Matched. Lossless
Reciprocal Devices

As we discussed earlier, a device can be lossless or reciprocal.
In addition, we can likewise classify it as being matched.

Let's examine each of these three characteristics, and how
they relate to the scattering matrix.

Matched

A matched device is another way of saying that the input
impedance at each port is equal to Zy when all other ports are
terminated in matched loads. As a result, the reflection
coefficient of each port is zero—no signal will be come out of a
port if a signal is incident on that port (but only that port!).

In other words, we want:
Vi = SV =0  forall m

a result that occurs when:

Spym=0 for all mif matched




We find therefore that a matched device will exhibit a
scattering matrix where all diagonal elements are zero.

Therefore:
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is an example of a scattering matrix for a matched, three port
device.

Lossless

For a lossless device, all of the power that delivered fo each
device port must eventually find its way out!

In other words, power is not absorbed by the network—no
power to be converted to heat!

Recall the power incident on some port mis related to the
amplitude of the incident wave (I ) as:
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While power of the wave exiting the port is:
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Thus, the power delivered to (absorbed by) that port is the
difference of the two:
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Thus, the total power incident on an A-port device is:
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Note that:

where operator A indicates the conjugate transpose (i.e.,
Hermetian transpose) operation, so that (V' )H V* is the inner

product (i.e., dot product, or scalar product) of complex vector
V* with itself.

Thus, we can write the total power incident on the device as:

Similarly, we can express the total power of the waves exiting
our M-port network to be:
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Now, recalling that the incident and exiting wave amplitudes are
related by the scattering matrix of the device:

V=SV

Thus we find:
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Now, the total power delivered to the network is:

M
AP =S AP =P+ P
m=1

Or explicitly:
AP =Pt — P~
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where T is the identity matrix.

Q: Is there actually some point to this long, rambling, complex
presentation?

A: Absolutely! If our M-port device is lossless then the total
power exiting the device must always be equal to the total
power incident on it.



If network is lossless, then P = P~ .

Or stated another way, the total power delivered to the device
(i.e., the power absorbed by the device) must always be zero if
the device is lossless!

If network is lossless, then AP =0

Thus, we can conclude from our math that for a lossless device:

1 H
AP:E <V+) (I—SHS)V+ =0 for' Cl”v+

This is true only if:
Z-878=0 = SS=T

Thus, we can conclude that the scattering matrix of a lossless
device has the characteristic:

If a network is lossless, then S”S =T
Q: Huh? What exactly is this supposed to tell us?

A: A matrix that satisfies S”S = T is a special kind of
matrix known as a unitary matrix.



If a network is lossless, then its scattering matrix S is unitary.

Q: How do I recognize a unitary matrix if I see one?

A: The columns of a unitary matrix form an orthonormal set!

S50 S 93 S
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In other words, each column of the scattering matrix will have
a magnitude equal to one:

44 2
Y15, =1 foralln
m=1

while the inner product (i.e., dot product) of dissimilar columns
must be zero.

255 =55 +5,5, ++ 5,5, =0 forall /=

ni=nj

In other words, dissimilar columns are orthogonal.




Consider, for example, a lossless three-port device. Say a
signal is incident on port 1, and that all other ports are
terminated. The power incident on port 1 is therefore:
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while the power exiting the device at each port is:
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The total power exiting the device is therefore:

Pr=R +8B +A
= |suP R +|5 P R +|Sul* BT
= (15uF +1%1F +151F )R*

Since this device is lossless, then the incident power (only on
port 1) is equal o exiting power (i.e, - =£A"). This is true only
if:

151 + 152 F + 1Sl =1

Of course, this will likewise be true if the incident wave is
placed on any of the other ports of this lossless device:

|S12 1 + S22 F +1 5522 =1
|Si3° 4+ 1S3 +Ss3]° =1



We can state in general then that:
$ 2
YIS, =1 foralln
m=1

In other words, the columns of the scattering matrix must have
unit magnitude (a requirement of all unitary matrices). It is
apparent that this must be true for energy to be conserved.

An example of a (unitary) scattering matrix for a lossless
device is:

Reciprocal

Recall reciprocity results when we build a passive (i.e.,
unpowered) device with simple materials.

For a reciprocal network, we find that the elements of the
scattering matrix are related as:



For example, a reciprocal device will have S$,; = 5, or
S3, = S3. We can write reciprocity in matrix form as:

ST=8 if reciprocal

where T indicates (non-conjugate) transpose.

An example of a scattering matrix describing a reciprocal, but
lossy and non-matched device is:

© 010 -040 -j020 005

~0.40 0.20 0 j0.10
~j020 0 0.10-,030 -0.12
005 4010  -0.12 0

O
I





<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


