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11.0 Introduction

The FFT is a class of fast computational algorithms for the DFT. Many types of FFT algorithms exist.
Why is a fast DFT needed?

Consider the complexity of the DFT (i.e., the number of multiplies and additions required)

N-1 i
X(k)= > x(mywy' 0<k<N-1
n=0

Recognize that x(n) and X(k) are complex in general, then

X (k)= 3 [Refx(m)i+ j mix(m)]- [ReWvi l+ jimfufnl] o<k <n -1

n=0
N -1

= Y [Refx(n)}- Ref |- im{x(n)}- ImW" b+ jRefx(n)m Wk b+ jim{x(n)iRefvin]] o<k <N -1

n=0
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The significance: A measure of the number of complex arithmetic operations

N N2 complex mult.
16 256
128 16,384
1,024 1,048,576
4,096 16,777,216

Therefore, we need a more efficient implementation.
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11.1 Efficient Computation of the DFT

Most FFT algorithms exploit one or both of the following properties:

o WINM — (\N k”) conjugate symmetry( e, WiN?2 = Wk) half-cycle
o WM —yyir periodicity (l.e, W :Wh‘,‘) full-cycle
w,? A

For each k and n we have:

« 4 —multiplies (2 real, 2 imag.) Wa
e 2-adds (1real, 1imag.)

So for each k there are N values of n, so

1
« 4N multiplies W, k J W’
unit phase circle

* 4N —2 adds (2N — 1 real, 2N — 1 imag.)

and for N values of k, there are

« AN2 - multinli 2 .
4N - multiplies (approx N¢) «— Thisisameasure of the
. N(4N _ 2) - adds (apprOX NZ) ComQ|EXIty of the DFT
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Example: Consider a 4-point DFT

X(0) = x(0)W,” + x(L)W,” + X

X (1) = x(OMW,” + X(L)W,' + X(2)W,* + x(3)W,’
X(2) = x(0)W,” + X()W; + x(2)W," + x(3)W,’
X(3)

Recognizing that (by symmetry):
0 2
W, =-W,;

and also that (by periodicity):
W44 — W40
W46 — W42 — _W40

W4g :W41 11-5

(2)W,” + x(3)W,

= X(OMW2 + X(WZ + X(2)W, + X(IW

12 adds &
16 multiplies
in DFT form



express all W

3)

AN — N
N = O

N

N N’

" in terms of W and W

X0+ XMW, + X(2J, + (3,

X(O )N40 + X(l)‘N41 o
(oW,

X

x(OW,’ -

X< X X

x(0)+ x
x(0)—x

X

X(IW, -

(
(
(
(

2

2+

4 +
O_
4

}‘N40 o

2

W,
2)
)
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Now draw the network flowgraph that implements this set of operations:

x(0) X(0)
A
x(2) X(D)
_ 1 W40
x(1) X(2)
Wy -1
x(3) X(3)
-1 W41 -1

This implementation requires 8 adds and 4 multiplies instead of 12 adds and 16 multiplies in DFT form.

Example: If one multiply takes 10 usec on a digital machine, the time to compute a 1024 point DFT is
(neglecting add time)

4AN? = 4(1024)" -10sec = 42 sec.
210-fold

- - reduction
The FFT requires only 2N -log,(N) multiplies

2N -log, (N )= 2(1024)10)-10sec = 0.2 sec.

This savings is dramatic and has been partly responsible for the growth and popularity of DSP.
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11.2 The Goertzel Algorithm

- Allows computation of the DFT as a linear filtering operation
- Evaluates only a single frequency (a “tone” detector)

Begin with: N—1
X(k)= Y x(mwg™ 0<k<N-1
m=0

Multiply by W *"
N-1
WX (K) =W N S x(mw§™  0<k <N -1
m=0

noting that
+j27kN

WN—kN —e N :e+j27z'k :1

SO =

N-1
X (k)= x(m)wgk®-m
m=0

which looks like a convolution operation. Indeed if we express this as:
N-1
—k(n—m
Vic(n)= D x(m)wg
m=0
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Y (n)=x(n)*W "u(n)

e \

Impulse response, h,(n
Output sequence P p «(n)

Input sequence

Then, X (k) =Y, (n)\ TN

with, 1y (n) =Wy u(n)
1 Y@
Hk(z)_l—WN‘kz‘l X, (2)

From Hy(z) we can obtain an algorithm:

N

I
o

Yi (n) =Wy, (n _1)+ X(n)’ Yi (_1)

and the desired output is: w: N



Complex multiplication is not desirable. The same results can be obtained by allowing a

conjugate pole:
1-wyz™

Hk(k) =
1— Zcos(zliIijz‘l +27°

Which is implemented as:

v, ()

x(n) > @ > ’ > ®
A \L{ z! A
¢ < & —>

2¢cos Zﬂk] _W\]f{
A N v o

Computed

N+1 times —
. vi (n) = zcos(%jvk (n—1)—v, (n—2)+ x(n)

Computed

only once ~,

=A

@n=N Vie(N) = vi (N)=Wivy (N —1)

11-10
Since finite and defined over x(0) to x(N-1), the x(N) term is 0

>— 1, ()

This is how the
phone system
determines which
number you dial,
since each digit
corresponds to a
pair of fregs. and
the rest don’t
matter



11.3 The Decimation-in-Time FFT Algorithm

Remember, the standard to which we compare any FFT algorithm is the so-called “direct-
form” (i.e., the DFT, which can also be viewed as a matrix multiply).

N-1
X(K)=> x(n)Wy" 0<k<N-1
n=0

There are many FFT techniques. The most popular approach (from Cooley and Tukey) is
based on decomposing the DFT into smaller transforms and then combining them to give
the total transform.

In the following development, we assume that the number of points to be transformed is a
power of 2. FFTs designed with this assumption are called radix-2 FFTs. That is,

N=2"
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The approach is to break the N-point transform into...
- two N/2 - point sequences, then into...
- four N/4 - point sequences, then into...
- eight N/8 - point sequences, then into...
- etc., until only 2-point sequences are obtained (N/2 of them).

Begin with the DFT:

X(K)= x(W"  0<k<N-1

P
[EY

S
Il
o

Break into two parts, one with odd index values and one with even index values, as

N-2 N-1
X(K)= Y x(mWy"+ > x(mwy"
(neven) (n odd)
Letn=2r Letn=2r+1
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n=2r n=2r+1

~__ /

N/2-1 N/2-1
X(K)= D x(2r)WZ™ + Zx(Zr + WD
r=0 r=0
B 27zrk( 2) _j27sz _
Note that: 2kr — N/2 Now half the number of points
WN o =€ WN /2 around the unit phase circle
N/2-1 N/2-1
therefore X (k) = Z x(2r) W,\rl'jz + Z x(2r +1) Wl\rlljz W|\||(
| r=0 ) (=0 }
|
N/2 - point DFT N/2 - point DFT
of even indexed of odd indexed
sequence, G(k) sequence, H(k)

X()=G(k) + WS H(k) 0<k<N-1

But note that G(k) and H(k) are N/2 - point DFTs
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Due to the periodic nature of the DFT, an equivalent expression for X(k) is:

(k)= |G+ Wi H (k) 0<k<N/2-1
|G(k-N/2)+WiH(k-N/2) N/2<k<N-1

The first stage decomposition can be implemented as:

—————

// ~
’ N
4 \
’ \
/ \
/ \
G(0)
x(0) o—— I, ) \| o Xi0)
1 G Wl
@) o= N » —o X(1)
(N/2)-Point : G(}\\ /ﬁ,{, :
x(4) o—— DFT -~ . 0 X12)
. wl
* G(N2-1) .
X(N=-o— 1 > . l ° X(N2-1)
! wh‘/l-l |
! >§ ; ; : >< ~ 1
x(1) o— : - 1 (N2
) !
x(3) . " ~ —— o X(NJ2+ 1)
(N/2)-Point ! H(y / \ ISR
x(5) o—— DFT i . L o X(V2+2)
. . 1/(7 \\uiﬁ/m )
X(N-1) o—— \ A l' o X(N=1)
\H(N/2— 1) wx ] /
\ N-Point /
\\ combining ,’
A algebra ,/
~ e
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At this point, with

X (k) = G(K) + W, H(K)

/

2 2
(%}cmm%meWﬁ% N complex multiplies f%}cwmmmeMM%

the # of complex multiplies after first decomposition is

2 2 2

N N N
=|—| +|—| +N=N+—
G (2j (zj 2

Next, we can compute each N/2 - point DFT by breaking it into the sum into two N/4 - point DFTSs as:

N/2-1

G(K) = Z g(r) WS,  where g(r) = x(2r)
r=0

N/4-1 N/4-1

= 2,9(2m) Wi + > g(2m+1) Wi "
m=0 m=0

N/4-1 N/4-1
= > g(2m) W + Wy, > g@m+1) Wiy,  for0<k<N/2-1

m=0 m=0
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S0 G(K) = G, (k) + WZ*H, (k)

N/4-1 N/4-1
and similarly — H(k) = Zh(Zm) Wiis + Wi > h(2m+1) W,
m=0
S0 H(k) = Gz(k) +WN2'<H2(k)

(The second stage decomposition is shown on the next page)

The number of complex multiplies after the second decomposition is therefore

~

k)-+W2 H, (k +W2kH
N/2 g N/2 y
Y
N
ieldi :4E2+2 N +N_N—2 2N
yielding Up) 4 5 4
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x(0) o— O /s N g
' 4
x(4) — (N/4)-Point " r——
S L I B
* . . » . I
X(N— 4) [ .___._J . ?r_.__l
V(N/2)-Point ; G(k) !
| combine | i
- algebra

f e OR 1
x(6) o— (N/4)-Point e r—o—é
CODFT o S
. . « 1 . %
x(N=-13)o— —-—0--—-3\ ’/L_.__|
S-— |
- o
X(l) O —,.—W/ \‘——.—JI
.\'(5)°'_. (N/4)-Point — 3—’—' T
. DFT - i oo |

. . . | l . .

x(N-12) o— ——

L (N/2)-Point | H(k) |
g combine | |
x(3) o— g algebra }__.__g
(7) H;Uf) | ! i
T (N1ay-Point [ T 1 i
: DFT Lo §: X i‘

. ., - . \ - .
x(N=1) o— -—-o—\\ /I__.__\
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—o X(N/2)
lr-—o_ X(N/2+ 1)

,N-Point
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Continuing this process, each N/4 - point transform is broken into two N/8 - point DFTS, etc.

Since N = 2", this process can be continued until there are

v=Ilog, N
stages as shown below;
- /’\ P ~ o ~
o— 2.0t o (s v o N 7/ 0 X(0)
o-—J\DFT/Lo '\ ! ! ‘é { \
- - - '~=7  1(NJ2)-Point; ! A
i _ { combine |
T =N 277\ i algebra | —
o— 2-Pt }—o VR J 1 I
o— DFT L / \ ; LN
N N M i Point |
| combine |
s -7 | algebra |
Y/ \\ { I
: \ ! . I | I
. ~-7 t(N/[2)-Point | |
. _ | combine l | !
F——- - ‘\ { albebra | | |
o— 2-Pt —o {N/"» \ \ ! \\ !
\ / -
o DFT }— ‘L L ~ ’ N ST XN D)
-— e ™ e
Stage Stage Stage Stage
I (v — 2) (v—-1) log, N=v»



The decomposition continues until the 2-point DFT stage is reached. At this point we
compute the 2-point DFT from the direct formula.

X(K)= XMW" k=0, 1

Or,
X(0) = x(0) + W, x(1) = x(0) + x(1)
X(1) = x(0) + W, x(1) = x(0) — x(1)

In general, the combining algebra at each stage takes N complex multiplies, and there
are log,N stages. Therefore the approximate number of complex multiplies for the
total decomposition becomes

n=Nlog, N

Let’s look at an example: an 8-point Decimation-in-Time FFT on the next page
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POSITION INPUT ouUTPUT
INDEX x () X{(k)

0 l 2 3

0 x(0)

| x(4)

2 x(2)

3 x(6)

4 x(1)

5 x(5)

6 x(3) X(6)

AN

7 x(7)

11-20



From the flow diagram, several important observations can be made:

1) The input data has been shuffled. The input data appears in “bit reversed” order. For
example:

Position Binary Bit-reversed Sequence index
6 110 011 3
4 100 001 1
2 010 010 2

i1) The basic computational element is called a “butterfly”. If we use m to represent the stage,
and p and g to represent the position numbers in each stage, we get

Xm(p) Xm+1(p)
Wysrmy ma(P)= Xm(p)+WNr/(2V‘m‘1) ¥ (0)
a1 (@) = X ()W N V (0)
r+Nr(szm) X (q)
Xm (q) WN/(ZV_m_l) m+1 re [O’ cee 2m _1]
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r is variable and depends on the position of the butterfly.

Note that x.,.,(p) and xn+1(q) can be calculated and placed back in the storage registers of xn(p)
and Xm(q). This kind of computation is referred to as an “in-place” computation.

1) The frequency domain values, X(k) are in normal order.

Also note that:

\/\/21:\/\/42 :VV84:_1 szV\/SGZj
W =W =W’ =1 W, =W =—]

There are only 4 nontrivial complex multiplications in the entire 8-point FFT as shown
below for the sequence

x(n) = (1,-1,-1,-1,1,1, 1, -1)

11-22



x(n) X (k) IX(k)| arg X(k)

(bit reversed) (normal order) (radians)
x(0) 1 2 2 0 0 —
x(4) 1 X 0 \/ 2j \ /-xff+(2+\/i)i 3.6955 +1.9635
—_—f—
21
|
x(2) -1
x(6) 1 X
non-trivial
complex multiplies
x(l) -1 4 0 p p
x(5) 1 X 15307 +0.3927

.‘(3) -1 X
o -1 L3

-V2-02+V2)j 3.6955 —-19635




The basic butterfly can be further simplified to reduce the number of complex
multiplications by one, as follows:

Xn(P) Xma(P) X%, (P) Xmer (P)

r

N/ (22 ‘

r
N/ (2v—m—1)
— - -

Xin (Q) -W! X1 (q) Xin (CI) -1 X1 (CI)

N/ (2"

with this simplification, the number of complex multiplications required for calculating
the FFT is

N
77=?|ng N

The reduced 8-point decimation in time FFT is shown on the next page
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Stage 0

) | —
-~

Y
e R T
AGA‘W

" '""

x(1) o > > v AAA X(4)
AN
oot X .“A,.ﬁwm

A now 2 non-trivial
b X(6) complex multiplies

x(0) o—n

3
S

X(1)

Y

x(d} o

X(3) O .v-
W ‘
x(7) © : 0



1% half 2nd half

11.4 Decimation-in-Frequency FFT
Begin by breaking up X(k) as follows:

N 2-1
X (k)= x(n)Wy" + x(n)W kn
n= 0 n= N/2

Y~ hext let r=n—%

N/2-1 N/2-1
) Z X(Nn Wl\ll(n+ Z (r+N/2 WN (r+N/2)
n=0 r=0

And since
. 27KN relabel r as n
W2 —g N — i o ()
then
N/2-1 k
X (k)= 2 [ x(n) + (-2)'x(n+N/2) jwiy
n=0
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The decimation is obtained by taking the odd and even terms of X(k)

evenvalues = k=2r, forr=0,1,...,N2-1

K(2r)=' 3 o)+ (2 s N2
= N/Z“zol[x(n)+ x(n+N/2) Wy,

odd values = k=2r+1, for r=0,1,...,N/2-1

N/2— 1[

X(2r +1) Z

n=0

2r+1 (n+ N/Z)}\N n(2r+1)

= >~ [x(n)=x(n+ N/2)Wi Wi,

11-27



Now define

So that X (k)= +

g(n)=x(n)+x(n+N/2)
h(n)=x(n)-x(n+N/2)

N/2-1

Z g |\r|]/r2’
n=0
1 N/2-1

h(n)Wy Wy,

-

for k even

for k odd

L n=0

The first stage is shown below:

— X(0)

x{Q)
\\ /gm)
x(1) — :

—0 X (2)
gl (Nf2)-Point
. DFT

— (N =2)

——0 X' (1)

x(N/2-1
x(N/?) >

x(N2+ 1)

x(N=-1)

/ Wo) Wi

- —0 X (3)
{(N/2)-Point
DFT

- — o X(N-1)

=1 AN2Z-1)
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The basic butterfly for the Decimation-in-Frequency FFT is

X, (p) X2 (P)
Xm(q) > > Xm+1(q)
-1 WNr/(zm)

refo,---, 2™ 1]

In-place computations can be accomplished with this structure in which
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Example: an 8-point Decimation-in-Frequency FFT
stage 0 1

x(0) 0> > O

XA
g
NA

x(3) ©

=
=S

Y
)
r

2

o X(0)

o X(4)

¥

o X(2)

o X (6)

o X(1)

o X(5)

x(6)

x(7)

X(3)

X7



11.5 Practical Considerations

Computation of the Inverse DFT. The inverse DFT is given by,

X (KW ", n=01,..., N-1
0

*

Z
|_\

()=

N

* these are the only differences between the DFT and the IDFT

7\_
Il

Therefore, there are two ways to implement the IDFT
(i) Alter the DFT (FFT) algorithm as follows:
- change W,\‘I‘n _>WN“‘”
- scale input data by 1/N

- input X(k) sequence values instead of x(n)
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(i) Use the DFT itself to compute the IDFT.

Consider the complex conjugate of the IDFT

clo)=| % Sxow |

N =%
1 N-1

=N x(k)/v —DFT[x ]

Again, conjugate both sides to obtain

x(n)=

*

1

—{ DFT[x*(k)]}
N
So really just need the one algorithm and can do both DFT/FFT and IDFT/IFFT with it
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Efficient use of DFT for Two Real Sequences

Let x1(n) and x,(n) be real sequences. Form a complex valued sequence:

x(n) = xa(n) + j x2(n)

and from properties of symmetry we can write

x(n) + x"(n)
2

Xl(n) -

Taking the DFT of both:
1 "
X, (k)= [X )+ X (N -k)

x2<k>=§[x<k>—x*<w—k>]
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Compute the DFT of
complex x(n) and then
post-process to efficiently
compute the separate DFTs
of both x,(n) and x,(n)



