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a b s t r a c t

Due to the large volume of requests and the need to speed up the provision of services, production
companies are migrating from a single service center to distributed centers. To support this migration,
it is necessary to make intelligence decisions that benefit from automatic design of search algorithms.
Considering these, this paper addresses the distributed hybrid flow shop scheduling problem with
multiprocessor tasks (DHFSP-MT) as an extension of the hybrid flow shop scheduling problem with
multiprocessor tasks (HFSP-MT) to minimize the maximum completion time among distributed
factories. To provide effective decision support, we apply a novel framework called conditional
markov chain search (CMCS) to automate the generation of heuristics, which is presented for the
first time in the distributed shop scheduling problem to the best of our knowledge. We express
the HFSP-MT as a markov decision process (MDP) and solve it through a hybrid Q-learning-local
search algorithm. By using the characteristics of the problem under study, we introduce two new
concepts, weight and impact, which are used to develop an initial construction algorithm and two local
search methods. To balance jobs between factories at runtime, we propose a load balancing method,
which transfers selected jobs from certain source factories to destination factories. We compare the
proposed CMCS with two state-of-the-art metaheuristic algorithms from the literature using publicly
available benchmark instances. The computational results show that the proposed CMCS provides
better performance than that of the existing algorithms on solving the considered DHFSP-MT.

© 2023 Elsevier B.V. All rights reserved.
1. Introduction

With a highly globalized economy, a large number of manufac-
uring companies nowadays are utilizing the production capacity
n multi-location lines to meet the complex needs of customers
nd to deal with uncertain markets. Besides, distribution of com-
utational jobs across multiple, autonomous processing units,
uch as heterogeneous distributed computing systems [1] and
igh-performance computing data centers [2], is expected to
vercome the limitations of traditional centralized processing. In
arious scientific domains (e.g., workflow computation and parti-
le physics), large jobs are often split into smaller ones to increase
fficiency and reduce costs, and each small job is executed in a
eparate processing unit.
Hybrid Flow Shop Problem (HFSP) is a well-known shop

cheduling problem from both theoretical and practical points of
iew. With the multi-location concept, distributed processing of
omputational jobs in HFSP can be formulated as a Distributed
ybrid Flow Shop Problem (DHFSP) with practical constraints,
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such as Multiprocessor Tasks (MT). DHFSP with MT (or DHFSP-
MT) is a distributed scheduling problem, extending the HFSP with
MT (or HFSP-MT), which was first studied by Ying and Lin [3].
In DHFSP-MT, multiple factories are located in different locations
and processing of jobs within each factory is considered as an
HFSP-MT. In each HFSP-MT, jobs are processed in a series of
stages. Each stage may have more than one machine that can
work in parallel, and jobs may also be parallel in some stages,
requiring more than one machine. The extensive applications
of using DHFSP-MT in different environments of computer sys-
tems such as real-time machine-vision systems [4] or production
systems such as semiconductor manufacturing with more than
one wafer fab [3] have led to a lot of recent research efforts to
develop suitable solutions for solving the problem. Fig. 1 depicts
the schematic diagram of a DHFSP-MT. As can be seen, two phases
are considered for scheduling. In Phase I, a set of jobs is assigned
to the dispatcher in a list, and the dispatcher distributes the jobs
among the factories based on a strategy. In Phase II, each factory
has a queue of jobs to be processed as HFSP-MT. In this phase,
the dispatcher can migrate jobs between factories to optimize the
objective function. In this paper, we aim at designing, for DHFSP-

MT, an effective scheduler that exploits the potential of multiple
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Fig. 1. A Distributed Hybrid Flow Shop Problem (DHFSP) with Multiprocessor Tasks (MT).
roduction lines to bring benefits such as reduction of the overall
roduction period (or job completion time).
For DHFSP-MT, however, in addition to job sequencing in

ach traditional single factory, there is a need for Load Balancing
LBA) [5] among multiple factories in the distributed environ-
ent. LBA refers to the distribution of workload in the factories

n order to optimize the efficiency of the resources of each fac-
ory and also to speed up the response time to the customer.
t avoids situations where some factories are processing a sig-
ificant amount of workload and others are processing a small
mount of workload. LBA is critical to balance the workloads as
art of the scheduling process. In the problem under study, we
onsider LBA for both Phase I and Phase II of Fig. 1, which is done
y the dispatcher.

.1. Objectives of this paper

Recently, algorithms based on interaction with the environ-
ent have been presented to improve the behavior of the al-
orithms in complex combinatorial optimization problems. In
articular, reinforcement learning algorithms have been devel-
ped to solve some distributed shop scheduling problems [6–10].
lthough these efforts were to make algorithms more intelligent
nd reduce human intervention in decision making, further steps
re needed to inject artificial intelligence into the distributed
hop scheduling problems. The development of automated algo-
ithm design could be the next step in this research field. For
xample, the presence of a human expert for tuning the devel-
ped algorithms is one of the major concerns from researchers,
nd getting rid of such manual work and entrusting it to the
omputer will help to explore a larger scope of algorithms [11].
herefore, considering the learning of algorithmic components to
he realization of automated algorithm design in the distributed
hop scheduling problem will offer an attractive step toward
umping from low-level algorithms to high-level ones.

Furthermore, as it is clear from the literature, there is no rule
or the realization of LBA in Phase II in the studied problems,
xcept for the random-based rules. Therefore, developing more
ntelligent solutions for Phase II of LBA during runtime is consid-
red as a research gap yet to be filled. Motivated by providing
2

methods to solve the above issues, the present paper studies
DHFSP-MT to minimize the maximum job completion time or
makespan.

1.2. Our contributions

The main contributions of this paper are listed below:

• To the best of our knowledge, this is the first attempt to
inject automated search algorithm into a distributed shop
scheduling problem. For this purpose, we apply the Condi-
tional Markov Chain Search (CMCS) framework.

• We introduce a new concept, called Weight, by using the
characteristics of the problem under study to cover the LBA
in Phase II and tackle random-based selecting and migrat-
ing jobs between factories during runtime. Moreover, we
define another new concept, called impact, so that we can
prioritize jobs by determining the impact of jobs at different
stages. Determining the impact of jobs is variable and can be
changed by using a coefficient.

• We formulate the HFSP-MT as a Markov Decision Process
(MDP), and introduce a hybrid Q-learning-local search ap-
proach for constructing intra-factory solutions.

• We develop a heuristic method to get an initial solution
and introduce two new local search algorithms to produce
improved solutions.

• We conduct a comprehensive set of experiments on well-
known instances from the literature. Comparing the ob-
tained results with those of two state-of-the-art algorithms
shows that our method improves the performance than that
of the compared algorithms.

1.3. Structure of the paper

The remainder of the paper is organized as follows. Section 2
reviews recent literatures about HFSP-MT and DHFSP-MT. Sec-
tion 3 establishes the mathematical model for DHFSP-MT, defines
the weight and impact concepts, and briefly introduces the CMCS
framework. Section 4 describes the components of the framework
in detail. Section 5 presents the results of the computational
experiments. Finally, Section 6 concludes the paper and discusses
some future works.
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. Literature review

Many researchers have studied HFSP-MT in the last two
ecades. Almost all of them offered solutions to minimize the
akespan, which is considered an effective metric for customer
atisfaction. The tabu search algorithm (TS) has been proposed to
olve the problem [12] along with several heuristics and meta-
euristics such as particle swarm optimization (PSO) [13], iter-
ted greedy (IG) heuristic [14], parallel greedy algorithm (PGA)
15], simulated annealing (SA) algorithm [16], hybrid immune
lgorithm (HIA) [17], immune algorithm (IA) [18], discrete fire-
ly algorithm (DFA) [19], ant colony optimization (ACO) [20],
nd memetic algorithm (MA) [21]. These algorithms, by making
hanges in the parameters or operators of the algorithm un-
er study or by proposing rules (such as dispatching rules) or
andom-based methods, were able to introduce job sequencing
nd scheduling solutions in the single-factory setting.
To solve the problem of scheduling in DHFSP and Distributed

low shop Problem (DFSP), ordering jobs according to one or
ore rules and dispatching them among factories is one of

he activities that helps to have an efficient LBA in Phase I.
n the literature, a three-step method has been presented in
hich a new assignment rule is used in [22]. However, in the
resented hybrid enhanced discrete fruit optimization algorithm
HEDFOA), a random-based process was proposed for Phase II
BA. Sharing jobs between factories based on efficient rules was
mphasized in [23] as the initial solution. The presented method
n the study solved the problem under IG’s framework. They
sed two methods to LBA in Phase II, called Insertion_between
nd Swap_between, both of which balanced the processing ca-
acity of factories based on the random concept. In the same
ay, a multi-local search-based general variable neighborhood
earch (MGVNS) in [24], a cooperative coevolution algorithm
y combining the estimation of distribution algorithm (EDA)
nd IG in [25], a population-based iterated greedy algorithm
PBIG) in [26,27], an evolution strategy algorithm in [28], a water
ave optimization algorithm with problem-specific knowledge
KWWO) in [29], a cooperative memetic algorithm with feedback
CMAF) in [30], and an efficient iterated greedy (EIG) in [31].
oreover, Li et al. [32] proposed a discrete artificial bee colony
lgorithm (DABC), Shao et al. [33] developed a heuristic-based
pproach, Khare and Agrawal [34] used a combination of har-
is hawks optimization (HHO) and IG, Cai et al. [35] proposed
dynamic shuffled frog-leaping algorithm (DSFLA), and Shao

t al. [36] presented a multi-objective evolutionary algorithm
ased on multiple neighborhoods local search (MOEA-LS). It is
orth mentioning that LBA can play an important role in the
uality of solutions and, of course, reducing the computation
ime. None of the above works could introduce any methods
ther than randomly for the realization of efficient LBA in Phase
I in terms of selecting a job from the source factory and placing
he job in the destination factory. In other words, which job to
hoose from which factory to move is a question that has not
een clearly answered.
An investigation of the literature reveals papers that have

olved both Phases I and II of LBA by offering random-based so-
utions. In this regard, a hybrid brain storm optimization (HBSO)
lgorithm was presented by [37]. Although the proposed algo-
ithm used some procedures such as k-means and crossover to
how its efficiency, HBSO’s basis has been based on random in
he two mentioned phases. By presenting a shuffled frog-leaping
lgorithm with memeplex grouping (MGSFLA), Lei and Wang [38]
onsidered the utilizing of random-based methods for both above
hases. Besides, Li et al. [39] presented a discrete artificial bee
olony algorithm (DABC), Ying and Lin [3] developed a self-tuning
terated greedy (SIG) algorithm, and Cai et al. [40] presented
3

a new shuffled frog-leaping algorithm with memeplex quality
(MQSFLA). Moreover, Phase II has not been given much atten-
tion in other distributed shop problems such as scheduling in
distributed hybrid (or flexible) job shop problem (DHJSP) [41,42]
like the research introduced above.

In summary, we can draw several conclusions from the lit-
erature review. First, many metaheuristics have led researchers
to spend time on explaining how a metaheuristic works, and
multiple operators and terms have led to less understanding for
new researchers in this field. Second, several heuristics have been
proposed to prevent a metaheuristic from falling into a local
optimum. In other words, getting stuck in a local optimum is
a problem that exists in metaheuristics, and to find the global
optimal solution, researchers have developed other heuristics in
addition to implementing the structure of each metaheuristic.
Lastly, although some steps have been taken for LBA Phase I,
effective solutions for LBA Phase II is considered a research gap.
Motivated by providing methods to solve each of the above issues,
the present paper uses CMCS as a single-point metaheuristic and
develops few concepts and methods to cover the research gap.

3. Preliminaries

In this section, we first formally describe the problem under
study. Then, we present two newly developed weight and impact
concepts. Finally, we briefly introduce the modern framework of
CMCS, which is used in our solution.

3.1. Problem statement

The DHFSP-MT under study consists of u homogeneous facto-
ries F =

⋃u
f=1

{
Ff

}
in which each factory Ff ∈ F is an HFSP-MT

that is located in a different location. There k stages in each HFSP-
MT, where the ith stage si, where 1 ≤ i ≤ k, consists of mi
identical and parallel machines (or processors). The minimum
number of machines at any stage is one. In DHFSP-MT, n jobs J =⋃n

j=1{Jj} with MT must be distributed into F for processing. Job
Jj at stage si takes sizeij (≤ mi) identical machines simultaneously
for pij unit of time. Here, sizeij denotes the number of tasks of Jj to
be processed at si. Let Cf represent the makespan (or completion
time) of the processing of the last job of a job sequence seqf (a
subset of J ) distributed to Ff − over a deterministic processing
time. The objective function of a schedule S is the minimization
of the overall makespan and can be denoted as Eq. (1):

C(S) = max
f=1,2,...,u

Cf (1)

Thus, three decisions are made for each job Jj ∈ J : (1)
in which factory Ff will the job Jj be processed, (2) to which
machine/machines the task/tasks of a job should be assigned at
each stage si in the factory Ff , and (3) when will the start time
of the processing of Jj at si in Ff (stijf ) and the completion time
of the processing of Jj at si in Ff (ctijf ) be? For this purpose, the
task/tasks must be assigned to the machine/machines at a stage si
of a factory Ff so that the processing can be done. The objective is
to assign a job to a suitable factory and determine the sequence of
processing for the jobs assigned to the factory in such a way that
the maximum completion time among all factories is minimized.

To solve the problem, we make the following assumptions on
machines and jobs: The number of machines in each stage and the
number of stages in all factories in F are the same. Each machine
processes only one task at a time and interruption during the
processing is not allowed. The size and processing time of J are
fixed during the runtime. The setup time and ready time for each
Jj ∈ J are considered zero. A list of notations along with their
descriptions is given in Table 1.
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Table 1
List of notations and descriptions.
Notation Description

n Number of jobs
k Number of stages
u Number of factories
j Indexes for jobs
i Indexes for stages
f Indexes for factories
J Set for jobs
F Set for factories
Jj The job with index j
Ff The factory with index f
si The i th stage
mi Number of machines at si
sizeij Number of machines needed for processing Jj at si
pij Processing time of Jj at si
seqf The set of jobs assigned into Ff
Cf The maximum completion time of seqf
S A schedule for processing the jobs J in F
C(S), Cmax The maximum completion time of the jobs J among all

factories
pof The processing orders of the jobs at s1 of Ff
stijf The start time of the processing of Jj at si in Ff
ctijf The completion time of the processing of Jj at si in Ff

As stated, the problem under study was studied for the first
ime by Ying and Lin [3], which gives the formal mathematical
odel related to DHFSP-MT. In the following, a simple example

s presented to further explain the problem.

xample. Consider a DHFSP-MT in which n = 10, k = 2,
u = 3, m1 = 4, m2 = 2, and the data are given in Table 2. A
feasible schedule S for the problem is given in Fig. 2. According
o the figure, seq1 = {J4, J1, J7}, seq2 = {J5, J2, J10, J8}, and seq3 =

{J9, J3, J6}. It can be observed that C1 = 18, C2 = 23, C3 = 30, and
as result C(S) = 30.

3.2. Defining weight and impact

Considering the characteristics of jobs and specifications of
machines, we introduce a concept called weight, which can be
used in both Phase I and Phase II of LBA to have a proper function.
Also, we will introduce a concept called impact, which refers to
the impact of jobs in different stages. These novel concepts are
used in this paper to determine the sequencing of a schedule.

Definition 1 (wij). Eq. (2) defines the weight of a job Jj at stage si.

wij =
sizeij
mi

+
pij
pi

(2)

where pi = max{pij|j = 1, 2, . . . , n} and denotes the largest unit
f time among all jobs of J at si. For instance, for J1 at s1 in the

illustrated Example in Section 3.1, we have w11 = 2/4+2/10 = 0.7.

Definition 2 (wj). Eq. (3) defines the total weight of a job Jj in all
k stages.

wj =

k∑
i=1

wij (3)

In the Example, w11 = 0.7 and w12 = 1.7. Therefore, we have
w1 = 0.7 + 1.7 = 2.4.

Definition 3 (ij). Eq. (4) defines the impact of a job Jj in all k
stages.

i = i + αi + α2
i + · · · + αk−1

i (4)
j i=1,j i=2,j i=3,j i=k,j

4

Table 2
Data for the Example.
J 1 2 3 4 5 6 7 8 9 10

p1j 2 3 4 3 3 1 4 10 8 4
size1j 2 1 3 4 2 2 4 2 3 3
p2j 6 3 8 9 9 7 2 5 7 6
size2j 2 1 2 1 1 2 1 2 2 2

where ii,j refers to the obtained value after applying the min–max
normalization method on wij, and α is an exponentially decaying
coefficient (0 ≤ α ≤ 1) that can be placed in each stage si>1 to
btain the impact based on its distance from the first stage s1.

In Eq. (4), we say ij has a far-sighted impact if α is closer to
ne and has a short-sighted impact if it is closer to zero. If far-
ighted, the closer the stages are to sk, the greater the impact on
ij. Conversely, if short-sighted, the closer the stages are to sk, the
ess the impact on ij.

It can be seen in the literature that sizeij, pij, or their mul-
iplication are used to produce the rule/rules. However, such
haracteristics for each task cannot be used against the charac-
eristics of other tasks or mi to measure the number of resources
sed by a task compared to other tasks. Therefore, we introduced
efinitions 1 and 2 in order to have new criteria for realistic
alculations in each stage.

.3. Conditional Markov Chain Search

Nowadays, reducing human intervention in parameterization
o algorithms and designing a mechanism for the presence of
omputers in parameterization has been considered. On the other
and, the variety of metaheuristics makes it difficult to choose
ne of them to solve a problem, and the development of heuristics
utside the metaheuristic framework can help algorithms to be
ser-friendly. In this regard, Karapetyan et al. [43] developed a
owerful tool called Conditional Markov Chain Search (CMCS) to
utomate the generation of heuristics through an offline learning
anner called configuration. CMCS is a single-point metaheuristic
ased on the basic concept of algorithmic component and each
omponent is taken as a black box. In CMCS, a pool of components
s used to solve the problem and each component is independent
nd stateless and has its internal logic. For example, a mutator
Mut) or a hill climber (HC) can be considered a component.
f H is the component pool and h1 and h2 are the only two
omponents in the pool (i.e,. h1, h2 ∈ H), then |H| indicates
he number of components in the components pool, which is 2.
omponents are not executed in sequence, but the logic of se-
ecting components of the pool is based on numerical parameters
hat can be accessed in transition matrices. Hence, there are two
ransition matrices, Msucc and M fail in CMCS, and the size of both
atrices is |H| × |H|. The former shows the option/options to
elect the component/components by the control mechanism if
he current component succeeds in improving the solution, while
he latter shows the component/components to select otherwise.
hus, the component that must be selected after each of the
uccess or failure conditions in improving the solution of the
urrent component can be extracted in these two matrices. Since
he problem under study is not probabilistic, the matrices contain
eterministic data (zeros and ones). The pseudocode of CMCS is
hown in Algorithm 1.
In CMCS, configuration is an automatic process performed to

he next component selection in both matrices. It is the goal
f this framework to realize automated configuration instead of
and-designing a metaheuristic. To start solving a problem, we
eed to set a configuration. For this purpose, we need to have
raining instances, which can be the benchmark instances. Then
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Fig. 2. The gantt chart of a feasible schedule for the Example.
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ach candidate configuration runs on the training instance based
n the termination condition. A candidate configuration is shown
n Fig. 3 which is related to combinations of elements of two
atrices. Afterward, the performance of various candidate con-

igurations is evaluated on training instances and the candidate
onfiguration that has the greatest impact on performance is
elected to use in running Algorithm 1. In the figure, if the content
f the second row was [1, 0] instead of [0, 1], it can be expected
hat a new candidate would be created whose performance will
e measured. Therefore, in the configuration, we are expecting it
o learn the most successful sequence of the components.

After the configuration, it is the turn for Algorithm 1 to exe-
ute. Suppose Mut and HC are two components, so {Mut,HC} ∈

, and |H| = 2. Consider a condition, in which the elements
f Msucc and M fail are given according to Fig. 3 and C (S0) = 20
or an initial schedule S0. In this case, it can be interpreted as
ollows: the algorithm starts with an initial solution that can be
enerated randomly or by a construction heuristic. Initializations
re performed in lines #1 and #2. In the algorithm, h is used to
ontrol the index of each row of the two matrices and Hh(Si−1)
s a function to produce solution by the component with index
. Since h = 1, Mut takes the output of the initial solution S0
s the input and modifies the current solution as the output, and
e assume that the produced solution is S1 and C (S1) = 18. If the

objective function obtained from the execution of Mut is better
than the best objective function found so far, the next component
for execution is extracted from Msucc (here, HC will be executed).
Otherwise, it finds the next component to execute from M fail

(here, Mut will be executed). RouletteWheel() is a fitness function-
based selection mechanism that chooses a component in Msucc or

fail uniformly at random. In the algorithm, terminateCond is the
ermination condition, which can be the total number of allowed
terations, an execution time limit, or some user-defined criteria.

Although there are other popular approaches such as MCHH
44], irace [45], and confStream [46] for automated algorithm
onfiguration in the literature, however, receiving feedback dur-
ng the search process by the candidate components is one of
he outstanding features of CMCS, which leads to improvement
f the solution quality. In other words, in the configuration, it
arametrizes the components in two transition matrices Msucc

nd M fail so that its performance during the search process is
anaged by these two matrices. This effectively avoids sequential
onfiguration. In addition, its support for solving determinis-
ic and non-deterministic problems and ranking the objective
unction values make this framework amenable for solving the
roblem under study. More details about CMCS can be found
n [43,47].

. Proposed method

This section first deals with how to represent a solution to
he problem. It then discusses how to create the initial solution
s CMCS’s input parameter. Finally, the components of CMCS are
resented in detail.

.1. Solution representation

How to represent the solution is one of the most important
ecisions made when developing algorithms. This can prevent

he algorithm from weakening, especially in large-scaled and

6

complex problems, and help improve the quality and perfor-
mance of the scheduler. In DHFSP-MT, the distribution of jobs
to factories F and the proper sequencing of jobs in each factory
Ff ∈ F are two important topics that must be considered in the
representation. Permutation-based encoding is the best choice for
problems whose variables are discrete and numerical, and at the
same time, there should be no repetition of jobs in representation,
which has been widely used in the literature [48–51]. Due to the
nature of the problem, it is possible to determine the sequence
of tasks at stage s1, and for each subsequent stage si, where
i ≥ 2, the sequence could be determined using the concept of list
cheduling [52–54] to decode the solutions. It means, as jobs of J
re available at time zero, a permutation of jobs should be used at
1. But for other stages, the jobs are scheduled based on the FIFO
ule, in which the jobs are sorted in non-decreasing order based
n their completion time at the previous stage in a new list and
hen the jobs of the new list are assigned to the machines at the
urrent stage and so on.
Let S = [po1, po2, po3, C1, C2, C3, Cmax] denote a schedule for

ur example in Section 3.1. Here, po1, po2, and po3 represent the
rocessing orders of the jobs at the first stage of F1, F2, and F3,
espectively. Further, C1, C2, and C3 represent the makespan of
obs at the three factories according to the sequences of po1, po2,
nd po3, respectively, which are unknown at the beginning of the
chedule. Lastly, Cmax represents the overall makespan of the jobs,
s defined in Eq. (1). The schedule for Fig. 2 can thus be denoted
s follows: S = [[4, 1, 7] , [5, 2, 10, 8] , [9, 3, 6] , 18, 23, 30, 30].
Regarding allocating machines to the list at si where i ≥ 2,

there is a point worth mentioning. Let ctijf and stijf denote the
completion time and start time of the processing of job Jj ∈ J at
stage si in factory Ff ∈ F , respectively. Suppose pok = [Jj, Jj′ , Jj′′ ]
s the processing order of three jobs of {Jj, Jj′ , Jj′′} ∈ J at s1 in
schedule S and ct1jf ≤ ct1j′f ≤ ct1j′′f . In this case, according

to what can be deduced from the list scheduling algorithms, one
may expect that st2jf ≤ st2j′f ≤ st2j′′f . However, in some cases it
may be that st2j′′f < st2j′f . For example, in the schedule of Fig. 2,
we have ct141 < ct111 < ct171 but st241 < st271 < st211. This
is because size21 is bigger than the available free machine and
p27 ≤ ct241 − ct171, so J7 was processed earlier than J1. This is
known as backfilling in the scheduling literature [55,56]. In this
paper, all the list jobs that are placed after the current assigned
job to the machine/machines are examined to see if backfilling is
possible to avoid the idleness of machines.

4.2. Initial solution

In Algorithm 1, the initial solution is considered as an input
to CMCS, which can play a significant role in speeding up the
convergence. Therefore, it is important to start with a reasonably
good initial solution.

Given that the set of jobs J must be distributed among the
members of F , a Phase I LBA approach should be viewed to
achieve a suitable schedule. To that end, we propose a Three List
Scheduling Construction (3LSC) algorithm based on the concepts
of constructive heuristics. The 3LSC algorithm uses three priority
lists, each of which follows a certain logic to arrange the order
of jobs in the list. The general idea is to calculate the objective
function of each list after it is constructed, and then consider the
list with the least makespan as the initial solution. The algorithm
of 3LSC is shown in Algorithm 2.
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In Algorithm 2, the overall idea is to make three lists one
y one. Therefore, in lines #2 to #5, a schedule is generated
ased on Definition 1; in lines #7 to #11, a schedule is generated
ased on Definition 2; and in lines #12 to #19, two lists are
enerated based on the concept of impact, which was described
n Definition 3. Next, the list is sorted in increasing/decreasing
rder of the weight/impact, and then is assigned to F to get
schedule (and the schedule length). For instance, for L1, after
omputing the weight w1j for a job in line #3 and appending
he job to the list in line #4, L1 is sorted in line #5. In the
nd, the list is considered as the input of an algorithm called
istribution Method based on Makespan (DMM) to obtain the
esired schedule (line #6). A similar process is performed for L2
nd S2. But about L3 as an innovation of this paper, it is a bit
ifferent. In L3 preparation, after calculating ij for all jobs (in
ine #13), the jobs will be sorted in ascending and descending
rder of ij in lines #15 and #17, respectively. After applying DMM
o compute the objective function, the order that leads to the
inimum objective function is considered as the output of L3

line #19). After all three schedules are obtained and makespan
s specified, on line #20, the schedule with the lowest makespan
s selected as the output of 3LSC.

DMM, an LBA in Phase I as shown in Algorithm 3, tries to keep
he length of the schedule to a minimum. The logic of DMM is that
 s

7

t greedily assigns jobs to factories based on processing time. At
irst in line #1, the processing order of jobs (pof ) in S is empty and
s the algorithm proceeds each pof will be filled. The outer while-
oop is repeated as long as there is a job in list L. In line #3, the
irst job j in L is removed. Then, greedily in the inner while-loop,
will be assigned to all factories temporarily and the makespan
f them will be computed in line #7. In line #10, the minimum
akespan is identified among all factories, and j is definitively
ssigned to the factory with the lowest makespan in line #11.
nce the order of jobs in all the factories has been determined,
t is considered as a schedule, and makespan is calculated in line
12.
The proposed 3LSC algorithm is a fast, dedicated heuristic that

omputes three schedules by considering the weight/impact of
obs. To assign the jobs to the factories, it uses DMM as an LBA
ethod to minimize the schedule length. Finally, one of the three
chedules that minimize the makespan is selected as the initial
olution of CMCS.

.2.1. Time complexity
To analyze the time complexity, suppose the number of jobs,

umber of stages, and number of factories are n, k, and u, re-
pectively. The time complexity of 3LSC algorithm is composed
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of three parts to produce the solutions of S1, S2, and S3, each of
hich needs to execute DMM. It is easy to find that the time
omplexity of DMM is O(nu). Lines #2 to #6 need to run to
roduce S1. The first for-loop in line #2 iterates n time. Thus, it
akes O(n) time. Since the sort method in line #5 takes O(n log n)
ime, the complexity to produce S1 is O (n log n + nu). Lines #7 to
11 are executed to produce S2, and the time complexity of those
ines is similar to lines #2 to #6. Clearly, the time complexity
f lines #12 to #16 is O (nk + n log n + nu) and the line #18
s O(nu). The other lines take constant time. Thus, the overall
ime complexity of the 3LSC algorithm is as follows: O (3LSC) =

(n log n + nu + nk).

.3. Components

This subsection will describe in detail the components of
MCS. In this paper, we present three components, which are
-Learning-based Component, Load Balancer Component, and
lassical Operator Component for the component pool, i.e., |H| =

.

.3.1. Q-Learning-based component
The use of machine learning algorithms in scheduling prob-

ems has been considered in order to extract rules from the char-
cteristics of the problem. Their flexibility in adjusting the pa-
ameters of the model has led them to be used instead of heuris-
ic algorithms as fixed structure methods. Among the types of
achine learning algorithms, reinforcement learning algorithms,
s self-adaptive approach for sequential decision problems, can
earn appropriate solutions through interaction with the envi-
onment [57]. Methods based on reinforcement learning such
s dynamic programming, monte carlo, and temporal difference
an provide a map in the environment without prior knowl-
dge and a fixed model of the environment. The three men-
ioned methods can be classified based on two important fea-
ures: model-based and model-free. While dynamic programming
8

elongs to the category of model-based method, the other two
elong to the category of model-free method. Since the envi-
onment model is not needed in model-free methods and the
ptimal/near-optimal solution can be obtained through a number
f experiments, monte carlo and temporal difference are more
opular for complex scheduling problems. Between the two, tem-
oral difference learning has distinctive features such as sampling
nd bootstrapping, which have advantages such as low variance
nd online updating of estimates. Temporal difference learn-
ng has a number of fundamental methods such as Q-Learning,
tate–action–reward–state–action (SARSA), and R-learning, each
f which has advantages and is used for specific environments.
e refer to the literature for details of these mentioned con-

epts [58,59]. Because Q-learning takes the shortest path and has
higher convergence speed, we use it in the present work.
Q-Learning (QL) is an off-policy algorithm that updates its

nowledge based on a trial-and-error approach [60]. QL works in
n environment that is model-free and explores the environment
ith an action selection method like ε-greedy to balance between
xploration and exploitation. In QL, the learning is based on
n action-value function (Q-table) that specifies the expected
erformance for performing a specific action a in a specific state
. The core of the algorithm is the iteratively updating of the pair
s, a) in Q-table based on the Bellman Equation in which each pair
as its own Q-value. Details of QL can be found in [59].
The first step to solving a problem with QL is to formulate it

nder the Markov Decision Process (MDP). MDPs provide a math-
matical framework for modeling decision-making in situations
here the results are partially random and partially under the
ontrol of a decision maker. In other words, MDP is a model for
uccessive decisions whose results are uncertain. One property
f MDP is that the next state depends only on the current state
nd the decision maker’s action, but not those of the previous
tates. Since DHFSP-MT includes HFSP-MT in each factory, if we
ould attribute HFSP-MT to MDP, the problem under study can
e solved with QL. To that end, we observe that the beginning
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f the processing at stage si is related to the order of jobs at the
nd of the processing at stage si−1 and likewise, the order of jobs
t the beginning of the processing at si+1 is related to the end of
he processing at si. In other words, in any factory, the processing
rder of jobs at si+1 is only related to si and not related to si−1. To
urther explain, let pok = [Jj, Jj′ ], m1 = 2, size1j = 1, size1j′ = 1,
p1j = 2, and p1j′ = 1. If st1jk = st1j′k = 0, then, the jobs order at
he end of s1 will be [Jj′ , Jj] because ct1j′k < ct1jk. At s2, if m2 = 2,
ize2j = 1, size2j′ = 1, and p2j′ ≫ p2j, then ct2j′k > ct2jk and as
esult, the jobs order at the end of s2 will be [Jj, Jj′ ]. In addition,
what was stated about backfilling in Section 4.1 also strengthens
this property.

We can now formulate HFSP-MT as a QL problem, with the
following representations:

• Agent: The agent perceives and interacts with the envi-
ronment to achieve its goals. In DHFSP-MT, one agent is
assigned to work on each factory Ff that is HFSP-MT. There-
fore, a multi-agent system is used to solve the problem, in
which each agent is a QL algorithm.

• States: The state space S = {s1, . . . , sN} is defined as a finite
set of states that the HFSP-MT can be in, where N = k
is the size of the state space. A state is defined as a tuple
<stage, job> in which every job will transfer to the next
stage after choosing action/actions according to sizeij in a
particular state. Therefore, s1 = ⟨s1,J ⟩.

• Action: The action space A = {a1, . . . , aK } is a set of finite
actions that can be performed in a particular state. Each
state has a particular action space, so the number action
spaces is equal to N . In a particular state, each of the parallel
machines in that state is considered as an action. Thus, for
s1, we have K = m1.

• Policy: Policy π is considered as a guide to the agent that
specifies what action the agent is allowed to take in different
states. Therefore, there are different policies in each state,
where each of them can be shown by π sx . The goal in QL is
to access the optimal policy π∗

= [π s1 , . . . , π sN
]. Here, π∗

refers to a sequence of policies, indicating which π sx should
be taken in each of the states.

• Reward: The reward R is the set of immediate feedback we
call reward r that is kept after the evaluation of each policy
π . This study uses 1/Cf as the reward r for a policy π . For
each π sx , rsx is considered, which is the reciprocal of the
completion time of the factory under π sx .

Initially, as the QL-based method is a component of CMCS and
we named it Q-Learning-based Component (QLC), it gets pox as
the input sequence. The Q-table will fill based on S×A → R. This
s the reason to obtain the quality of each combination as a real
umber. The pseudo-code of the proposed QL-based algorithm is
etailed in Algorithm 4.
Algorithm 4 takes an initial solution in the search space, Q (a

-table of state–action values), timestamp, and episodeTerminate
s inputs. The timestamp with an integer value is related to
he innovation added to this algorithm and episodeTerminate is
quivalent to the maximum training session or episode. α and
are learning rate and discount factor, respectively. In each
hile-loop, the agent explores the environment to enhance its
nowledge which is represented by Q-values. Each iteration of
he for-loop in line #2 processes one state of S in which different
olicies are created. In the same way, in the for-loop in line
3, the acquisition of knowledge is based on actions. It takes
very action based on ε-greedy which is a specific instance of
oft-policy to try different actions. If ε = 0.1, it selects the
ptimal action in a state with a probability of 0.9 based on current
stimates at time t , and on the other hand, it uses a set of non-

ptimal actions with a probability of 0.1. Therefore, in line #4,

9

by observing st , an action at is selected with the ε-greedy policy.
Then, in line #5, after performing the action at , the reward rst and
he next state st+1 will be observed. Finally, the value of Q will
e updated for st and the action at in line #6.
One of the flaws in QL is that the size of the Q-table gradually

ncreases with the environment complexity and it could take a
ong time to learn the environment. For this reason, techniques
ike Deep QL were used for complex problems [7,61]. This paper
ries to find near-optimal solutions by combining elite selection
nd neighborhood search and adding it to QL. Therefore, we can
all this component a hybrid Q-learning-local search approach.
or this purpose, it uses a variable called timestamp. The purpose
f the timestamp is to apply the found policies to the environ-
ent in certain periods so that it can find the best policies in each
eriod. Although the convergence to π∗ will eventually occur,
t may require a long run. Based on this, after satisfying the
ondition in line #7 and taking into account the values of Q, the
xtracted policies are performed in line #8.
It was shown in [50] that to minimize the schedule length,

ifferent schedules can be produced and segmented according to
few rules. When a particular segment of schedules is compared,
t can be seen that one has performed better than the others. The
eveloped QL-local search approach was inspired by it and as-
umed that each π sx is a processing order for a pof and a suitable
et of elites can be obtained by separating the best policies from
he view of rsx and combining them. This is the logic of the for-
oop in lines #9 and #12. A classical swap mutator has been used
n line #15 in which two actions are selected randomly and then
wapped. Finally, in line #16, findBestSolution() is responsible
or finding the highest-quality policy, which is considered as the
utput of this hybrid QL algorithm.
In this multi-agent system, the agents work in parallel and af-

er they are all done, the solution provided by them is considered
s the output of this component.

.3.1.1. Time complexity. Let a and s be the total number of ac-
ions and states, respectively. The for-loop in line #2 takes O(as)
ime. The time complexity of the if-condition in line #7 is O(q +

log v), where q is Q length and v is the time requires for-
oop in line #9 to execute. Typically, the if-condition term is less
han the for-loop term in line #2. Therefore, the while-loop takes
(eas) time, where e is episodeTerminate repeat time. Obviously,
he other functions are less than the time complexity of the
hile-loop. Hence, the overall time complexity of QLC is O(eas).

4.3.2. Load Balancer Component
Load balancing in a distributed environment is a major tech-

nique that can be used to reduce makespan. Two points are
important to balance the loads among factories to achieve the
scheduling objective. First, designing a rule to identify factories
that are not in balance (i.e., under-loaded or over-loaded). Sec-
ond, creating a rule to identify and move jobs in over-loaded
factories to under-loaded ones. The goal of the proposed rules is
to reduce overload and increase machine utilization in factories.
After the initial assignment of the jobs to the factories by DMM,
in this component, the load balancing status of the environment
is investigated.

Load Balancer Component (LBC) gets a solution as input. Then,
for each Ff ∈ F , it computes wj of jobs that are assigned to them.
After summing the weights of the assigned jobs in each factory
(swFf =

∑
j∈pof

wj) and calculating the average weight of all the

actories (w =

∑u
f=1 swFf

u ), the factories are divided into three
categories of under-loaded, balanced, and over-loaded based on
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F

w. On this basis, the categorization of each factory Ff is decided
y Eq. (5) as follows.

f is

⎧⎨⎩
underloaded, if swFf < w

overloaded, if swFf > w

balanced, otherwise
(5)

This categorization solves the first point mentioned above,
and the process is depicted in lines #2 to #5 of Algorithm 5. To
illustrate the idea, consider Fig. 2 of the Example. At F1, po1 =

[J4, J1, J7] in which in each iteration of for-loop in line #2, wj is
calculated: w4 = 2.8, w1 = 2.4, w7 = 2.1. Then we will calculate
swF1 , that is swF1 = 7.3. Similarly, the total weights for the
other two factories that can be calculated as follows: swF2 = 9.7,
swF3 = 8.9. Thus the average weight is given by w = 8.6.
In line #5, the factories are placed in two categories: under-
loaded (uList) and over-loaded (oList). In this situation, according
to Eq. (5), F1 is under-loaded, and F2 and F3 are over-loaded.

The second point is realized in lines #6 to #13 of Algorithm 5.
The main idea is to bring under-loaded and over-loaded factories
closer to balance by reducing jobs that have a high weight from
oList and transferring them to uList . To prevent under-loaded
factories from becoming over-loaded during this transfer, job/jobs
may also need to be transferred from under-loaded factories to
over-loaded ones. In other words, jobs should be exchanged be-
tween the two factories. Obtaining the difference in the weight of
the jobs in both factories to understand the impact in approaching
the balance is the method used to identify the jobs. For further
10
explanation, the discussion continues in Fig. 2. After executing the
sorting method in line #6, we get oList = [F3, F2] and uList = [F1].
Therefore, uSelected = F1 and oSelected = F2 based on lines #7
and #8. In line #11, wj of each job of the factory in oSelected is
subtracted from wj of each job of the factory in uSelected and the
result is stored in tempList . For example, w5 − w4 = 2.3 − 2.8 =

−0.5; w5 − w1 = 2.3 − 2.4 = −0.1; w5 − w7 = 2.3 − 2.1 = 0.2.
By executing line #12, it can be seen that 1.0 is the largest value,
which is due to J7 from F1 and J8 from F2. Thus, the two jobs are
exchanged in the two factories. The comment on line #12 states
that the last member is not always selected and sometimes the
penultimate member is also selected. The selection of the last
member is with probability of 2/3 and the other with probability
of 1/3. The comment on line #7 applies to uList and with the
opposite logic of line #8. The comment on line #12 states that two
jobs whose weight difference has the largest value may not be
the only pair to be exchanged. Sometimes the jobs related to the
two or three largest values will also be exchanged. This is because
the Classical Operator Component (which will be presented in
Section 4.3.3) has a random structure and may result in the
factory weights that are very unbalanced. In this case, more than
one job needs to be exchanged.

LBC benefits from three Local Search algorithms, namely, Block
Search, Machine-based Search, and Weight-based Search, to fur-
ther improve the solutions generated after the exchange. It is
worth mentioning that two local search algorithms (Machine-
based Search and Weight-based Search) are innovations of this
paper. The Local Search method in line #14 is a procedure that



H. Gholami and H. Sun Knowledge-Based Systems 264 (2023) 110309

a
s
s
i
s
H
i
I
p
c
m
L

t
W
t
m

4
p
r
o
o
s
s
d
l
s
t

selects the best solution from the three algorithms. Each algo-
rithm produces a variety of solutions based on a different logic
from the other algorithms. For each solution S that is considered
s input of the Local Search method, each algorithm is executed
eparately for each of the pof in Ff ∈ F to optimize the previous
chedule. In other words, each algorithm is considered as an
nter-scheduler. The success of each algorithm in providing a
uitable solution may vary depending on the problem instance.
ence, an algorithm in one instance may not be effective, but
n another instance, it optimizes the objective function well.
n addition, algorithms are structured in such a way that they
roduce different solutions. The solutions of each algorithm are
ompared with each other and the algorithm that provides the
ost appropriate solution is considered as output solution of the
ocal Search method.
The output of LBC is the best solution found during the execu-

ion of the outer loop until the termination condition is satisfied.
e used the maximum iteration number as termination condi-

ion (LBC-itr). In the following, each algorithm of the Local Search
ethod will be described.

.3.2.1. Block Search. Block Search (BS) is a neighborhood search
rocedure that was presented in [21]. Its general concept is to
andomly select two or more jobs and consider them as a block
f jobs. It then moves the block in the sequence of jobs one by
ne between the jobs to create multiple neighbors. It records the
equences that are not able to improve the solution in a tabu list
o that it does not use them in future searches. Note that we
o not use tabu list in this paper. The reason is because tabu
ist is developed for use in meta-heuristic algorithms to solve
ingle-factory problems. However, due to the different nature of
he problem under study, the use of a tabu list was omitted.
11
Therefore, in this local search algorithm, there is a nested loop
which is repeated by a while-loop. The maximum number of
repetitions of the while-loop is the number of factories. The
outer-loop of the nested loop will be repeated BS-itr times while
the inner-loop will be repeated based on the number of assigned
jobs to a factory.

4.3.2.2. Machine-based Search. Inspired by the divide-and-
conquer algorithm and based on sizeij, Machine-based Search
(MS) provides a suitable local search solution for each Ff . The
general logic of MS is that it tries to put together those jobs whose
total number of required machines is less than or equal to m1
and by creating different permutations, it can create a priority in
jobs. In other words, it focuses on sizeij and tries to shorten the
length of the schedule by putting jobs together in such a way
that reduces the idle time of the machines at each time unit. MS
has four steps: Divide, Pair finding, Combine, and Eliminate. Its
structure is given in Algorithm 6.

MS gets a solution and tries to improve the schedule of each
member of F as follows: for an Ff ∈ F , in the Divide step, pof is
broken down into sublists as long as each sublist contains a job
(line #4). Then, in the Pair finding step, it tries to create sublists
whose total number of required machines is less than or equal
to m1, considering the number of machines required for each Jj
(size1j). The sublists are stored in a table, called the PF-table, to
be used in the Combine step. The PF-table has two columns and
the number of rows is equal to the length of pof . Each row of the
first column contains one job of the list while each row of the
second column contains all sublists related to the job of the first
column. Table 2 depicts the PF-table for F2 (or po2) in the example
of Fig. 2, in which po2 = [J5, J2, J10, J8]. Sincem1 = 4, it is expected
that the total number of required machines in each sublist will be
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at most 4. For J5 in the first row, there are two sublists of [J5, J2]
and [J5, J8]. In general, each sublist [Jj, Jj1 , Jj2 , . . . , Jjs ] that contains
s + 1 jobs should satisfy Eq. (6) below:

sizeij +
js∑

j′=j1

sizeij′ ≤ mi (6)

where j is the index of the job in the first column of the table
centered on which the sublists are created, and [j1, j2, . . . , js]
enote the indices for a subset of other jobs available in the list.
ote that j′ can be null or contain more than one job.
As size15 = 2, the Pair finding step tries to find one or more

uitable job/jobs for J5 that could satisfy Eq. (5). Accordingly, J5
as examined with other jobs, of which only two jobs J2 and J8

ulfilled this condition (size15 + size12 ≤ m1 and size15 + size18 ≤

m1). Now suppose size18 = 1. In this case, the sublist [J5, J2, J8]
was expected to be one of the sublists formed for J5 as well,
because size15 + size12 + size18 ≤ m1. It is worth noting that the
minimum length of the sublist can be one, i.e. it contains only one
job. For example, suppose size15 = 4, in which case the second
column for J5 would be [J5], because size15 ≤ m1.

After creating the PF-table in the Pair finding step, it is time to
run the repeat-until-loop of the MS algorithm (lines #6 to #12).
In the Combine step, a row of the PF-table is selected at random.
Then, a sublist is randomly selected in the row. The selected
sublist is added to a new list, which is initialized to be an empty
list. This process continues from among the unselected rows until
all the rows have been selected. At the end of the Combine
step, we have a new list of jobs. But, there may be duplicate
jobs in this list. Therefore, the list must be traversed from the
beginning to remove duplicate jobs. The process of eliminating
duplicate jobs is done in the Eliminate step. In the end, the new
list is considered as a schedule and will be assigned to F ∈ F .
f
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Table 3
The PF-table related to F2 of Fig. 2.
Column 1 Column 2

J5 [J5] , [J5, J2] , [J5, J8]
J2 [J2] , [J2, J5] , [J2, J10] , [J2, J8]
J10 [J10] , [J10, J2]
J8 [J8] , [J8, J5] , [J8, J2]

The repeat-until-loop is iterated MS-itr times as a termination
condition.

For more explanation of the two last steps, consider Table 3
again. Suppose the order of randomly generated row indices is
3, 4, 2, and 1. It means that, at first, the 3rd row related to
J10 is selected, then, the 4th row related to J8 is selected, and
so on. If the selected sublists related to each row are [J10, J2],
J8, J5], [J2, J8], and [J5, J2], respectively, the new list created after
he Combine step is potemp = [[J10, J2] , [J8, J5] , [J2, J8] , [J5, J2]].
ccording to what was described, the new list after applying
liminate step will be as follows: [[J10, J2] , [J8, J5] , [, ], [, ]] and
e have potemp = [J10, J2, J8, J5]. After computing the schedule

ength, the obtained makespan is compared to the best makespan
ver found (lines #9 to #11) and the list and the makespan will be
ecorded on the output solution (line #13). This process is done
or all members of F to form the output solution. Finally, Cmax is
calculated according to Eq. (1) (line #14).

4.3.2.3. Weight-based Search. By focusing on weight, a Weight-
based Search (WS) makes it possible to identify jobs that comple-
ment each other at all stages while minimizing machine idle time
at each stage. The evaluation the weight wij of the jobs showed
that although the weight of Jj ∈ J is low at si, it may be high
t si+1. If the order of jobs in pof is ascending or descending on
he basis of weights for all stages, there will be more idle time
or the machines, and it will lead to an increase in the length of
he makespan. In other words, jobs may not match together for
ll stages. This can be observed in Fig. 4, which shows the Gantt
hart of F1 in the example of Fig. 2 in the condition where the
obs are sorted according to w1j and in descending order. It can
e seen that this schedule has led to an increase in makespan: in
ig. 2, the length of the schedule was 18, while now it is 22.
Thus, the idea behind this algorithm is to find a pair of jobs,

here the first job has low-weight at stage si and high-weight at
tage si+1, and the second job is the opposite, i.e., has high-weight
t si and low-weight at si+1. Then, the two jobs will be assigned in
of as two consecutive jobs. The general structure of the proposed
S algorithm is depicted in Algorithm 7.
First, the weight wij for each job at each stage is calculated and

he weights are kept separately in a list called Li for each stage si
line #6). In order to classify the jobs into two categories of high-
eight and low-weight jobs, the average weights of jobs available

n Li are calculated (it is named avgi) and the jobs are divided
nto two categories based on avgi. Therefore, after calculating the
vgi in line #7, the jobs that are greater or equal than avgi are in
ategory Lgi and less than avgi are in category Lli (line #8 and #9).
Afterward, the algorithm generates a new sequence of jobs

potemp) to improve the input sequence pof . In particular, several
ew sequences will be generated by the repeat-until-loop (lines
10 to #30) until the termination condition of WS-itr is met.
he identification of a pair of jobs that complement each other
s done in the while-loop (lines #12 to #25). In each iteration
f the while-loop, three conditions are considered, and if one of
hem is not fulfilled, the loop terminates. The first condition is
he maximum number of iterations, which is twice the number of
obs in J . This condition can be considered as an input parameter
f the algorithm. It should be noted that members of Lgi and Lli
ill be reduced if a pair of jobs is found. Hence, one or both of
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Fig. 4. New schedule Gantt chart for F1 in the example of Fig. 2 based on w1j .
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Fig. 5. Illustration of WS algorithm.

hem may become empty at any stage before the first condition
s met, from which it will not be possible to select a task (the
lgorithm encounters a logical error). Therefore, the other two
onditions consider the lengths of Lgi and Lli. Then, two jobs jg and
l are randomly selected from Lg1 and Ll1, respectively (lines #13
nd #14). The two selected jobs in the inner repeat-until-loop
lines #15 to #21) are examined until the last stage so that jg
s in the even stages in Ll, and in the odd stages in Lg . Similarly, jl
s in the even stages in Lg , and in the odd stages in Ll. If the stated
onditions are not violated by the last stage, the two selected jobs
ill be considered as a pair and will be appended to potemp in line
23 and they are subsequently removed from Lg1 and Ll1 so that
hey will not be included in the next selections (line #24). After
he conditions of the while-loop condition are met, the number
f jobs in potemp is compared to that in pof , and jobs that are not
n potemp are transferred from pof to it (line #26). This is because
ome jobs may not be appended to potemp as members of any pair,
.e., they are not complimentary at all stages.

Fig. 5 gives an example of WS. Suppose pof = [j4, j5, j1, j2, j3, j6]
nd k = 4. In this case, there will be four lists, L1, L2, L3, and
4, to record wij. As stated, w1j will be kept in L1. In the figure,
vgi is shown with a red line and Lgi and Lli are separated by
he red line. The numbers inside each list indicate the index of
ach job. For the first iteration of the while-loop in the example,
g = j1(blue color) and jl = j4(green color) are selected. Therefore,
t can be seen that both jobs have the stated condition for
omplementarity, that is, they appear alternatively in Lgi and Lli
cross even and odd stages, and the new list is represented by
otemp = [j1, j4, ?, ?, ?, ?]. If another pair of jobs cannot be added
o potemp, other jobs are randomly placed instead of each of the
ymbols of ?. For example, potemp = [j1, j4, j6, j5, j2, j3] may be a

chedule. o

13
.3.2.4. Time complexity. To analyze the time complexity of Algo-
ithm 5, it is clear that the repeat-until loop is divided into two
ain parts: lines #2 to #13 and line #14 in which the three stated

ocal searches are executed sequencly. In the first part, the worst
ime includes loops of lines #2 and #3, which is O(un), while
n other lines, the worst time is O(n). Regarding the first local
earch of Block Search, it is easy to see that the time complexity
s O(utbn), where tb is BS-itr. Regarding the Machine-based Search
n Algorithm 6, we see that it applies four steps (Divide step,
air finding step, Combine step, and Eliminate step). In order to
nalyze the time complexity of Algorithm 6, it is observable that
he time complexity of Pair finding step and Combine step is
(n2), while the time complexities of Divide step and Eliminate
tep are O(n) and O(n log n), respectively. The repeat-until loop
akes O(trn2) time because the time complexity of Combine step is
ore than others in this loop, where tr represents the termination
ondition of the repeat-until loop. Totally, the time complexity
f Algorithm 6 is O(ftrn2), where f is the number of factories
n the for-loop. Regarding Algorithm 7, the main loop iterates f
imes. The main loop contains two parts of for-loop in line #4 and
epeat-until loop in line #10. The time complexity of the first part
s O(kn) and the time complexity of the second part is O(tukn),
here tu is the time of repeat-until-loop in line #10. Therefore,
ime complexity of this algorithm is O(ftukn). Hence, the overall
ime complexity of Algorithm 5 is O(utbn + ftrn2

+ ftukn).

.3.3. Classical Operator Component
Since the problem we consider in this paper is an NP-hard

roblem [3], the problem space cannot be fully and efficiently
xplored. QLC and LBC as presented in the preceding sections
re two components that explore the problem space in a rule-
ased manner. The Classical Operator Component (COC), unlike
he other two components, tries to construct the solution with the
elp of random exploration. In this way, one can hope to reach
nknown spaces that are otherwise unexplored by rule-based
pproaches. Two-point Crossover (TC) and Hill Climber (HC) are
wo algorithms used in this component. While TC is used to
onstruct an inter-factory solution, HC is used for an intra-factory
ne. Both algorithms are briefly explained below.
TC works with two strategies. In the first strategy, two fac-

ories Ff and Ff ′ with the smallest and largest makespan are se-
ected. Then, two positions in pof and pof ′ are randomly selected
nd the jobs between those two positions are exchanged in the
wo factories. The second strategy is similar to the first strategy,
ith the difference that Ff and Ff ′ are also randomly selected.
HC, in contrast, is applied to each factory Ff ∈ F . It selects a job

n pof in a random position x and moves the job to other positions
+1, x+2, or x−1, and x−2. Of course, the number of selected
obs depends on the number of jobs in pof . If the number of
obs is more than 20, two jobs will be selected. Iteration number

f the HC is considered as the termination criteria, that is, the
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pof length. In addition, COC will be repeated COC-itr times. The
general structure of COC is given in Algorithm 8. The COC would
take O(tun) time, where t is COC-itr and n is the number of jobs
n po .
f

14
5. Experimental results

In this section, we first evaluate the performance of the pro-
posed components of the CMCS framework and then compare it
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Fig. 6. Transition matrices of CMCS on small instances.
with start-of-the-art algorithms. Finally, we perform a sensitivity
analysis of the algorithm.

5.1. Benchmark instances

We use the benchmark instances developed by Ying and
in [3], which can be accessed in http://swlin.cgu.edu.tw/data/
HFSP.zip, for evaluating the performance of the algorithms. The
enchmark consists of both small and large sets with a total
umber of 570 instances that are categorized into 57 groups
i.e., 10 instances per group). Each group is characterized by n
obs, k stages, and u factories. The small set has n ∈ {5, 10} , k ∈

2, 5} , u ∈ {2, 3, 4}, and the large set has n ∈ {20, 50, 100} , k ∈

{2, 5, 8} , u ∈ {2, 3, 4, 5, 6}. Therefore, there are 12 small groups
(hence 120 small instances) and 45 large groups (hence 450 large
instances). In this paper, for ease of presentation, each group
is represented as n/k/u. For example, 5/2/4 represents a small
roup with n = 5 jobs, k = 2 stages, and u = 4 factories, and
here are 10 instances in the group. The average makespan of the
nstances of each group is used for comparison.

.2. CMCS configuration

In order to automate the configuration of Msucc and M fail,
hich is the goal of CMCS, a training instance set is required. For
raining, five instances from each small group and five instances
rom each large group were selected at random. Hence, the train-
ng data set included 60 small instances and 225 large instances.
he termination condition of each component and the two local
earch methods are as follows: episodeTerminate (Algorithm 4),
BC-itr (Algorithm 5), and COC-iter (Algorithm 8) = k × u ×

0; MS-itr (Algorithm 6) and WS-itr (Algorithm 7) for small
nstances = 100; MS-itr and WS-itr for large instances = 200.
ince the problem under study is deterministic, we restrict CMCS
o the deterministic case, i.e., we have one non-zero element
n each row of the transition matrices. To generate a candidate
onfiguration, one component of the pool is selected randomly
s the start component, then the order of other components is
hosen randomly until all possible combinations are formed. This
rocess was done for all components such that they are the first
elected component to start with. Each feasible configuration is
15
Fig. 7. CMCS configuration trained on small instances.

evaluated on the training instances. The time budget given to
each candidate configuration is as follows: 0.2 × n × k (sec).

The transition matrices related to the best performing CMCS
configurations for small and large instances are shown in Figs. 6
and 8. Also, to graphically represent the matrices in both instance
sizes, we expressed them through automata, which are illustrated
in Fig. 7 and Fig. 9. In these automata, each node represents a
component of the components pool, and each arc corresponds to
a transition. Also, blue arcs indicate the success of the last execu-
tion of a component while the red correspond to the unsuccessful
transitions. Since the proposed CMCS turns into a deterministic
control mechanism, the automata have at most one outgoing
success arc and one outgoing failure arc for each component.

It is easy to explain small instances according to Figs. 6 and 7.
CMCS chose to use two components from the pool. The configu-
ration focuses on LBC as long as it improves the solution. This
may be due to the quality of neighborhood search algorithms
and the strategy used for LBA. In case of failure in improvement,
it refers to QLC so that it can use the QL capabilities. QLC also
refers to LBC in both cases of success or failure. What is evident
is that CMCS decided not to use COC during the training process.
This is because the success of COC was very small and LBC and
QLC were able to achieve satisfactory results by interacting with
each other. To conclude, we can see that the algorithm repeatedly
applies LBC until it fails, then applies QLC, and then returns to LBC
disregarding the success or failure of QLC.

According to Figs. 8 and 9, the configuration of large instances
is a bit more complicated than the small ones, but it is inter-
pretable. All three components in the pool were used here. LBC
and QLC have good cooperation to improve the solution or reach
the local minimum. When each of them improves the solution,
they refer to the other for a deeper search. But the presence of
both is notable in times of failure, which is referring to COC.
This is because COC is applied to diversify the search based on a
random manner. If COC succeeds, it returns to LBC and otherwise
to QLC.

What can be understood from the configuration on small and
large instances is that in the first step, LBC is selected. Also, LBC
is the first choice of other components after improvement. This
shows the effectiveness of the logic presented for LBA and also
the neighborhood searches introduced in it.

The behavior of CMCS with the three developed components
is considerable from one point of view, regardless of the above
explanations. CMCS plans to use the components without any
prior knowledge, which is the nature of automated algorithm
configuration. When it is faced with the problem/problems, it

considers a component or some components unnecessary after

http://swlin.cgu.edu.tw/data/DHFSP.zip
http://swlin.cgu.edu.tw/data/DHFSP.zip
http://swlin.cgu.edu.tw/data/DHFSP.zip
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Fig. 8. Transition matrices of CMCS on large instances.
Fig. 9. CMCS configuration trained on large instances.

raining and does not use the component/components during
he solving of the problem/problems. In addition, the quality of
ach component is also important. It can be expected that the
uality of the solution by the generated configuration is better
han human-designed metaheuristics, because the use or non-use
f the components as well as the order of their use is completely
mpartial and based on the existing conditions.

.3. Comparison to state-of-the-art

The proposed CMCS is compared against two metaheuristic-
ased approaches, namely, SIG and DSFLA, which are presented
y Ying and Lin [3] and Cai et al. [35], respectively.

• SIG uses an adaptive cocktail decoding mechanism to adjust
probabilities of decoding rules dynamically. In the initial
step of SIG, it uses a rule to assign priority to each job
and assigns jobs to factories based on a makespan-based
greedy approach. Then it selects a job from a factory with
the largest makespan and moves the job to a factory with
the lowest makespan.

• DSFLA uses a dynamic search strategy based on two-point
crossover to enhance the search process and increase the
resource utilization. It also introduces a dynamic multi-
ple neighborhood search that takes advantage of roulette
selection.

The proposed algorithms in this paper were coded in Java,
nd the experiments were run on a Windows machine with an
ntel(R) Core(TM) i7 and 8 GB RAM. To make a fair comparison,
e used same the termination condition for CMCS as was used

n [3,35], which is 0.15 × n × k (sec), where n is the number
f jobs, and k is the number of stages. CMCS was run five times
ndependently for each instance and the best result was recorded.

The results of the three algorithms in terms of the objective
unction (makespan) by problem size are reported in Tables 4 and
. As shown in Table 4, the two-component CMCS configuration
mproved one of 12 best-known makespan in small groups (as
ighlighted in bold). In 11 cases, it recorded results similar to SIG
nd in 10 cases similar to DSFLA.
 o

16
Table 4
Comparison results of CMCS, DSFLA, and SIG on small instances.
n/k/u SIG DSFLA CMCS n/k/u SIG DSFLA CMCS

5/2/2 16.7 16.7 16.7 10/2/2 29.2 29.2 29.2
5/2/3 16.5 16.5 16.5 10/2/3 20.0 20.0 20.0
5/2/4 15.7 15.7 15.7 10/2/4 19.0 19.0 19.0
5/5/2 34.8 34.8 34.7 10/5/2 44.9 45.1 44.9
5/5/3 35.5 35.5 35.5 10/5/3 40.8 40.8 40.8
5/5/4 34.9 34.9 34.9 10/5/4 35.8 35.8 35.8

Table 5
Comparison results of CMCS, DSFLA, and SIG on large instances.
n/k/u SIG DSFLA CMCS n/k/u SIG DSFLA CMCS

20/2/2 47.1 47.1 47.1 50/5/5 67.2 67.2 66.3
20/2/3 36.2 36.2 36.2 50/5/6 61.5 61.2 60.6
20/2/4 29.0 29.1 29.0 50/8/2 162.4 162.5 162.1
20/2/5 21.8 21.9 21.6 50/8/3 120.3 120.2 116.6
20/2/6 20.2 20.2 19.5 50/8/4 102.1 101.8 99.6
20/5/2 70.6 70.7 70.6 50/8/5 89.5 89.7 89.3
20/5/3 53.8 54.2 52.9 50/8/6 82.1 81.7 80.6
20/5/4 46.0 46.1 45.2 100/2/2 225.6 224.9 224.9
20/5/5 42.4 42.4 41.7 100/2/3 146.3 145.4 145.1
20/5/6 40.7 40.6 38.9 100/2/4 118.6 118.1 117.1
20/8/2 89.0 89.4 88.8 100/2/5 93.2 92.6 92.0
20/8/3 74.1 74.3 73.4 100/2/6 76.0 75.4 75.1
20/8/4 66.7 66.7 65.6 100/5/2 267.5 267.5 265.7
20/8/5 62.7 62.6 59.9 100/5/3 187.5 187.3 184.2
20/8/6 60.4 60.5 57.9 100/5/4 141.8 141.4 139.1
50/2/2 114.9 114.6 114.6 100/5/5 112.3 112.3 106.5
50/2/3 81.1 81.2 80.9 100/5/6 93.9 92.8 86.2
50/2/4 63.6 63.5 63.4 100/8/2 290.2 289.4 288.5
50/2/5 47.6 47.8 47.5 100/8/3 199.4 199.3 195.6
50/2/6 39.0 39.2 38.7 100/8/4 166.0 166.2 164.1
50/5/2 147.8 147.7 147.6 100/8/5 140.7 140.8 137.9
50/5/3 103.5 103.5 102.3 100/8/6 121.4 121.2 117.9
50/5/4 75.6 75.3 74.1

In large groups, the number of improved makespan was very
significant as shown in Table 5. CMCS with the three-component
configuration outperforms the other two algorithms in 39 out of
45 cases (as highlighted in bold). In the remaining six cases, the
results of the three algorithms are similar in three cases, in one
case, CMCS is better than DSFLA and in two cases, it is better than
SIG. Also, in these six cases, the number of jobs or the number of
factories is relatively small. In other words, as the number of jobs
or factories increases, the performance benefit of the developed
components becomes more prominent.

Overall, CMCS was able to improve the best results obtained
by the other two algorithms on 40 of 57 groups of the instances.
Also, it recorded the best results in the remaining 17 groups and
the recorded results were the same with one or both of the other
algorithms.

The efficiency of each of the three algorithms was evaluated
for the benchmark using the metric of average percentage de-
viation (PD). The PD values were calculated based on Eq. (7) as
follows:

PD =
C(S)h − LB

LB
× 100% (7)

where C(S)h denotes the makespan value obtained by each algo-
rithms of SIG, DSFLA, and CMCS, and LB represents a lower bound
n the optimal makespan presented in [35].
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Table 6
PD and percentage of improvement of CMCS over the best of DSFLA and SIG on small groups.
n/k/u PD Imp. n/k/u PD Imp.

Best of SIG&DSFLA CMCS Best of SIG&DSFLA CMCS

5/2/2 0.285 (S&D) 0.285 – 10/2/2 0.123 (S&D) 0.123 –
5/2/3 0.684 (S&D) 0.684 – 10/2/3 0.229 (S&D) 0.229 –
5/2/4 0.481 (S&D) 0.481 – 10/2/4 0.275 (S&D) 0.275 –
5/5/2 0.243 (S&D) 0.239 1.65% 10/5/2 0.188 (S) 0.188 –
5/5/3 0.320 (S&D) 0.320 – 10/5/3 0.218 (S&D) 0.218 –
5/5/4 0.274 (S&D) 0.274 – 10/5/4 0.288 (S&D) 0.288 –

Note: S=SIG, D=DSFLA, Imp.=Improvement.
i
w
T
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We also have calculated the percentage of improvements of
CMCS over the best of the two other algorithms. Both PD and
percentage of improvement of the proposed CMCS over the best
of SIG and DSFLA on small and large groups are summarized in
Tables 6 and 7, respectively. As can be seen in Table 6, CMCS
improved the result only in one case (by 1.65%), and in the rest of
the cases, there was no improvement. The PD values also indicate
that the makespan of all three algorithms is between about 10%
and 70% higher than the lower bound (or the optimal solution)
depending on the instances.

As shown in Table 7, CMCS provided improvement in almost
all cases. Apart from six cases in which no improvement was
observed, the minimum improvement was 1.61% and the max-
imum improvement was 66.12%. In comparing the average of
improvements in terms of n, the highest improvement was when
n = 100 and the lowest was in n = 20. In terms of u, the
verage of the improvement in u = 6 was the highest. Also, the
mprovement can be observed in all groups when u = 5 and

= 6. Thus, it can be seen that the amount of improvement
ncreases with the increase of n and u. The PD values also show
hat the makespan of the algorithms is now closer to the LB (or
he optimal solution), suggesting their efficacy for solving larger
roblem instances.
By observing the results of both small and large instances, it

an be seen that when the number of jobs is small, the results of
ll three algorithms are almost the same. However, as the number
f jobs increases, CMCS shows its superiority over the other two
lgorithms. This can also be observed for the number of factories.
t can be seen that with the increase in the number of factories,
MCS’s efficiency does not decrease, since a suitable strategy has
een presented for LBA. It has been observed that in the small
nstance, there was no need for COC, and LBC with its LBA strategy
nd neighborhood search was able to perform well like the other
etaheuristics. As a result, it can be concluded that the proposed
lgorithm is more effective than the other two algorithms both
n terms of generating the smallest makespan and producing the
est solution with very close makespan to LB.

.4. Sensitivity analysis

Sensitivity analysis is a common method in optimization prob-
ems to understand the effect of changes in the main parameters
f the problem. The potential fluctuations of the parameters may
ave a significant impact on the optimal solution. Hence, this
ethod can be of great help in the analytical study of changes

n input parameters in real-life situations. The focus of the com-
utational study here is to evaluate the impact of the processing
ime of a job in stages (pij) on the performance of the proposed
lgorithm. The changes are made with respect to the original
alues in the interval [−20%, 20%] with the step size of 10%.
ince the benchmark instances are divided into two categories
f small and large, one instance from the group of 10/2/3 is
hosen as an example from the small instances and one instance
rom the group of 50/5/4 is chosen as an example from the large
17
nstances. After generation of each parameter in each instance,
e solved the optimization problems using the developed CMCS.
he obtained results are given in Figs. 10 and 11.
As shown in both Figs. 10 and 11, the makespan has changed

roportionally with the change of pij (between −20% and 20% of
he original value). In other words, the use of machines at each
tage has increased as processing time of the jobs increases. This
atural tendency in the makespan indicates its high sensitivity
gainst pij changes. Interpreting these results helps decision-

makers make good decisions to improve the environment, for
example, by increasing the processing capacity of the machines
to result in a decrease in the makespan.

6. Conclusion

This paper investigated the Distributed Hybrid Flow Shop
scheduling Problem with Multiprocessor Tasks (DHFSP-MT) to
minimize the maximum completion time among the factories.
In the DHFSP-MT, each factory is a Hybrid Flow Shop scheduling
Problem with Multiprocessor Tasks (HFSP-MT). We developed a
Conditional Markov Chain Search (CMCS) framework to realize
the automated algorithm configuration in the problem under
study. Using the characteristics of the HFSP-MT, we introduced
two novel concepts of weight and impact to improve the solution.
The developed CMCS has three components: Q-Learning-based
Component (QLC), Load Balancer Component (LBC), and Classi-
cal Operator Component (COC). For the initial solution of the
CMCS, we designed a Three List Scheduling Construction (3LSC)
algorithm. In QLC, we first formulated the HFSP-MT as a Markov
Decision Process (MDP) and then introduced a hybrid Q-learning-
local search approach to find proper scheduling in each HFSP-MT.
LBC consists of two steps: applying a strategy for balancing jobs
between factories, and improving the makespan of each factory
by three local search algorithms. COC included random-based
classical methods in order to enhance the quality of obtained
solution in DHFSP-MT in both inter-factory and intra-factory
aspects.

To evaluate the performance of the developed CMCS, we used
a benchmark that was presented in the literature as a test bed.
We prepared training sets from the benchmark so that CMCS
can learn the environment automatically instead of relying on a
handcrafted design. We compared the results of CMCS on 57 in-
stance groups with the results of two state-of-the-art algorithms.
According to the results, the CMCS performs better than the two
algorithms on 40 of 57 groups of the instances, while in the
remaining groups it recorded results similar to both of them.

As a future study, we plan to employ a data mining technique
in LBC to analyze the behavior of the stated strategy for job
balancing in factories and to extract a series of recurring patterns.
In addition, due to the importance of energy consumption opti-
mization in production systems, we intend to consider DHFSP-MT
with two objectives of optimization of makespan and energy
consumption, and in addition to using a CMCS, customize the
concepts of impact and weight for the problem.
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Table 7
PD and percentage of improvement of CMCS over the best of DSFLA and SIG on large groups.
n/k/u PD Imp. n/k/u PD Imp.

Best of SIG&DSFLA CMCS Best of SIG&DSFLA CMCS

20/2/2 0.078 (S&D) 0.078 – 50/5/5 0.120 (S&D) 0.105 12.50%
20/2/3 0.068 (S&D) 0.068 – 50/5/6 0.097 (D) 0.086 11.34%
20/2/4 0.082 (S) 0.082 – 50/8/2 0.027 (S) 0.025 7.41%
20/2/5 0.147 (S) 0.137 6.80% 50/8/3 0.088 (D) 0.055 37.50%
20/2/6 0.270 (S&D) 0.226 16.30% 50/8/4 0.108 (D) 0.084 22.22%
20/5/2 0.093 (S) 0.093 4.76% 50/8/5 0.124 (S) 0.122 1.61%
20/5/3 0.180 (S) 0.160 20.69% 50/8/6 0.216 (D) 0.199 7.87%
20/5/4 0.233 (S) 0.212 11.11% 100/2/2 0.030 (D) 0.030 –
20/5/5 0.198 (S&D) 0.178 12.50% 100/2/3 0.072 (D) 0.070 2.78%
20/5/6 0.289 (D) 0.235 11.34% 100/2/4 0.035 (D) 0.026 25.71%
20/8/2 0.153 (S) 0.150 1.96% 100/2/5 0.057 (D) 0.050 12.28%
20/8/3 0.189 (S) 0.178 5.82% 100/2/6 0.053 (D) 0.049 7.55%
20/8/4 0.261 (S&D) 0.240 8.05% 100/5/2 0.028 (S&D) 0.021 25.00%
20/8/5 0.270 (D) 0.215 20.37% 100/5/3 0.027 (D) 0.010 62.96%
20/8/6 0.313 (S) 0.259 17.25% 100/5/4 0.042 (D) 0.025 40.48%
50/2/2 0.073 (D) 0.073 – 100/5/5 0.098 (S&D) 0.041 58.16%
50/2/3 0.066 (S) 0.063 4.55% 100/5/6 0.121 (D) 0.041 66.12%
50/2/4 0.050 (D) 0.048 4.00% 100/8/2 0.010 (D) 0.007 30.00%
50/2/5 0.067 (S) 0.065 2.99% 100/8/3 0.055 (D) 0.035 36.36%
50/2/6 0.102 (S) 0.093 8.82% 100/8/4 0.047 (S) 0.035 25.53%
50/5/2 0.021 (S&D) 0.020 4.76% 100/8/5 0.064 (S) 0.043 32.81%
50/5/3 0.058 (S&D) 0.046 20.69% 100/8/6 0.103 (D) 0.073 29.13%
50/5/4 0.171 (D) 0.152 11.11%

Note: S=SIG, D=DSFLA, Imp.=Improvement.
Fig. 10. Sensitivity analysis on the small instance.
Fig. 11. Sensitivity analysis on the large instance.
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