Course Notes 10 — The Discrete Fourier Transform

10.0 Introduction

10.1 Representation of Periodic Sequences — The DFS

10.2 Properties of the Discrete Fourier Series

10.3 Sampling the Fourier Transform

10.4 Fourier Representation of Finite- Duration Sequences:
The Discrete Fourier Transform

10.5 Properties of the DFT

10.6 Linear Convolution using the DFT

10-1



10.0 Introduction

In this chapter we will derive and study the Discrete Fourier Transform. The DFT is a rather
curious mathematical entity, in that it does not exist in the matrix of Fourier transformations

described below:

temporal characteristics

For the DFT we would like to Fourier transform a discrete and non-periodic time-domain
signal into a discrete and periodic (on 2zx) frequency-domain signal.

periodic

non-
periodic
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continuous

discrete & continuous &
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10.1 Representation of Periodic Sequences — The DFS

Let’s begin by considering x(n), a finite sequence such as

Lx(n)
®
* x(n)=0 for n<0and n>N
L,
1 2 3 4 N-1

and we know that DTFT {X(n)} =X (a)) 1s a continuous function of w

Next, let’s define another sequence, which we will call X(#n), to be periodic with period N, so that it
satisfies the property:

X(n)=x(n+kN) V n (where Kk is an integer)
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for example: with N=4
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Note that X(7) does not have a Fourier Transform (the sequence is not absolutely summable), or a z-
transform (the sequence does not converge). However, it does have a Fourier Series representation:

x(n)= ickej””k

k=—0
There are some important observations regarding this representation:
1. If X(n) is periodic in N, then € M@ s also periodic in N. That is:

ejnwk — ej(n+N)wk — ejna)kejNa)k

require this=1 to
, with & an integer satisfy periodicity

(i.e.,, No, =2rk)

Therefore wy = %
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2. There are only N distinct exponentials (i.e., 0, 1, ..., N—1) of the form:

-2 nk

ex(n)=¢’ ¥ for k=0,1,..,N—1

such that,
27n(0 j27mg N)
eo(n)=¢ V¥ = eyn)=e Y =1
j27zn 1 j27mg N+1) ]2_7m
qn)=e ¥ = eyy(n)=e ¥ =&V
J27m 2 j27zngN+2} ]4_7zn
em)=e YV = eypm=e NV =N
J27zn(N—1) j27zn(2N—1) Jzﬂ
ena(n)=e" N = epal)=e’ N =gV
first period second period
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Therefore,
i 27KN

N-—1
x(n)=> cce’ N
k=0

so the discrete Fourier series (DFS) needs only N complex exponential terms, rather than the infinite
number required in the continuous case.

We can recognize the dual relation between the time and frequency domains by allowing:
1 ~
Ck — W X (k)

Therefore, the DFS is

Next, lets derive an inversion formula - that is, obtain X(k) given X(n)

Use the following results:

N-1 .oun N, k=0+N,+2N.,...

J _
2" =,
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N from geometric sum formula

Also, N-1 {N a=1

Perform the following:

N-1 2w 1 N-1 __ 27n 2nr
Y v =Y =S X(k)e! v
N -1 N—1 .2n(k-r)
~ 1
=STX(K)=De!
k=0 N n=0
Consider 2 cases:
N -1 j27zn(k—|’)
L k=r —— Ze N — N
n=0
. 27(k—
N-=1 .2m(k-r) 1_eJ(Nr)'N
N _
2. k#zr —— 2 © = [EZ )
n=0 l1-e” N
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Note that & — » = integer in all cases so that in the numerator

l_ej27r(integer) —0

So these cases simply to the expression

N=1 2m(k- _
J ”"](v r) _ N, k=vr
0, k=r
n=0
Therefore, ~ N-1 __j2ank
X(k)=> x(n)e '
n=0
Fourier series coefficients
for convenience we shall define:
_ 2z
WN - / N
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So that the Fourier Series pair can be written as:

X(K)WL™,  vn

Synthesis equation

= Nt Analysis equation
X(k)=D XMW, vk YIS €4
n=0

Note: both ¥(n) and X(k) are periodic with period N.
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10.2 Properties of the Discrete Fourier Series

Most DFS properties are analogous to z-transform properties. Some important properties are

1llustrated below:

1. Shift of a Sequence

Shift in “time”

X(n—m)<=WE™X (k)

Shift in frequency
X (k—1)=Wg"%(n)

® Q.;C(n) ® ®
. I ! [ ! [ !

ifc(n—l)

| .

|

|

|
_T I ! { ]I I r .

Any shift greater than a period (i.e., M > N) cannot be distinguished from a shorter shift
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2. Symmetry Properties:

for X(n) real, X(k) is complex in general

X(k) = Xg(k)+ X1 (k)

Even real part: Odd imaginary part:
Xp(k)=Xp(=k) X (k)=—X;(=k)
= Xp(N-F) = —X;(N—k)
So that: )z(k): ‘i(k)‘ejarg{i(k)}

‘)?(k)‘ = even
arg {)? (k)}:> odd
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3. Periodic Convolution:

Given that:
= X,(k)  Period N
X,(n)= X,(k)  Period N

Then we would like to know what sequence corresponds to:

X;3(k) = X (k)- X, (k)

where: X3 (n) = Z X (k )W Jkn

for k=01,...,

N -1

We should expect some sort of convolution since multiplication in frequency corresponds to convolution

1n time:

N— N-1

MZ
Z

1
N
—
-

=
Zx

k= m=0 r=0
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_ N—l~ N—l~ 1 N-1 k( )
)= S (m)3 () & S w0
m=0 r=0 k=0

-2

using Wy = e ' N

_ﬂlm,f M h,g ...

?a :{1, r=(n-m)+/N

il sm ’HH 1. o

-]

N

]
M7
o N

1

H

—

IPIIH [ .1] ”I ni”l

Xs( )X, (n—m
[, 1‘1 . \

< i this convolution

H_/ accounts for periodicity

summing these yields —— ¥3(2)
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X(k) can be interpreted as samples on the unit circle of the z-transform of one period of ¥(n)

that is, let x(n) represent one period of X(n) . Then it has a z-transform:
N—-1
X(z)=> x(n)z™"
n=0

that 1s, x(n) 1s a finite sequence of length V.

Therefore, the z-transform of x(n) and the DFS of X(7) are related as follows:

- 27K
N

Z=¢ :W,\‘lk
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=
~

S
~

Example:

=
-
N
I
3 =
1 M7
=
~
S
N
N
||
N
[\®]
S8

after some algebra:

)Z(k) e—J*('V'—l) S'n(ﬂk M)

sm(’,{lk)

Note that this is equivalent to obtaining sample values of the z-transform (on the unit circle) of the
following sequence:

x(n)

e o € o oo — |
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Evaluate X(z) on the (continuous) Now we are discretizing the DTFT in
unit circle yields the DTFT frequency (i.e. samples on the unit circle)

that is:

X (2) =X(0) = X(o) —|e! Z-W — X (K)
2

z=el® a)=% w:%
|:1e1"'1| | I el
f\fv\[\/\f\ef\/\ I
I l ial
Lonl nenl 4 s [ ]
gy @ ¥ " -1 | iz3& 8 B TE B0 15 2e
arg [X1e] arg | Hin]

h\\u[\;\]“\lhﬂhj\\ - J_T.TH:..LFT»._LLT
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10.3 Sampling the Fourier Transform

In this section we discuss the transition from the Discrete-Fourier Series (DFS) to the Discrete
Fourier Transform (DFT).

To accomplish this we need to consider the relation between a non-periodic sequence:

x(n)< X(z)
and a periodic sequence

where X(k) corresponds to samples of X(z) on the unit circle.

We know that the finite sequence x(n) has a z-transform:

© The ROC includes the unit circle
X(z)= Z x(n)z™" <— (this condition is always met for

S— finite sequences)
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Now evaluate this z-transform around the unit circle (at N equally spaced points).

z-plane
y In this case:

27N -2 7tk

where we have allowed:

27K

wy 3

By evaluating X(z) on the unit circle, we obtain a periodic sequence in frequency

-2

X (Z)‘ z=Wk © Z X(n)WNkn = i(k) where, Wy = e N

N=—oo

But we already know the DFS for a periodic sequence to be:

N-1
~ 1 v nk
%(n)= ﬁ;))f(k)m
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Therefore, let’s investigate the relation between x(7) and X(7)

so that, X(n)= Zx(n +7N) as before, this is = 1 when m =n,
F=—00 (actually, when m = n + rN),
and zero otherwise
o0
that s, X(n)= > x(n+rN)=x(nmodulo N )= x((n))y
F'=—o0o0

10-19



where we have adopted the notation:

(nmodulo N)=>((n))y,

for example:

since ¥(n)= x((n)), . then what is x(17) with respect to X(1) ?

We know that:

x(n)=
0, otherwise
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So a convenient notation in relating these sequences is the rectangular sequence.

Note:

Ry (n)=

sothat:  x(n)= X(n)Ry(n)

1, 0<n<N-1
0, otherwise

Recall the rectangular window
/ used for FIR filter design

(truncated the infinite ideal
filter)

1. A periodic sequence is formed by overlapping successive repetitions of the non-periodic sequence.

2. Aslongas x(n) has length < N, then each period of X(n) will be a replica of x(n).

3. x(n) of length N(or less) can be represented exactly by N samples of its z-transform on the unit circle.

In summary:

X(n)= x((n))N

x(n)= X(n)Ry(n)

10-21
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These points are illustrated below:

X(w) x(n)= X(n)Ry(n)
/'\ /\ %(n)= x((m)y
Pl ®
I NS : \
v , il | x(n)

il

x(n)

~--_l[hmlﬂ|h i ﬂ” ni Il
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10.4 Fourier Representation of Finite-Duration Sequences: The Discrete
Fourier Transform (DFT)

We can now define the Discrete Fourier Transform (DFT) as an operation which takes N
samples of a discrete-time signal (sequence) and produces N samples of its Fourier transform

Of ———— ——ZZ| ¢
_1 - —— 1
_x) _ DFT 22—
N1|———— A
Time-Domain Frequency Domain
Samples Samples

Where does this operation fit in with our other frequency analysis tools?
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periodic

non-
periodic

discrete

continuous

discrete & continuous &
periodic periodic
Discrete Fourier
Fourier Series
Series (DFS)
discrete & continuous &

non-periodic

DTFT

non-periodic

Fourier
Transform

Where is the DFT?

A Fourier representation of finite duration sequences can have two equivalent interpretations:

1. x(n), X(k) are one period of X(n), X(k)

2. x(n), X(k) are related by samples of the z-transform on the unit circle. That is:

since Z{x(n)} = X(2)

and X (Z)‘

= X(w)=DTFT{x(n)}

then X(a))‘w:;ﬁk = X(k)= DFT{x(n)}
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A corresponding relation exists between the frequency domain counterparts X(k) and X(k)

We want the Fourier coefficients of the finite sequence x(7) to be a finite sequence X(k)
corresponding to one period of X(k)

From the DFS:
N-1 N-1 __
X(k)= D X(nWy", vk X(n)==3 > X (kW ", wn
n=0 k=0

all are modulo N
10-25



Which is equivalently written as follows:

N-—-1
X(k)=> x(nwWg", 0<k<N-1
n=0

This 1s the Discrete Fourier Transform (DFT) pair

x(n)<= X(k)

Always remember when using the DFT that a finite length sequence is represented
as one period of a periodic sequence.
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F
A quick review: ﬂ Traﬁnf;fml f\/{‘\xi;
0

x(n) DTFT X(F)
il' llf n i | F
0 —1 -3 0 5 1
() — X(F)
i”“lr.l” llr‘ilmlr.jﬂ[{mr | !
0 1 -5 9 5 1
DFT/FFT
x(n) | P R Xk}
i ll i
A ||h§,i] [_L,,_Tl_lltl It q |
0 0
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10.5 Properties of the DFT

1. Linearity

it x3(n)=ax;(n)+bx,(n)

then the DFT of x5(n) is

X; (k)= aX, (k)+bX, (k)

if x;(n) has length N
and x,(n) has length N,
then x5(n) has length max[N; , N,]

This implies that the shorter e
sequences must be augmented
by zeros.

This is also required in convolution
operations.

Suppose that N; > N, , then when computing the DFT
of x;(n) and X,(n):

X,(k)=D> x(mwWS, 0<k<N;-1

N; -1
Xo(k)= D % (MWL, 0<k<N;-1
n=0
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2. Periodicity
If x(n) and X(k) are an N-point DFT pair, then

x(n+N)=x(n) foralln
X(k+N)= X (k) forallk

3. Circular Symmetry of a Sequence

An N-point sequence is called circularly even if it is symmetric about the point zero on the
circle. This implies:

X(N-n)=x(n) 1<n<N-1

An N-point sequence is called circularly odd if it is antisymmetric about the point zero on
the circle.

X(N—n)=-x(n) 1<n<N-1

The time reversal of an N-point sequence is attained by reversing its samples about the point
zero on the circle:

X((=n))y =x(N-n)  0<n<N-1
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4. Circular Shift of a Sequence

A (linear) delay shift of the periodic sequence is analogous to the rotation of a circle.

|
| |
| |
That is, if: | ’ I |
| n
|

il(n)zf(n+m):x((”+m))N () .

A i

x(n)=x((n+m))y Ry (n) —




We can show that the relation between the DFT of x,(n) and the DFT of x(n) is

X, (k) =Wy "X (k)

;

circular time shift - x((n+m))N RN (n)<:>W,\_|ka(k)

circular frequency shift »X((k +¢))y Ry (k)= W x(n)

5. Symmetry Properties of the DFT

Suppose we have a sequence x(n), which is finite and,
DFT{x(n)}= X (k)
We have stated that X(k) is complex, in general. therefore

X(k) = X,.(k)+ jX;(k)

B

Re[X(k)] Im|[ X(k)]
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N-1
_ j2zkn
Since X(k):Zx(n)e TN 0<k<N-1
n=0

N-1 N-1
= Zx(n) cos(%)—j Zx(n)sin (%)
n=0 n=0 \
X, (k) X; (k)
For x(n) purely real, note that:
X, (_k): Xr(k)
Xi(=k)=-X;(k)

When x(n) is purely real, X,(k) is even and X;(k) is odd.
Similarly, when x(n) is purely imaginary, X.(k) is odd and X;(k) is even.
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If x(n) is real and even, then

Xe(n) <= X, (k)

If x(n) is real and odd, then

Xo(n)<:> jxi (k)

All the symmetry properties of the DFT can be deduced from the following:

x(n)= x; (n)+x, (n)+ jxi (n)+ jix;' (n)

X(k) = X7 (k) + X, (k) + jX; (k) + X7 (k)
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6. Circular Convolution

Convolution of two finite sequences using the DFT is a Circular Convolution, which is actually
derived from periodic convolution.

Consider two finite sequences, x,(n) and x,(n) of duration N, such that,
x1(n) < X (k)

X (n) < X5 (k)
Determine X3(n) where X5(K) is the product of the DFTs of x,(n) and x,(n),

X3(k)= X (k)- X»(k)

As usual, we can allow x5(n) to correspond to one period of >?3(n). Also, recall the following
expression for periodic convolution that we developed when studying the DFS:

N-1
%3(n)= Q%1 (m)%s (n—m)

m=0
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Therefore, since x(n)=X(n)Ry(n)

then: le X2 n— m) 'RN (n)

modulo N accounts for periodic nature
andsince:  ¥(n) = x((n))

“z_‘:xl<m>x2<<n—m>>N Ru ()

This is an N-point circular convolution, which is represented as:

x3(n)=x1(n) @ x,(n)

In conclusion, multiplication of DFTs corresponds to circular convolution in the time
domain. The dual also exists whereby the multiplication of two finite sequences is the
circular convolution of their respective DFTSs.
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As an example, consider the following processes:

N-1 N-1
= S 5 (m (- m) x3<n>=[go () xz«n—m»N]RN )

m=0

Periodic Convolution Circular Convolution

x1(n) x1(n)
Ht“H t ey IH
|1 |1
— oL I | o oL | | o — o o ¢ o o o—o—o-o—o—1
. . Xo(n) b . xo(n) 4
| | | 3
|, Tl ¢ " )
| * | || ol X * | || le I
! L I ! L I ! n —eo—0—o—0—o o—o—0—o -
X3(n) =X (n)*Xxy(n) x3(n) = x1(n) ) x,(n)
with N =4
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circular shift

x1(n)

S

1
— e 9o oo o

linear shift

S = S
N "
< = o
> o R
< = =
= 2 a8
5 b 3
— —
= = =
= N <
= =
o— [ [ & o
@oQ— [ o—
[ s *—
° o *- <
~ —~ —~
o — N
N N N
N on N
= = =
Il Il I N~
0 o~ O Q_u
Il Il I o
—_ —_ —~ —
o — N
N N N
15 15 1=
S S g
[ — — — ~— — — —
~— —— ~— — — — -— — — —
-— — — — -~ — — — | o -
*— — — — — - — — —
- - — — — ~—
*— *— [ =
-— | [ — .
*—— o— [ 2
® ® ® A
— — — ~— — — — ~— — — — —
*— — — — *— — — — — - *— —
*+— — — — — > *— — ~ *— — —
N s s
S -— — — — —| o
: - ~ ~ — — — —
b S N
15 ——— — — — — 5 e ————




X2(3-m)

. ) 'y 3(3) =9 = x3(3) ¢ | x2((3-m))4 Ra(n)
R e ; |
RN [ I : I i
Pt HENEE |
9 x3(1) 9
Tf |r08 f l8
: Ir : 7 TY 7
I | 6
P el I 6 | I
g T l ||r ) .~ o o o o T — oo o

We have established that multiplication of DFTs corresponds to circular convolution of the
sequences. However, most useful applications require linear convolution.

10-38



10.6 Linear Convolution

How can we ensure that circular convolution has the effect of a linear convolution?

Linear convolution of two sequences, each of length N is:

N-1
x3(m)= D x;(m)xy (n—m)

m=0

Note that x5(n) will be of length 2N — 1 (i.e., will have 2N — 1 possible nonzero points).

To obtain a linear convolution using the DFT, the DFT of each sequence must be computed on the basis

of 2N-1 points.

so that:

X (k)= le(n) 2N-15

N-1
X (k)= D xa(m)Wik 1,

n=0

2N-2

Zx

10-39

0<k<2N-=-2

0<k<2N-2

N 1 R2N—1( )

where W,y _4

=€

-]

2r
2N-1

which is a linear
convolution




When convolving two sequences of unequal length, for example
x (n)= N,
X (n):> N,

then:

Xl(n)* Xz(n):> Nl + NZ -1

so take the DFT based on this length. Here’s an example:

We perform a circular convolution with increasing values of N inwhichN>N; + N, -1=6is
needed to obtain the linear convolution result.
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Verify that the following results are obtained for N =4, 5, 6, 7

x1(n) @ xo(n)

’

8

'Y

6

9

x1(n) (© x2(n)

o’

x1(n) & x(n)

o9

x1(n) @ xa(n)
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Observations:

1. x(n)xx()=xM) (V) %)  for N=N;+N,-1

2. Ingeneral, if x3(n)=x;(n)*x,(n)

() @ x2<n>=[izg<n+rw>]m (n)

F=—o0o

3. In summary, performing linear convolution using the DFT requires the following steps:

* Choose N> N;+ N, -1

Make x4(n) and X,(n) be N points long by appending zeros as necessary

Compute the N-point DFTs X;(k) and X,(k), fork=0, 1, ...,N-1

Multiply X5(k) = X4(K) X,(k ), fork=0, 1, ..., N - 1

Compute N-point inverse DFT (IDFT) X;(k) to obtain x3(n).
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W=1

n'q:_:ll.'rpgnli_lpﬂ.!
I’rkli_‘u',li:l.t':u}

poant || IDFT

xjlal = xyinl
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Linear Filtering with the DFT

Consider the following case:

digital
filter

x(n)

h(n) y(n)

where x(n) is an extremely long sequence (e.g. streaming signal) and h(n) is a finite length sequence

The previous procedure will not be convenient to use due to the length of x(n). However, we can use
principles discovered in the previous procedure to implement a linear convolution operation. This
operation is known as Block Filtering.

Suppose we require the convolution of the following two sequences:

mlml -

4

Jlﬂ[@_1 : R

..IHIL,"!HHWL”M IP"-'*’IJWTW"

C‘i



There are two techniques we can use to ensure that the convolution of h(n) and x(n) is linear:
* Overlap-add technique

* Overlap-save technique

For both techniques the filter has length M and the (long) input sequence is segmented into blocks of
length L where we assume L >> M. The DFTs (and subsequent IDFTs) will be performed on blocks of
lengthN=L+M — 1.

Overlap-Add Technique

Break x(n) into L-length sections, append M — 1 zeros to each section, then compute the N-point DFT as

Xo(n)={x(0), x(@), ---, x(L-1), 0, O, ---, 0} o Xolk) k=0,1,...

M-1

x(n)

The filter impulse response is increased in length by L — 1 zeros and an N-point DFT is computed as
L-1

/—)%
h(n)={h(0), h@@), ---, h(M -1), 0,0, ---, 0} <  H(k) k=01,...

10-45
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xo(n)

v

_gﬂﬂ,.[[mmmm S— DFT Xo(k)  k=01,...,N-1
x,(n)
[HL DFT Xi(k)  k=01...N-1

CI— ! []1

v

x5 (1)

L m L DFT _ _
e ;.L-aum““n " Xp(k)  k=01..,N-1

v

Next, each set of the N-point DFTs is multiplied with the N-point DFT of the filter to obtain

Y, (k) = H (k) X,(k) k=01...,N-land /=012, ...

The IDFT of each Y, (k) therefore yields y,(n) which are then recombined as

y(n) = yo(N) + y;(n—L) + y,(N—2L) +---
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Overlap-Save Technique

In this technique, the input data is segmented into blocks of length N in which contiguous blocks
overlap M — 1 data points. Thus the input sequences are

x(n)=1{0, 0, ---, 0, x(0), x(1), ---, x(L—1)}

M-1 points

xl(n):{x\(L—M +1), -, x(L=1), (L), -+, x(2L-1)}

~ ~
M-1 data points from x,(n) L new data points
X(n)={Xx(2L—=M +1), -+, x(2L—1), X(2L), ---, X(3L-1)}  and so forth.
- ~ — hd -
M-1 data points from x,(n) L new data points
uglnl
Lottt o %) © Xok) k=01,

=]
—

i

=

“Huu*wﬂ”

j malmh

{1 - x(n) < X,k) k=0.L..

M-1, Xz(n) = Xz(k) k=0,1,

.oN-1

LN-1

,N -1



The N-point DFTs of the input sequences are multiplied with the N-point DFT of the filter to obtain

Y, (k) =H (k) X (k) k=01....,N-land ¢=0,1,2, ...

The IDFT of each \Q (k) therefore yields §,(n).

The first M — 1 terms of each output sequence are Jo(n)
discarded as they are corrupted by aliasing resulting in
s W oo
o]
(), M-1<n<N-1 /
Vk(N=M +1)= . S0
0, otherwise !

Hence, the resulting output which is the same as for q Ejﬂﬂ‘ Nt
linear convolution is

y(n)=yo(N)+y;(n—L)+y,(n—2L) +---

[=]

B—
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