar despite the pulse-to-pulse change
in waveforms. Three different filter designs are proposed and
compared by simulation, where it is found that coherence can
be enhanced (and thus RSM reduced) at the expense of higher
range sidelobes.

I. INTRODUCTION

While the radio spectrum remains a limited resource, the
demand by commercial communication applications has been
exponentially increasing [1]. As a result, radar sensing appli-
cations that must already operate in congested and contested
environments are struggling to maintain legacy capabilities.
Accordingly, ongoing research is focused on developing meth-
ods to share spectrum between multiple functions such as radar
and communications [2]. Radar/communication spectrum shar-
ing necessitates the use of some manner of waveform diver-
sity [3]–[6], which involves the exploitation of the available
time, frequency, coding, spatial, and polarization degrees-of-
freedom. The waveform diversity approach most relevant to
the proposed multi-function radar/communication formulation
is coding diversity, where distinct radar waveforms are used
as communication symbols and the set of radar waveforms
serves as a communication symbol alphabet [7]–[12].

When radar waveforms are used as communication symbols,
the radar emission changes on a pulse-to-pulse basis (referred
to as pulse agility or waveform agility). The primary issue

This research was performed while Cenk Sahin held an NRC Research
Associateship award at the Air Force Research Laboratory, Wright-Patterson
AFB, OH. This work was supported in part by the Air Force Research
Laboratory - Sensors Directorate, and by a subcontract with Matrix Research,
Inc. for research sponsored by the Air Force Research Laboratory under Prime
Contract #FA8650-14-D-1722.

with varying the radar waveform during a coherent processing
interval (CPI) is the clutter range sidelobe modulation (RSM)
[7], [13], [14] that arises because the pulse compression
of different waveforms leads to different sidelobe structures.
When Doppler processing is performed on the CPI of pulsed
echoes, the presence of RSM induces a partial loss of co-
herency, resulting in residual clutter after cancellation, and
hence reduced target visibility. It follows that RSM is a
very important design consideration for this manner of multi-
function radar/communication systems.

Maintaining both power efficiency and spectral efficiency
is of great interest for radar systems to maximize “energy
on target” and to limit the spectral roll-off for sufficient
spectral containment. Accordingly, a CPM-based framework
was recently developed in [15] to implement polyphase
radar codes as physically realizable frequency-modulated (FM)
waveforms, denoted by polyphase-coded FM (PCFM). The
continuous phase feature of such CPM-based signals leads to
high spectral efficiency, while the constant envelope feature
allows the transmitter power amplifier to be operated in sat-
uration such that available power is efficiently converted into
radiated power. In the companion paper [12] a new approach
to embed communications into radar is formulated in which
information-bearing sequences are modulated with CPM and
phase-attached to a PCFM-implemented fixed radar waveform.
The result is a CPM-based communication-embedded radar
waveform for each pulse, thus ensuring high power and spec-
tral efficiency. More importantly, adjustable implementation
parameters provide control of the degree of RSM by trading
off bit error rate (BER) and/or data throughput.

Here receive filter design is addressed for the purpose
of reducing RSM within this CPM-based communication-
embedded radar framework. The two main objectives for
receive filter design in this context are 1) to maximize the
similarity of the filter responses across the set of different
information-bearing waveforms and 2) to reduce the range
sidelobes. The design methods focus on realization of a
desired common filter response, rather than optimization of
individual receive filters. The inherent commonality among
the radar/communication waveforms stemming from the com-
mon phase component, namely the base radar waveform, is
exploited. With the matched filter (MF) approach, the MF



𝑔(𝜏)
𝑛𝑐=1

𝑁𝑐
ത𝛼𝑛𝑐𝛿(𝜏 − 𝑛𝑐 − 1 𝑇𝑐) න

0

𝑡
∙ 𝑑𝜏 + ҧ𝜃0 exp 𝑗(∙)

ഥ𝜶 𝑠(𝑡; ഥ𝜶)

Fig. 1. Block diagram of CPM-based PCFM implementation for radar [15].

output of the base radar waveform is used as the desired
filter response. With the mismatch filter (MMF) approach,
the desired filter response consists of a mainlobe identical
to that of the MF output of the base radar waveform with
zeros elsewhere. Finally, a cascaded filter approach is proposed
in which two receive filters, based on the MF and MMF
approaches are used in series, where the first filter enhances
similarity across the pulse compression responses while the
second filter reduces the range sidelobes.

Filter design to mitigate RSM for a given set of waveforms
has been previously addressed [7], [8], [16]–[19]. The joint
least squares (JLS) approach introduced in [7] is only suit-
able for a small number of distinct waveforms (⇠ 2 � 4)
because the sidelobe performance degrades as the number of
waveforms increases. The closed form solution for the JLS
approach derived in [8] for moving target indication (MTI) is
likewise only applicable to small a number of distinct wave-
forms. Neither of these approaches are suitable for the CPM-
based communication-embedded radar because the number of
distinct waveforms is exponential with the time-bandwidth
product. In [16]–[19] joint range-Doppler processing was
considered for pulse-agile emissions, with attendant increases
in computational cost. Finally, if the individual pulse-agile
waveforms are themselves optimized to provide low sidelobes
(see [13]), then simpler mismatched receiver filtering can be
employed. Of course, the present communication-embedded
radar waveforms are not expected to individually possess low
sidelobes.

II. SYSTEM MODEL

Consider the polyphase radar code ✓ = [✓0, · · · , ✓Nc ],
where Nc denotes the number of chips per pulse and |✓nc |  ⇡
for all nc = 0, · · · , Nc [15], [20]. The CPM-based PCFM
implementation is shown in Fig. 1. The sequence ↵ =

[↵1, · · · ,↵Nc ], where |↵nc |  ⇡ for all nc = 1, · · · , Nc,
denotes the phase changes between successive chips of ✓.
The overline notation (·) is used with ✓ and ↵ to emphasize
that both are fixed sequences (do not change from pulse
to pulse). The length-Nc train of impulses, with the nc-th
impulse scaled by ↵nc , is convolved with shaping filter g(t)
and then integrated to produce the continuous phase of the
radar waveform

 (t;↵) =

Z t

0
g(⌧) ⇤

"
NcX

nc=1

↵nc�(⌧ � (nc � 1)Tc)

#
d⌧ + ✓0,

(1)
where Tc is the time duration of the chip interval, ⇤ denotes
convolution, and ✓0 is the initial phase value. The shaping
filter g(t) has time support [0, Tc], and the area under g(t)

is 1. The resulting PCFM radar waveform of time duration
T = NcTc, referred to as the base radar waveform, is

s(t;↵) =

p
Pte

j (t;↵), (2)

where Pt is the transmit power.
Now consider the communication symbol sequence � =

[�1, · · · ,�Ns ] drawn from the M -ary symbol alphabet
{±1,±3, · · · ,±(M�1)} where Ns is the number of symbols
per pulse and M = 2

m, with m the number of bits/symbol.
The symbol sequence � is modulated as a CPM waveform
with symbol interval Ts and the communication shaping filter
gc(t), resulting in the signal phase �(t;�) given by [21]

�(t;�) = p⇡

Z t

0
gc(⌧) ⇤

"
NsX

ns=1

�ns�(⌧ � (ns � 1)Ts)

#
d⌧ ,

(3)
where p is a rational number referred to as the modulation in-

dex. The communication shaping filter gc(t) has time duration
LTs with L a positive integer, and the area under gc(t) is also
1. Here we focus on the full-response CPM where L = 1.
The signal phase �(t;�) has the same duration (pulsewidth
T = NcTc) as the base radar waveform. It follows that
for a given base radar waveform, i.e. fixed T , the symbol
interval Ts =

T
Ns

can be decreased/increased to achieve an
increased/decreased symbol rate.

To transmit the communication sequence � within the radar
emission, �(t;�) is phase-attached to the base radar waveform
s(t;↵), which results in the information-bearing continuous-
phase radar/communication waveform

s̃(t;↵,�) =
p
Pte

j( (t;↵)+�(t;�)). (4)

We emphasize that � is a random sequence that changes
on a pulse-to-pulse basis. The base radar waveform s(t;↵)

maintains a degree of commonality among the set of changing
waveforms in the CPI while the differences are uniquely spec-
ified by the modulation index p, the communication symbol
alphabet size M , and the symbol duration Ts. In particular,
the radar/communication waveforms become more alike, and
thus RSM is reduced, as p or M is decreased and Ts is in-
creased [12]. From a communication performance perspective,
a smaller p translates to higher BER, while a smaller M or
larger Ts translates to lower data throughput [12].

III. FILTER DESIGN METHODS

With this CPM-based communication-embedded radar
framework, the severity of RSM can be mitigated at the
expense of increased BER or decreased data throughput. Here
it is demonstrated that, for fixed system parameters, RSM can
be mitigated by the design of appropriate receive filters, i.e. a



unique receive filter for each communication-embedded radar
waveform. As a result, radar performance can be enhanced
without sacrificing communication performance.

Ideally, the objective in receive filter design would be to
find filters hi(t), i = 1, · · · , 2mNs , satisfying (for all i) [7]

si(t) ⇤ hi(t) = y(t), (5)

where si(t) is the i-th communication-embedded radar wave-
form and y(t) is the common filter response, preferably with
low range sidelobes. If the condition in (5) could be satisfied,
RSM would not occur. However, as discussed in [7], the
condition in (5) cannot be achieved with finite-length filters
for more than two different waveforms. Generalizing [7], the
discrete-time equivalent of the filtering operation in (5), for
filter length eN (samples), can be expressed by the matrix
equation

Aihi = y, (6)

where Ai is the (

eN + NcK � 1) ⇥ eN delay-shift matrix for
the i-th waveform si(t) given by

Ai =

2

666666666664

si,1 0 · · · 0

... si,1
...

si,NcK

...
. . .

0

0 si,NcK si,1
...

. . .
...

0 · · · si,NcK

3

777777777775

, (7)

and si = [si,1, · · · , si,NcK ]

T , hi = [hi,1, · · · , hi, eN ]

T and y =

[y1, · · · , y eN+NcK�1]
T are the discretized versions of si(t),

hi(t) and y(t), respectively. These discretized versions are
sampled at a rate of K samples/chip to ensure sufficient “over-
sampling” relative to 3-dB bandwidth (nominal sampling
would correspond to K = 1). While (6) cannot be satisfied for
all i, the objective is to minimize the (average) incoherence
among the filter responses. Accordingly, the mismatch metric

�MM = E [�i,j ] is proposed, where E[·] is the expectation
operator and �i,j , i 6= j, is defined as

�i,j ,
||Ai

bhi �Aj
bhj ||2

E
h
||Ai

bhi||2
i , (8)

for bhi the estimate of the i-th filter. The mismatch metric
quantifies the ratio of the pairwise incoherent filter response
energy to the average filter response energy.

The least-squares (LS) mismatched filter solution [7], [15],
[22], [23] for a given discretized waveform si sets y = e in
(6), yielding

bhLS,i =
�
AH

i Ai + �I
��1

AH
i e, (9)

where AH
i denotes the Hermitian transpose of Ai, e =

[0, ..., 0, 1, 0, ..., 0]T is an elementary vector with the non-zero
element corresponding to the match point, and the diagonal
loading term �I may be invoked to prevent ill-conditioning.

While this filter can minimize the range sidelobes for a
single waveform, it does not address the problem of sidelobe
incoherence across a set of different waveforms. In contrast,
we consider a modification to (9) in the spirit of [7] in which
the elementary vector e that forces an impulse-like LS filter
response is generalized to the vector y that serves as a desired
common filter response. This approach provides a framework
with which to explore various trade-offs such as the coherence
among the filter responses and the (average) peak-to-sidelobe
ratio of the filter responses. For a given y and a discretized
si, this “common response” LS filter is

bhi =
�
AH

i Ai + �I
��1

AH
i y. (10)

Note that the receive filters {bhi}, and thus the mismatch
metric, are uniquely specified by the common response y.

An additional useful metric for mismatched filter design
is the SNR loss due to mismatch [24]. For this formulation
in which the waveform, and thus the filter, changes for each
pulse, the SNR loss is computed as the expected value of the
ratio of the peak SNR at the output of the matched filter (MF)
to the peak SNR at the output of the receive filter, or

SNR Loss (dB) = 10 log10

Ppeak,MF/||si||2

E
h
Ppeak,i/||bhi||2

i . (11)

In (11), Ppeak,MF is the peak power at the output of the MF,
which is a constant and given by Ppeak,MF = Pt(NcK)

2 for all
waveforms. Likewise Ppeak,i is the peak power at the output
of the i-th receive filter. Note that the norm of the MF for
waveform i, denoted by ||si||, is a constant for all i. In the
following sections we examine the impact of the selection of
the desired common response y.

A. Matched Filter Common Response

Embedding communication symbols into radar emissions
in the system under consideration causes small phase per-
turbations relative to the phase trajectory of the base radar
waveform. Accordingly, the MF output of each waveform is
similar to the MF output of the base radar waveform sr(t),
with the degree of similarity increasing with decreasing p.
In addition, it intuitively makes sense to choose a common
filter response that is consistent with that of the base radar
waveform. Hence, the MF output of the base radar waveform
can be used to establish the common response via

yMF = Ar sr,MF, (12)

where Ar is the delay-shift matrix of the base radar waveform
like (7), and sr,MF = [s⇤r,NK , · · · , s⇤r,1]T is the complex
conjugated and time-reversed discretized version of the base
radar waveform sr(t). Then, for each waveform si, the filter
bhi is computed from (10) with y = yMF. Note that the filter
bhi is not constrained to have the same length as the MF. When
the length of bhi is greater than NK, the common response
yMF is zero-padded accordingly.

As an example, a PCFM-implemented linear FM (LFM)
chirp [15] is used as the base radar waveform with parameters
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Fig. 2. Filter responses using (10) and (12) of three randomly generated
waveforms (top) and close-up view (bottom) for p = 1

4 and p = 1
16 .

Nc = 32 chips/pulse (so the time-bandwidth product is
likewise 32), and K = 8 samples/chip. The receive filter
length is eN = 1024 samples (4 times the discretized length
of the waveform). The communication symbols are binary
with Ns = 32 symbols/pulse. In Fig. 2 the filter response
powers using (10) and (12) are plotted for three randomly
generated communication sequences embedded into the base
radar waveform for modulation indices p =

1
4 and 1

16 . The
filter response (top) and a close-up version (bottom) are shown.
Diagonal loading in (10) is not used, so � = 0. The filter
responses in Fig. 2 exhibit sufficient coherence for both p
values with the p =

1
16 case being superior. The resulting

mismatch metric from (8) is shown in Table I (first row) for
modulation index values p =

1
2 ,

1
4 ,

1
8 and 1

16 . The mismatch
metric value decreases with decreasing p as expected. If the
number of symbols/pulse Ns is reduced, the filter responses
will match even more closely and the mismatch metric values
will further decrease. Per Table II (first row), the SNR loss
likewise decreases with decreasing p.

B. Mismatch Filter Common Response

Now consider the case in which the common response is
itself constructed from a mismatch filter formulation via

yMMF = Ar

h�
AH

r Ar + �I
��1

AH
r yMF,main

i
, (13)

where

yMF,main =

[0, · · · , 0, yMF,�K+NK , · · · , yMF,K+NK , 0, · · · , 0]T ,
(14)

in which the non-zero terms comprise only the mainlobe of the
MF response yMF. In a similar manner to the spectrum-shaping
LS formulation in [14], the objective of this approach is to
trade the prospect of enhanced range resolution (i.e. we wish

TABLE I
MISMATCH METRIC

p = 1
2 p = 1

4 p = 1
8 p = 1

16

MF via (10), (12) 3⇥ 10�2 6⇥ 10�3 4⇥ 10�5 2⇥ 10�6

MMF via (10), (13) 4⇥ 10�2 7⇥ 10�3 5⇥ 10�4 2⇥ 10�4

Cascade via (15), (17) 6⇥ 10�2 1⇥ 10�2 3⇥ 10�4 4⇥ 10�5

Standard LS via (9) 1⇥ 10�1 8⇥ 10�2 1⇥ 10�2 3⇥ 10�3

TABLE II
SNR LOSS

p = 1
2 p = 1

4 p = 1
8 p = 1

16

MF via (10), (12) 6.9 dB 5.4 dB 1.3 dB 0.3 dB
MMF via (10), (13) 7.9 dB 6.9 dB 5.4 dB 4.5 dB

Cascade via (15), (17) 6.0 dB 4.7 dB 1.6 dB 0.7 dB
Standard LS via (9) 4.0 dB 3.4 dB 1.5 dB 0.8 dB

to maintain nominal resolution [25]) for a less constrained LS
problem.

Using the same parameters as the previous example, the fil-
ter responses using (13) and (10) for three randomly generated
waveforms are shown in Fig. 3. Diagonal loading is not used
because it has been observed to increase the mismatch metric
of (8). The filter outputs match more closely as the modulation
index decreases. The range sidelobes are also much lower than
those obtained with the previous approach. Per Tables I and II
(second row) the SNR loss values and mismatch metric values
are both greater than those obtained for the MF approach.
The difference between the two approaches in terms of the
SNR loss and mismatch metric is more pronounced for the
modulation index values p =

1
8 and p =

1
16 . The numerical

results suggest that the range sidelobes can be reduced at the
expense of an increased mismatch metric (i.e. increased range
sidelobe modulation) and SNR loss.

For completeness, Tables I and II (bottom row) also provide
the SNR loss and mismatch metric for the case in which
standard LS mismatched filter from (9) is used. When the
standard mismatched filter is used, the “beamspoiling” ap-
proach described in [20], [23] is also employed to prevent an
undesirable super-resolution condition [25]. Diagonal loading
is used with � = 0.1, which minimizes the mismatch metric.
It is observed in Table I that the mismatch metric values are
greater than those obtained for the MMF approach, especially
for p =

1
8 and p =

1
16 the mismatch metric values are

significantly greater. According to Table II the SNR loss values
are lower than those obtained for the MMF approach while
they are higher/lower than those obtained for the MF approach
for p =

1
8 and 1

16 / p =

1
2 and 1

4 .

C. Cascade of Matched Filter and Mismatch Filter

As previously stated, the two goals in pulse-agile receive
filter design are to maximize the similarity among the filter
responses and to minimize the range sidelobes. Now consider
the case where these two goals are decoupled by a cascade
of two receive filters in series. The first filter (MF approach)
improves the similarity of the filter responses while the second
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Fig. 3. Filter responses using (13) and (10) for three randomly generated
waveforms (top) and close-up view (bottom) for p = 1

4 and p = 1
16 .

filter (MMF approach) subsequently reduces the sidelobes. The
motivation here is driven by the success of the MF approach
using (10) and (12) to produce good similarity among the filter
responses.

The first filter has length- eN1 and is computed for each
waveform si from (10) with the MF common response yMF

from (12) as

bhCMF,i =
�
AH

i Ai + �I
��1

AH
i yMF, (15)

where Ai is (

eN1 + NcK � 1) ⇥ eN1. The output of the first
filter is the length-( eN1 +NcK � 1) vector

ri = Ai
bhCMF,i. (16)

Using ri, now construct another delay-shift matrix similar to
(7) denoted as Bi, which has dimensionality (

eN2 +

eN1 +

NcK � 2) ⇥ eN2 for eN2 the length of the second filter. The
second filter is then computed based on the MMF approach
from (10) as

bhCMMF,i =
�
BH

i Bi + �I
��1

BH
i yCMMF, (17)

where the common filter response yCMMF is

yCMMF = Br

h�
BH

r Br + �I
��1

BH
r yMF,main

i
, (18)

yMF,main is defined in (14), and Br is the delay-shift matrix
constructed from yMF in (12) (the output of the first filter for
the base radar waveform). Given that the output of the first
filter for each waveform satisfies ri ⇡ yMF, the design of the
second common response can be based directly on yMF.

The cascade filtering approach for waveform si can be
represented by a single filter bhC,i of length eN1+

eN2�1, which
is simply the convolution of bhCMF,i and bhCMMF,i. A fair
comparison between this cascade approach and the previously
described approaches requires the (total) filter lengths to be
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Fig. 4. Filter responses using (15) and (17) for three randomly generated
waveforms (top) and close-up view (bottom) for p = 1

4 and p = 1
16 .

the same; accordingly, we set eN =

eN1 +
eN2 � 1. In addition,

each filter is constrained to be no shorter that the length of its
input so eN1 � NK and eN2 � eN1 + NK � 1, which imply
(

eN �NK)/2 + 1 � eN1 � NK.
The filter lengths used for simulation results are eN1 = 384

and eN2 = 641. Diagonal loading of � = 0.25 is used in both
(17) and (18) to reduce the mismatch metric value. Diagonal
loading also raises the range sidelobe level at the output of
the second filter, so the value � = 0.25 is chosen judiciously
to balance between the mismatch metric performance and the
range sidelobe level. All other parameters are the same as
those used previously. The filter responses using (15) and
(17) for three randomly generated waveforms are shown in
Fig. 4. The range sidelobes are reduced compared to the
MF approach, while they are higher than those obtained with
the MMF approach. According to Table I (third row) the
mismatch metric values observed are lower/higher than they
are with the MMF/MF approach for p =

1
8 and p =

1
16 . It

can therefore be concluded that the cascade filtering approach
provides a further trade off between coherence among the filter
responses and reduced range sidelobes. Per Table II (third
row) the SNR loss values for the cascade approach are smaller
than/comparable to those observed for the MMF/MF approach.

IV. CONCLUSIONS

Receive filter design to mitigate RSM is addressed for
the CPM-based communication-embedded radar framework
introduced in a companion paper. Design methods focus on the
realization of a common filter response and exploit the inherent
commonality among the radar/communication waveforms. The
simulation results show that coherence across pulse compres-
sion responses of different waveforms can be enhanced, and
thus RSM reduced, as a trade-off for higher range sidelobes.
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