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ABSTRACT
Conventional pulse‐Doppler radar processing suffers from range and velocity ambiguities due to the periodic nature of pulse 
repetition intervals (PRIs). Traditional disambiguation using the coincidence algorithm requires multiple coherent intervals 
with varying PRIs to resolve range and velocity ambiguities, leading to extended search timelines and inefficient use of 
transmitted energy. Slow‐time coding (STC) is a well‐established range disambiguation technique that applies a complex scalar 
to each pulse, enabling separation of scattering from different range intervals through decorrelation. This work evaluates both 
random and optimised STC sequences. A phase‐only STC optimisation framework is introduced that reduces the sidelobe 
energy of range‐folded scattering within a desired Doppler notch bandwidth when applying the Doppler matched filter. The 
design is found to be effective if the Doppler notch is small compared to the unambiguous Doppler extent. To address the short‐ 
comings of conventional STC Doppler processing, an adaptive method called MR‐RISR is also developed. When combined with 
STC, it iteratively estimates and isolates scattering from multiple range intervals by suppressing both range‐folded and range‐ 
coincident sidelobe energy. MR‐RISR operates on a single slow‐time data snapshot, eliminating the need for training data or 
knowledge of the clutter + noise covariance, and achieves SINR performance comparable to that of the clairvoyant max‐SINR 
filter. An open‐air experiment was conducted to evaluate MR‐RISR against conventional and max‐SINR processing using both 
random and optimised STCs, with the latter shown to be necessary for Doppler matched filter processing to effectively suppress 
folded clutter energy. MR‐RISR and max‐SINR processing yield comparable performance for both random and optimised STC 
sequences, with MR‐RISR providing enhanced sidelobe suppression of targets and exhibiting modest Doppler super‐resolution.

1 | Introduction

A pulse‐Doppler radar measures range and (radial) velocity of 
scattering by comparing the backscattered responses from 
multiple pulses transmitted at a pulse repetition frequency 
(PRF) (denoted fPRF). The periodic nature of the transmission 
can introduce ambiguity when estimating the range and/or 
velocity of scatterers. For example, a scatterer will appear at a 
closer apparent range if its backscattered energy arrives after 

the transmission of the next pulse—referred to as range‐folded 
or multiple‐time‐around scattering. Pulse‐Doppler radars 
commonly operate in a moving target indication (MTI) mode 
with the objective of estimating and detecting target energy in 
the presence of system noise and undesired backscatter known 
as ‘clutter.’ Traditionally, disambiguation of a target's true range 
and velocity is achieved by acquiring multiple coherent pro
cessing intervals (CPIs) with distinct PRFs. Since the apparent 
range‐velocity of an ambiguous target varies with PRF, the true 
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values can be resolved by comparing candidate range‐velocities 
derived from each CPI—a process known as the coincidence 
algorithm [1]. Although effective in disambiguation, this tech
nique extends search timelines and is inefficient in its uti
lisation of transmit energy.

Slow‐time coding (STC) of pulses has emerged as a means to 
mitigate range‐folded scattering by coding each pulse in a CPI 
with a complex scalar [2–16]. In doing so, returns from each 
range interval exhibit distinct Doppler signatures that decorre
late based on the selected segment of the slow‐time sequence 
while retaining the unambiguous Doppler extent set by the PRF, 
that is, fD ∈ [ − fPRF/2, fPRF/2]. Therefore, STC is particularly 
useful in the case where scattering is slow‐moving and possibly 
folded in range, as in high PRF applications [6, 13], weather 
radar [2, 5, 11, 14], and some applications of over‐the‐horizon 
radar [3, 4, 9]. Note that other range disambiguation tech
niques exist that leverage pulse‐to‐pulse waveform diversity but 
are considered distinct from STC as the underlying pulse 
modulation changes throughout the CPI (e.g., in [17, 18]).

Leveraging numerical optimisation techniques, STC sequences 
can be designed to improve radar performance for particular 
collection scenarios. In [7], STC sequences are optimised (in both 
phase and amplitude) to maximise the probability of detection of a 
signal in the presence of signal‐independent, coloured‐Gaussian 
noise, which was extended to phase‐only STC optimisation in 
[8]. Similarly, the work in [16] jointly maximises target signal‐to‐ 
inteference + noise ratio (SINR) and minimises the target esti
mation error bounds for signal‐independent, coloured interfer
ence. In [12], SINR is maximised via STC optimisation in the 
presence of signal‐dependent interference (i.e., clutter) from 
multiple range intervals. In these works, the STC optimisation 
incorporates a ‘similarity constraint’ that constrains the STC to be 
‘near’ a reference code that is known to have a desirable ambiguity 
function. Alternatively in [15], phase‐only STC sequences and 
associated slow‐time tapering are optimised to improve the SINR 
of a tangentially moving target located in a desired range interval 
and corrupted by range‐folded clutter and noise.

Separately, nonlinear processing methods can improve estima
tion of the Doppler spectrum for both standard and waveform‐ 
diverse transmissions [19]. For instance, [9] uses second‐order 
blind identification (SOBI) with a space‐time sample covari
ance matrix to suppress range‐folded clutter. Additionally, the 
reiterative super‐resolution (RISR) algorithm [20], originally 
applied to direction‐of‐arrival estimation, was experimentally 
demonstrated in an open‐air environment to improve the 
spectral estimate in Doppler [21]. Moreover, due to similarities 
in the signal modelling, the RISR algorithm has been reformu
lated to encompass slow‐time Doppler [21], fast‐time space [22], 
and fast‐time frequency [23] representations. RISR represents a 
specific instantiation of the reiterative minimum mean squared 
error (RMMSE) framework, wherein parameter estimation is 
achieved through the construction of a structured covariance 
matrix that leverages current estimates. The RMMSE frame
work has also been employed in the range [24] and joint range/ 
Doppler dimensions [25], with open‐air demonstration shown 
in [26]. Furthermore, the work in [10] performed an initial 

comparison between conventional, maximum SINR, and ‘RISR‐ 
like’ Doppler processing for range disambiguation using random 
binary and uniformly random STC sequences.

Recently, [27] derived a form of RISR that, when coupled with 
STC, adaptively estimates (and disambiguates) scattering arising 
from multiple range intervals. This multi‐range RISR (MR‐ 
RISR) formulation leverages the unique Doppler STC phase 
progressions of each range interval to suppress cross‐correlation 
sidelobe energy that would otherwise be present with conven
tional processing (i.e., Doppler matched filtering). Here, MR‐ 
RISR is evaluated for both random and optimised STC se
quences and compared with conventional processing and 
maximum SINR filtering. For the optimised sequence, a phase‐ 
only STC design is presented that notches a prescribed region in 
Doppler for any number of range‐folded Doppler regions. For 
this work, a stationary single‐channel pulse‐Doppler configu
ration is assumed; thus, the STC optimisation is defined to 
reduce folded sidelobe energy caused by zero‐Doppler clutter.

These processing methods and STC sequences are evaluated 
both in simulation and an open‐air data collect. An SINR 
analysis is performed for a representative clutter + noise sce
nario to demonstrate the benefits of STC optimisation and 
adaptive processing. It is shown that the optimised STC coupled 
with the optimal max‐SINR filter achieves nearly 0 dB SINR 
loss within the optimised notch region and degrades outside 
this region. If the max‐SINR solution is not feasible, optimised 
STC coupled with tapered matched filtering is shown to 
dramatically improve the SINR performance relative to a 
randomised STC. Further, MR‐RISR is shown to achieve an 
SINR loss of only about 2 dB worse than the clairvoyant max‐ 
SINR solution (for both STCs) without any requirement of a 
clutter + noise estimate. For the open‐air collection, a random 
STC and two optimised STCs with different notch bandwidths 
are encoded onto a linear frequency modulation (LFM) wave
form pulse train designed to induce range‐folding of scattering. 
Two non‐STC CPIs with low and high PRFs were likewise 
collected to serve as ground truth and fully ambiguous control 
cases, respectively. It is shown that the optimised STC is needed 
when using conventional Doppler processing to reduce the 
folded clutter response, while both max‐SINR and MR‐RISR 
exhibit excellent range disambiguation for all STC cases, with 
the latter achieving additional sidelobe suppression and modest 
super‐resolution.

2 | Slow‐Time Coding (STC) Signal Model

Consider a pulse‐Doppler radar transmitting a sequence of 
pulses at a uniform PRI denoted as Tp = 1

fPRF 
within a coherent 

processing interval (CPI), where each pulse is modulated by the 
same complex baseband waveform s(t) having pulse duration T 
and bandwidth B. The m th pulse is rotated by a slow‐time phase 
θm to produce the STC. Therefore, waveform modulation over 
the entire CPI can be expressed as

sc(t) = ∑
m

s( t − mTp)e jθm . (1)
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For ground truth scattering response x( τ, fD), the complex‐ 
valued (baseband) received signal over the entire CPI can be 
expressed via integration over all delay τ and Doppler 
fD = 2v/λ Hz (for radial velocity v and wavelength λ) as

y(t) = ∫

fD,max

fD,min

∫

τmax

τmin

sc( t − τ; fD)x( τ, fD)dτdfD + u(t). (2)

Here u(t) is a white complex‐valued Gaussian noise process,

sc( t; fD) = sc(t)e j2π fDt

= ∑
m

s( t − mTp)e jθm e j2π fDt

= ∑
m

s( t − mTp; fD)e jθm e j2πm fDTp

(3)

represents the Doppler‐shifted transmission, and

s( t; fD) = s(t)e j2π fDt (4)

is the Doppler‐shifted pulsed waveform. It is assumed that all 
significant scattering is contained within the intervals 
τmin ≤ τ ≤ τmax and fD,min ≤ fD ≤ fD,max.

Using Equation (2), define the response from the m th received 
interval as ym(t) = y( t + mTp) for 0 ≤ t ≤ Tp, which yields

ym(t)= ∫∫sc( t − ( τ − mTp); fD)x( τ, fD)dτdfD + um(t) (5)

for um(t) = u( t + mTp), with the integration limits in Equa
tion (5) suppressed for brevity. Using Equation (3), we can then 
express Equation (5) as

ym(t) = ∑
m

m ʹ=0
∫∫ s( t − ( τ + (m ʹ − m)Tp); fD)x( τ, fD)

× e jθm ʹ e j2πm ʹ fDTp dτdfD + um(t),

(6)

where the summation terminates at m since it only depends on 
the current and previous pulses.

Multiple assumptions can be made to simplify the expression in 
Equation (6). First, assume the Doppler spread of scattering is 
small enough that fast‐time Doppler effects are negligible over a 
pulse duration T (i.e., s( t; fD) ≈ s(t) for fD,min ≤ fD ≤ fD,max). 
Second, assume the scattering in x( τ, fD) is contained within the 
first G range intervals (i.e., τmin = 0 ≤ τ ≤ τmax = GTp). 
Therefore, the summation can be redefined as being over 
range intervals rather than pulses. Further, defining 
g = m − m ʹ = 0, 1,…,G − 1 as the range interval index and 
0 ≤ τ ≤ Tp as the wrapped delay interval, the integration limits 
for τ can be split into a summation of G integrations over τ, 
where τ = τ + gTp. Consequently, Equation (6) becomes

ym(t) = ∑

min(G− 1,m)

g=0
∫∫ s(t − τ)x( τ + gTp, fD)

× e jθm− g e j2π(m− g) fDTp dτdfD + um(t),

(7)

where min(G − 1,m) in the summation accounts for the tran
sient period at the beginning of the CPI where there are no 
returns from further‐out range intervals.

For G observable range intervals, (G − 1) fill pulses [28] are 
needed so that scattering from all G range intervals consistently 
superimpose for all pulses in the CPI. For a CPI of M pulses, a 
total of M + G − 1 pulses are transmitted to ensure that the M 
coherently processed pulses have returns from all G range in
tervals. Therefore, the m = 0, 1,…,G − 2 indexed pulses are the 
fill pulses, and the m = G − 1,G,…,G + M − 2 indexed pul
ses comprise the CPI as illustrated in Figure 1 for M = 4 
and G = 3.

Applying the matched filter to Equation (6), shown here in 
continuous time for ease of notation, provides the superimposed 
delay profile estimates for all G intervals over the wrapped delay 
interval τ via

ẑm(τ) = ∫ s ∗(t − τ)ym(t)dt

= ∑
G− 1

g=0
∫ x̃g( τ, fD)e jθm− g e j2π(m− G+1) fDTp dfD + ũm(τ)

(8)

for m = G − 1,G,…,G + M − 2. Here x̃g( τ, fD) is the delay‐ 
Doppler scattering for the g th range interval (i.e., 
x(τ + gTp, fD)) shaped by the autocorrelation function of s(t), 
and ũm(τ) is the noise process shaped by the matched filter. For 
notational simplicity, a factor of e j2π(G − 1 − g) fDTp is subsumed into 
the scattering response x̃g( τ, fD) to ensure the Doppler phase 
progression starts at zero phase for all range intervals (i.e., 
2π(m − G + 1) fDTp). This subsumed phase combines with the 
random phase of the backscattered scene and has no effect on 
subsequent estimation.

Since each of the g = 0, 1,…,G − 1 range intervals have a 
distinct STC structure, the M × 1 Doppler steering vector for 
the g th range interval can be defined (per [28]) according to the 
argument of the complex exponential from Equation (8) as

vg( fD) = v( fD)⊙ (Tgd(θ)), (9)

where ⊙ is the Hadamard product. The steering vector v( fD)

has the standard Vandermonde form

FIGURE 1 | Illustration of fill pulses and overlapped range intervals. 
Each additional delay of Tp shifts the observed pulses through the 
specified range intervals.
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v( fD) = [ 1 e j2π(1) fDTp … e j2π(M− 1) fDTp ]
T
, (10)

for (•)T denoting vector transponse, d(θ) is the 
(G + M − 1) × 1 phase vector that collects the STC 
sequence as

d(θ) = [ e jθ0 e jθ1 … e jθG+M− 2 ]
T

(11)

for θ = [θ0, θ1,…, θM +G − 2]
T , and

Tg = [ 0M×(G− 1− g) IM×M 0M×g ] (12)

is a M × (G + M − 1) selection matrix that extracts the com
ponents in d(θ) corresponding to returns from the g th range 
interval, with IM ×M the M × M identity matrix and 0M × g a 
zeros matrix. The implication of Equation (9) is a unique 
Doppler manifold associated with each range interval g, thereby 
enabling separability of desired scattering from each range 
interval.

3 | Range Disambiguation Methods Using STC

In a moving target indication (MTI) context, the desired scat
tering consists of radial movers (e.g., vehicles), while undesired 
scattering (i.e., ‘clutter’) comprises all stationary (e.g., the 
ground) or quasi‐stationary (e.g., swaying trees/bushes) scat
tering. Therefore, x̃g( τ, fD) can be separated into subsequent 
clutter (subscript ‘c’) and target (subscript ‘t’) components as

x̃g( τ, fD) = x̃t,g( τ, fD) + x̃c,g( τ, fD). (13)

Collecting M pulses of Equation (8) into M × 1 vector z(τ), we 
can express this slow‐time data vector via a superposition of 
clutter, target, and noise components for each range interval as

z(τ) = ∑
G− 1

g=0
zt,g(τ) + ∑

G− 1

g=0
zc,g(τ) + u(τ). (14)

Here u(τ) is the M × 1 collection of noise samples from 
Equation (8),

zt,g(τ) = ∫ x̃t,g( τ, fD)vg( fD)dfD (15)

is the M × 1 target slow‐time vector at wrapped delay τ corre
sponding to the g th range interval, and

zc,g(τ) = ∫ x̃c,g( τ, fD)vg( fD)dfD (16)

is the M × 1 clutter slow‐time vector for the g th interval.

Assuming that the target motion relative to a range resolution 
bin is sufficiently small to prevent targets from traversing bins 
during a CPI, the processing of slow‐time coded data operates 
entirely on z(τ) from Equation (14) over all τ. The objective is 
to identify the moving targets within each x̃g( τ, fD) for 

g = 0, 1,…,G − 1 by isolating the responses via distinct STC 
sequences for each range interval and associated slow‐time 
processing. The scattering response can be determined via 
application of an interval‐specific M × 1 slow‐time filter wg( fD)

matched to Doppler fD, which can be interpreted using Equa
tion (14) as

̂̃xg( τ, fD)= wH
g ( fD)z(τ), (17)

where (•)H is the Hermitian transpose. This separability of 
range intervals as a function of Doppler then sets the stage for 
subsequent separation of targets and clutter.

Using Equations (8), (14), and (17), the delay‐Doppler response 
of a point target can be determined to evaluate the STC se
quence's nominal ability to isolate range intervals. This point‐ 
target response (also known as the point spread function 
(PSF)), is typically defined for a matched response on receive. 
However, in the presence of STC, the definition of the PSF may 
be generalised to formulate the ‘cross‐PSF’, which provides the 
expected response of a scatterer from the g th range interval 
folding into the g th range interval as a function of delay and 
Doppler (for a theoretical zero‐delay/zero‐Doppler target). The 
maximum signal‐to‐noise ratio (SNR) Doppler filter (otherwise 
known as the Doppler matched filter) takes the form of the 
target response as

wMF,g( fD) =
1
M

vg( fD) =
1
M

v( fD)⊙ (Tgd(θ)). (18)

Therefore, assuming wMF,g( fD) is used as the processing method 
on receive, the cross‐PSF for can be expressed as

υg,g( τ, fD) =
r(τ)
M

vH
g ( fD)vg(0)

=
r(τ)
M

vH ( fD)( (Tgd∗(θ))⊙ (Tgd(θ)))

(19)

for g, g = 0, 1,…,G − 1, where Tgd(θ) = vg(0) is the slow‐time 
response for a zero‐Doppler target from the g th range inter
val, and

r(τ) = ∫

T

0
s ∗(t − τ)s(t)dt (20)

is the autocorrelation of pulsed waveform s(t). The cross‐PSF of 
Equation (19) can likewise be generalised to any different pair of 
values in g = 0, 1,…,G − 1. Note that the cross‐PSF is separable 
in delay and Doppler; thus, the range disambiguation perfor
mance is minimally dependent on the underlying waveform 
modulation (i.e., largely dependent on STC sequence θ).

For example, consider a CPI of M = 104 LFM waveforms 
having time‐bandwidth product TB = 40 (the same parameters 
used for the experimental demonstration in a later section) 
where the STC sequence is drawn from a uniform distribution 
on [ − π,π]. Figure 2 shows Equation (19) for g = g = 0 
(Figure 2a) and g = 0, g = 1 (Figure 2b). In the range‐ 
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coincident (former) case, both range and Doppler compression 
are achieved since matched filters were used in both fast‐time 
(pulse compression) and slow‐time. In the range‐folded (latter) 
case, range compression is achieved; however, the PSF is not 
compressed in Doppler due to a mismatch in the STC structure 
per Equation (19). Thus, energy is now spread across Doppler, 
which could obscure a lower‐SNR target at the same range bin 
when folded.

Three methods are considered for their ability to isolate the 
desired scattering response:

1. Optimisation of the STC sequence θm to place nulls in 
desired Doppler regions of range‐folded scattering to 
mitigate the cross‐PSF Doppler sidelobes.

2. Max‐SINR filtering (i.e., clutter cancelation) to null un
desired scattering that would result in the largest cross‐PSF 
Doppler responses.

3. Adaptive processing via the MR‐RISR framework to miti
gate cross‐PSF Doppler sidelobes via adaptive estima
tion [27].

The following sections discuss and evaluate each of these ap
proaches, and combinations thereof.

3.1 | Optimisation of STC Sequences

From Equation (19), it is apparent that the performance of range 
interval disambiguation is predominantly dependent1 on 
vH

g ( fD)vg(0), which represents the Doppler response in the g th 

range interval for a zero‐Doppler point target in the g th interval. 
With the knowledge that STC imparts separability of scattering 
from different range intervals, it is plausible that further sup
pression of certain range‐folded responses could be achieved by 
applying an optimised STC sequence. Here, we generalise cross‐ 
PSF Doppler sidelobe minimisation via numerical optimisation 
techniques to mitigate the cross‐responses for G intervals. While 
Doppler windowing can also be incorporated into the frame
work via a fixed (or optimised as in [7, 15]) taper, a rectangular 
Doppler window is assumed during optimisation, which is 
found to be amenable to tapering post‐optimisation.

By collecting versions of Equation (10) according to some dis
cretisation of Doppler into K bins prescribed by fD,k, a Doppler 
steering matrix of dimension M × K can be formed as

V = [v( fD,0), v( fD,1),…, v( fD,K− 1)]. (21)

Using Equation (19), the K × 1 Doppler response at the g th 

interval for a target in the g th interval can then be expressed as

υg,g = VH ( (Tgd ∗(θ))⊙ (Tgd(θ))). (22)

It is worth noting that the cross‐PSF Doppler response cannot be 
explicitly characterised by mainlobe/sidelobe regions when gsg 
due to the mismatch of STC structures in the two range in
tervals. Rather, the cross‐PSF energy of Equation (22) in 
Doppler is determined via the cross‐correlation between the 
Doppler manifold for the g th range interval and the zero‐ 
Doppler response for the g th range interval. Thus, further sup
pression of range‐folded scattering can be achieved within a 
specified Doppler span within Equation (22). The cost function 
used here is a modification of the generalised integrated side
lobe (GISL) metric [29] and can be stated as

Jg,g = ‖e ⊙ υg,g‖p (23)

for 2 ≤ p < ∞, where e is a selection vector comprised of ones 
and zeros to specify the Doppler span over which suppression is 
desired. Letting p = 2 allows Equation (23) to become an in
tegrated Doppler sidelobe level (IDSL) metric, whereas p → ∞ 
leads to a peak Doppler sidelobe level (PDSL) metric. Here, we 
use p = 10, which has been shown to be sufficiently large to 
achieve PDSL minimisation for practical waveform optimisa
tion [29].

A generalised cost function subsuming the G range‐folded in
tervals can subsequently be expressed as

FIGURE 2 | Expected delay/Doppler responses via the cross‐PSF 
from Equation (19) (in dB) for unambiguous (top) and range‐folded 
scattering (bottom). Both are zoomed in Doppler.
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J = ( ∑

G− 1

b=1
∑
b− 1

a=0

⃦
⃦e ⊙ υa,b

⃦
⃦p

p)

1 ⁄ p

(24)

By the conjugate‐symmetry property of the Fourier transform, 
shaping υa,b inherently shapes υb,a as well. Therefore, it is suf
ficient for the double summation in Equation (24) to only 
include the a < b terms, of which there are G ‐ choose ‐ 2 com
binations. The other implication of this property is that e must 
be symmetric about zero Doppler to achieve the same shaping of 
both υa,b and υb,a. Alternative formulations of this cost function 
may leverage techniques such as Pareto weighting to prioritise 
minimisation for select (a, b) pairs. The gradient derivation of 
Equation (24) with respect to STC vector θ is provided in 
Appendix A.

Regarding the Doppler selection vector e, there are a variety of 
options to consider. First, setting e = 1 (all ones) enables 
minimisation of Equation (24) at each Doppler within the entire 
unambiguous Doppler space, which eliminates spurious peaks 
that otherwise could produce false detections. Of course, this 
approach is limited by the available degrees‐of‐freedom, so it 
tends to yield a flattened response at a level near − 10log10M dB.

Another option sets e to ones only in a small span (denoted 
Bnotch) centred around zero Doppler, with zeros elsewhere. 
Doing so places a broad notch around zero Doppler at the cost of 
pushing sidelobe energy to higher Doppler frequencies (as a 
result of conservation of ambiguity). Therefore, this approach is 
useful if the maximum unambiguous Doppler (here ± fPRF/2 
for uniform PRIs) exceeds the anticipated span of Doppler shifts 
of illuminated targets.

To evaluate the relationship between notch width and achiev
able notch depth, multiple STC sequences were optimised by 
minimising Equation (24) for an M = 100 pulse CPI with 
G = 2 or G = 3 range intervals using various of notch widths 
for e. For each notch width, 1000 Monte Carlo trials were 
conducted with randomly initialised STC sequences drawn from 
a uniform distribution over [ − π,π]. A gradient‐based optimi
sation was performed via the limited‐memory Broyden‐ 
Fletcher‐Goldfarb‐Shanno (BFGS) algorithm [30], which is an 
unconstrained quasi‐Newton method with per‐iteration 

computation on the order of calculating the gradient. The 
particular implementation used here is the “minf_lbfgs” func
tion from Tensorlab [31].

Figure 3 shows the average notch depth achieved as a function 
of notch width Bnotch normalised by the PRF fPRF (i.e., the full 
Doppler span). As Bnotch increases, the achievable notch depth 
decreases due to the fixed number of degrees‐of‐freedom. For 
the G = 2 interval case (pink trace), the optimised notch depth 
outperforms the − 10log10M level one would expect from purely 
random instantiations for essentially all normalised notch 
widths. When an additional range interval is included for the 
G = 3 case (green trace), parity with the − 10log10M level is 
effectively reached at about 0.65 normalised notch width.

An alternative perspective is depicted in Figure 4, which illus
trates the Doppler responses from Equation (22) for optimised 
STC sequences based on G = 2 (pink trace) and G = 3 
(remaining traces), where e selects the zero‐centred 20% of the 
Doppler space (indicated by the vertical dashed lines). It is clear 
that a deeper notch is attainable for the G = 2 case, in which a 
single pair of range‐folded intervals must be addressed, as 
compared to the three pair‐wise combinations for the G = 3 
case.

3.2 | Maximum SINR Clutter Cancelation

In contrast to optimising STC, the distinct slow‐time phase 
structure for each range interval can be leveraged in the context 
of clutter cancelation. Since clutter power is typically much 
higher than target responses, clutter suppression can greatly 
alleviate the Doppler sidelobe minimisation requirements of the 
cross‐PSF. Using the target, clutter, and noise signal model from 
Equation (14), the maximum SINR filter can be employed. 
Assuming the target responses zt,g(τ) are proportional to vg( fD)

from Equation (10), the slow‐time filter that maximises the 
SINR for wrapped delay τ of the g th range interval and Doppler 
frequency fD is known to be [32, 33]

wmax‐SINR,g( τ, fD) ∝ R− 1
c+n(τ)vg( fD), (25)

where

FIGURE 3 | Notch depth (in dB) as a function of relative notch width 
for optimised STC for M = 100 pulse CPI considering G = 2 (pink) 
and G = 3 (green) range intervals.

FIGURE 4 | Range‐folded Doppler responses via cross‐PSF 
Equation (22) (in dB) for M = 100 pulse CPI with normalised 
notch width Bnotch

fPRF
= 0.2 (vertical dashed lines) and considering 

G = 2 (pink trace) and G = 3 (remaining traces) intervals.
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Rc+n(τ) = E

⎡

⎢
⎣( ∑

G− 1

g=0
zc,g(τ) + u(τ))( ∑

G− 1

g=0
zc,g(τ) + u(τ))

H⎤

⎥
⎦ (26)

is the clutter + noise covariance matrix for wrapped delay τ and 
E[•] is the expectation operation.

Assuming that the clutter responses from the G intervals are 
mutually independent from one another and the noise process, 
Equation (26) can be expressed as

Rc+n(τ) = ∑
G− 1

g=0
Rc,g(τ) + Ru. (27)

Here, Ru = E[u(τ)uH(τ)] is the noise covariance (assumed 

constant for all delay τ), and Rc,g(τ) = E[zc,g(τ)zH
c,g(τ)] is the 

clutter covariance for the g th range interval modified by the STC 
d(θ) expressed as [12]

Rc,g(τ) = (Tgd(θ)dH(θ)TT
g )⊙ Rc( τ + gTp), (28)

where Rc(τ) is the unmodifed clutter covariance versus true 
delay τ without STC. Based on the given assumptions regarding 
the structure and/or statistics of Rc+n(τ), there are many data‐ 
driven and model‐driven techniques available in the literature 
with which to estimate Equation (27), to include (but not 
limited to) sample covariance matrix estimation [32, 34] and the 
Tyler M‐estimator [35–37].

Assuming the noise covariance is white, zero‐mean, complex‐ 
Gaussian noise with variance σ2

u (i.e., Ru = σ2
uIM ×M), the 

max‐SINR filters can be normalised to prevent scaling of the 
noise subspace as

wmax‐SINR,g( τ, fD) =
σ2

u
M

R− 1
c+n(τ)vg( fD). (29)

Applying these filters to the pulse‐compressed received data z(τ)
(as in Equation (17)) cancels the clutter of each range interval, 
thus mitigating Doppler sidelobes induced by clutter. Per 
Equation (28), the STC imparts a unique phase structure to the 
clutter responses from each range interval. If the clutter sub
spaces of Rc( τ + gTp) for g = 0, 1,…,G − 1 are similar, STC 
effectively decorrelates the G clutter responses, enabling each 
region to be uniquely nulled based on its corresponding clutter 
subspace. Because of this decorrelation, the rank of the overall 
clutter subspace of Rc+n(τ) can be expected to be G times 
greater than for any individual range interval. Therefore, this 
range disambiguation technique is only feasible as long as the 
collective clutter rank from all G intervals is less than the slow‐ 
time dimensionality (i.e., number of pulses).

3.3 | Multi‐Range RISR (MR‐RISR)

Recently introduced in [27], cross‐PSF sidelobe energy can also be 
addressed by adaptive Doppler processing. Specifically, the 
Doppler processing version [38] of the reiterative super‐ 
resolution algorithm [20], itself an extension of reiterative 

minimum mean‐square error (RMMSE) estimation [24, 39], was 
extended to model scattering arriving from multiple range in
tervals having STC, and thus denoted as multi‐range RISR or MR‐ 
RISR (see [9, 10] for other STC‐based adaptive methods). This 
approach leverages a structured signal model for the snapshot 
data vector z(τ) from Equation (14) to adaptively estimate the 
Doppler spectrum for each wrapped delay bin τ and range interval 
g. Doing so has two clear advantages when compared to the max‐ 
SINR processing discussed in Section III‐B, namely: (1) the esti
mated Doppler spectrum exhibits super‐resolution that can 
facilitate discrimination of closely‐spaced scatterers in Doppler, 
and (2) statistical knowledge of the clutter covariance Rc+n(τ) is 
not required, thus mitigating issues arising from training data 
heterogeneity and sample support.

To enable adaptive estimation of the scattering across range and 
Doppler (over multiple range intervals), the slow‐time z(τ) is 
modelled via

z(τ) = ∑
G− 1

g=0
(Tgd(θ))⊙ (Vxg(τ)) + u(τ)

= ∑
G− 1

g=0
Vgxg(τ) + u(τ),

(30)

where

Vg = [vg( fD,0), vg( fD,1),…, vg( fD,K− 1)] (31)

is the M × K Doppler matrix for the g th range interval, and

xg(τ) = [xg( τ, fD,0), xg( τ, fD,1),…, xg( τ, fD,K− 1)]
T

(32)

is the K × 1 parameter vector representing the scattering across 
Doppler at wrapped delay τ for the g th range interval.

Imposing a gain‐constrained form has been found to improve 
robustness of the spectral estimate [21]; thus, the optimisation 
problem to determine the MR‐RISR filter wg( τ, fD,k) is 
expressed as

minimize
wg(τ, fD,k)

E[|xg( τ, fD,k) − wH
g ( τ, fD,k)z(τ)|2]

s.t. wH
g ( τ, fD,k)vg( fD,k) = 1.

(33)

The resulting filter takes the form [21]

wMR‐RISR,g( τ, fD,k) =
R − 1(τ)vg( fD,k)

vH
g ( fD,k)R − 1(τ)vg( fD,k)

, (34)

where

R(τ) = ∑
G− 1

g=0
VgPg(τ)VH

g + Ru (35)

is a structured data covariance matrix comprising the G range‐ 
folded intervals, and Pg(τ) is a K × K diagonal matrix, the di
agonal elements of which are
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[Pg(τ)]kk = E[|xg( τ, fD,k)|
2], (36)

that correspond to the expected scattering variance at the k th 

Doppler in the g th range interval at wrapped delay τ. A deri
vation of Equation (34) can be found in Appendix B. Within the 
RMMSE framework, the statistical representation of Pg(τ) is 
replaced by a deterministic expression by approximating it with 
the magnitude‐square of the current Doppler spectrum esti
mate, that is, E[|xg( τ, fD,k)|

2] ≈ |x̂g( τ, fD,k)|
2. Therefore, the MR‐ 

RISR algorithm becomes iterative via recalculation of Equa
tion (34) when provided with new Doppler estimates via 
x̂g( τ, fD,k) = wH

MR ‐ RISR,g( τ, fD,k)z(τ). It has been found that 5–10 
iterations are typically required for convergence.

Note that MR‐RISR does not explicitly separate desired scat
tering (i.e., targets) from undesired scattering (i.e., clutter). 
Instead, this method aims to improve the estimate of all scat
tering. By doing so, the algorithm naturally suppresses inter
fering sidelobe energy that would otherwise be present. 
However, it should be noted that MR‐RISR relies on a dis
cretisation of the continuous Doppler space, meaning that 
model mismatch can limit the sidelobe suppress in extreme 
scenarios—such as when the discretisation is too coarse (i.e., 
K ≈ M) and the clutter‐to‐noise ratio is large (e.g., 80 dB). 
While not discussed further here, methods have been 
developed to account for this model mismatch in the case that 
the clutter + noise covariance Rc+n(τ) is known or esti
mated [40].

The matrix inversion of R(τ) costs O(M 3) for each iteration and 
each wrapped delay bin, though parallelisable over delay. The 
multiplication vH

g ( fD,k)R − 1(τ)vg( fD,k) costs O(M 2) and is per
formed KG times. For I iterations, the total cost is 
O( (M 3 + M 2KG)I), though the latter multiplication is also 
parallelisable.

4 | SINR Analysis of Range Disambiguation

Consider the signal model from Equation (14) for a single target 
in zero‐mean clutter + noise having covariance Rc+n(τ). Let the 
target response be zt,g(τ0) = γvg( fD) at range interval g and 
wrapped delay τ0. The output SINR after application of filter 
wg( τ, fD) to data vector z(τ) can be expressed as [32].

SINR(wg( fD)) =
|γ|2|wH

g ( fD)vg( fD)|
2

wH
g ( fD)Rc+nwg( fD)

, (37)

where dependence on τ0 is excluded for brevity. The Doppler 
filter can be any of Equations (18) and (29), or Equation (34). 
Subsequently, SINR loss is calculated by normalising Equa
tion (37) with the optimal output SNR (i.e., when no clutter is 
present and the optimal filter is applied) [32]. Assuming a white 
noise covariance (i.e., Ru = σ2

uIM ×M), the optimal output SNR 
is M|γ| 2

σ2
u

, and the SINR loss can therefore be expressed as

LSINR(wg( fD)) =
σ2

u
M

|wH
g ( fD)vg( fD)|

2

wH
g ( fD)Rc+nwg( fD)

, (38)

which removes the dependence on target scaling γ. The SINR 
loss in Equation (38) allows direct comparison between the 
different STC range disambiguation methods.

Consider M = 100 pulses in the CPI and G = 2 range intervals 
to disambiguate, for a total of M + G − 1 = 101 total pulses 
when accounting for fill pulses. Two STC sequences are evalu
ated: (1) a random STC sequence where each phase is drawn 
from a uniform random distribution on [ − π,π], and (2) an 
optimised STC using the method discussed in Section 3.1 having 
normalised notch width Bnotch

fPRF
= 0.6 and using p = 10 in 

Equation (24). Along with the previously discussed Doppler 
filters (i.e., Equations (18) and (29), or Equation (34)), an 
additional tapered MF case is included, which is expressed as

wT‐MF,g( fD) =
1
M

t ⊙ vg( fD), (39)

where t is an M × 1 slow‐time taper normalised to have unit 
white noise gain via tHt = 1. Note that the STC optimisation 
routine in Section 3.1 effectively ignores tapering (via use of 
rectangular taper), though other tapers can easily be incorpo
rated with minor modifications (see [15] for joint STC and taper 
design). Here, a 60 dB Taylor window is chosen to show that 
tapering can still be applied to these optimised STCs and thus 
achieve improved performance, though additional performance 
improvement may potentially be attained by including the 
desired taper in the optimisation process. This Taylor window 
results in a 1.89 dB SNR loss.

Figure 5 shows the cross‐PSF Doppler responses using K = 4M 
Doppler points (i.e., over‐sampled by 4) for the random and 
optimised STC sequences using rectangular and Taylor tapering, 
where the cross‐PSF expression from Equation (22) has been 
generalised to include Doppler tapering as

υg,g = VH ( t ⊙ (Tgd∗(θ))⊙ (Tgd(θ))). (40)

The optimised STC with no taper (red trace) achieves approxi
mately 20 dB of additional sidelobe suppression (to about 
− 40 dB) relative to the randomised code, which agrees with 

FIGURE 5 | Range‐folded Doppler responses via cross‐PSF cut υ0,1 

from Equation (22) (in dB) for M = 100 pulse CPI and G = 2 
range intervals for random STC with no taper (pink), random 
STC with Taylor taper (green), optimised STC with no taper (red), 
and optimised STC with Taylor taper (blue). Notch bandwidth of 
Bnotch

fPRF
= 0.6 indicated by vertical dashed lines.
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Figure 3 since the random code will have an average sidelobe 
level of approximately − 10log10M = − 20 dB. After applying 
the Taylor window, the sidelobes for random STC stay at the 
same level, while optimised STC yields roughly another 10 dB 
reduction, thereby demonstrating that combining tapering with 
STC optimisation can improve range disambiguation even when 
tapering in not included in the design.

Using these random and optimised STC sequences, the analyt
ical SINR performance is evaluated via the SINR loss from 
Equation (38) using the untapered/tapered matched filters from 
Equations (18) and (39). The clutter power spectral density for 
each of the G = 2 range intervals is assumed flat over a nor
malised Doppler width Δg centred about 0 Hz. The (m,m ʹ) th 

index of the resulting clutter covariances at wrapped delay τ0 for 
intervals g = 0, 1 can be expressed as

[Rc( τ0 + gTp)]mm ʹ = σ2
c,g sinc(πΔg(m − m ʹ)), (41)

where σ2
c,g is the clutter power for the g th interval. For this 

analysis, let σ2
c,0 = 104 and σ2

c,1 = 103 to account for some loss 
as a function of range interval, and let Δ0 = Δ1 = 0.05. The 
overall clutter covariance Rc,g(τ0) for each STC is then obtained 
using Equation (28), with the clutter + noise covariance 
Rc+n(τ0) determined via Equation (27) for white noise covari
ance Ru = σ2

uIM ×M having unit variance σ2
u = 1. To establish a 

performance bound, the SINR loss from Equation (38) is also 
evaluated for the max‐SINR case from Equation (29) under 
the assumption of clairvoyant clutter + noise covariance 
knowledge.

Figure 6 shows the SINR losses for these various cases when the 
filter is aligned to the g = 0 (Figure 6a) and g = 1 intervals 
(Figure 6b). In Figure 6a, the clutter for the g = 1 interval folds 
into the g = 0 interval. Consequently, the random STC exhibits 
significant loss for both untapered and tapered filters. Figure 6b
has similar behaviour, albeit with 10 dB worse SINR loss for 
random STC due to the higher power clutter from the g = 0 
interval. After optimisation, the notched region demonstrates 
improved SINR performance for both range intervals. The 
untapered matched filter cases (in red) have modest improve
ment due to sinc‐like clutter sidelobes that are coincident with 
the target (i.e., not folded). The Taylor window further improves 
SINR performance due to suppression of both the range‐folded 
and range‐coincident clutter sidelobes (inclusive of taper loss). 
The width of the improved SINR loss region for the optimised/ 
Taylor case is slightly less than the optimised width of 
Bnotch

fPRF
= 0.6 (vertical dashed lines) due to the narrow width 

Δg = 0.05. Therefore, the total width of the SINR loss 
improvement region is approximately 0.6 − 0.05 = 0.55 in 
normalised Doppler.

The black and grey traces in Figure 6 represent the optimal 
SINR loss curves for the random and optimised STC se
quences, respectively, using max‐SINR filtering from Equa
tion (29) with clairvoyant Rc+n(τ0). While both STC sequences 
exhibit excellent performance, STC optimisation does have an 
effect on SINR loss. The random STC sequence (black trace) 
has a roughly flat SINR loss outside of the clutter region, 
varying between − 1.0 and − 0.5 dB. The optimised STC 

(grey trace) exhibits nearly 0 dB SINR loss within the Doppler 
notched region of fD

fPRF
= ± 0.3 and outside the clutter region, 

but degrades somewhat (up to − 3.3 dB) at higher Doppler 
since the optimisation has pushed sidelobe energy into these 
regions.

Now consider MR‐RISR processing via Equation (38) for 
K = 4M = 400 over‐sampled Doppler bins and G = 2 range 
intervals. Because MR‐RISR determines filters iteratively for a 
single snapshot of data, the SINR loss is evaluated over 100 trials 
for each frequency fD,k with different independent instantiations 
of target, clutter, and noise using the same random/optimised 
STC sequences as above. The clutter + noise process is drawn 
from a zero‐mean complex Gaussian distribution with covari
ance Rc+n(τ0) using the clutter and noise covariances described 
previously, and a target response of zt,g(τ0) = γvg( fD,k) is 
injected with γ = 10e jϕ, where phase ϕ is randomised for every 
trial.

Figure 7 shows SINR loss for the random and optimised STC 
sequences using MR‐RISR and clairvoyant max‐SINR filtering 
when matched to the g = 0 (Figure 7a) and g = 1 intervals 
(Figure 7b). The SINR loss for each range interval approximately 
mirror one another due to the conjugate‐symmetry of the range‐ 
folded clutter. Outside of the clutter region, MR‐RISR achieves 
2 ‐ 3 dB more SINR loss (on average) compared to clairvoyant 
max‐SINR with modest improvement for optimised STC within 
the designed notch interval of +/− 0.3 (vertical dashed lines) and 
modest degradation outside this interval. It should be emphas
ised that MR‐RISR achieves this (average) performance with no 
knowledge of the clutter + noise covariance.

FIGURE 6 | SINR losses (in dB) from Equation (38) for random and 
optimised STC sequences without tapering Equation (18), Taylor 
tapering Equation (39), and max‐SINR filtering from Equation (29) for 
M = 100 pulse CPI and G = 2 range intervals. Notch bandwidth 
of Bnotch

fPRF
= 0.6 indicated by vertical dashed lines.
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5 | Open‐Air Experimental Evaluation of Range 
Disambiguation Methods

Open‐air measurements are used to experimentally assess the 
range disambiguation performance for the techniques discussed 
in Section 3. Here, we illuminate G = 2 range intervals using 
Tp = 3 μs and M = 10 4 pulses (for a CPI of 3 ms). The short 
PRI and large number of pulses is necessary to induce range‐ 
ambiguous scattering while maintaining sufficient Doppler 
resolution and energy‐on‐target to accommodate the hardware 
constraints of low‐power transmission. From the roof of a 
building at the University of Kansas, the roads near the west 
entrance to campus (in the first range interval) and the 23rd & 
Iowa St. intersection (in the second range interval) are illumi
nated using an S‐band dish antenna. Figure 8 shows the field of 
regard with iso‐range lines labelled, where the regions between 
adjacent red and blue circles (0–150, 300–450, 450–600, 
750–900 m) are partially eclipsed, and the regions between blue 
circles (150–300, 600–750 m) correspond to non‐blind, non‐ 
eclipsed ranges. The red circles at 450 and 900 m represent 
the end ranges of the first and second range intervals, respec
tively. A list of the test equipment is provided in Table 1, and a 
block diagram of the entire system is shown in Figure 9. Due to 
the low‐power transmission, the radar testbed was operated in a 
simultaneous transmit and receive mode.

A total of five transmission cases are evaluated (with and 
without STC), with each case transmitting LFM waveforms 
having a 40 MHz swept bandwidth and T = 1 μs pulse dura
tion.2 Transmission Case 1 does not employ STC, but instead 

uses a longer PRI (Tp = 9 μs) with the same number of pulses 
(i.e., same energy‐on‐target) to establish ‘ground truth’ scat
tering from both range intervals. Case 2 likewise does not 
employ STC and uses the shorter PRI (Tp = 3 μs), thus expe
riences range‐folding. Case 3 applies a uniformly‐random 
(unoptimised) STC sequence to the shorter PRI.

The remaining two cases possess STC sequences optimised via 
Equation (24) for G = 2 intervals. Case 4 employs optimised 

FIGURE 7 | SINR losses from Equation (38) (in dB) for random and 
optimised STC sequences using max‐SINR filtering from Equation (29) 
and MR‐RISR from Equation (34) (100 trials averaged) with K = 400 
over‐sampled frequency bins and 10 iterations for M = 100 pulse 
CPI and G = 2 range intervals. Notch bandwidth of Bnotch

fPRF
= 0.6 

indicated by vertical dashed lines.

FIGURE 8 | Overhead view of the field of regard for demonstration 
of range disambiguation using STC.

TABLE 1 | Equipment used for experimental demonstration.

Device Manufacturer Model number
SDR Per Vices Cyan 2r2t

RF PA Maury Microwave MPA‐2G‐18G‐20

RF LNA Mini‐Circuits ZX60‐04183LN+

S‐band BPF Mini‐Circuits VBFZ‐3590‐S+

Antennas — S‐band dish

1st LO RF Gen Rohde & Schwarz SMA‐100B

FIGURE 9 | Block diagram of radar testbed used for experimental 
demonstration.
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STC with a notch width spanning the entire unambiguous 
Doppler space, that is, Bnotch

fPRF
= 1. Alternatively, Case 5 applies 

optimised STC with a notch width covering 10% of the Doppler 
space centred around zero, that is, Bnotch

fPRF
= 0.1, which corre

sponds to the velocity span of |v| < 734.7854 m/s. Table 2
summarises the five transmission cases, which were emitted 
sequentially to approximately illuminate the same scene.

Figure 10 shows the range‐folded Doppler responses via cross‐ 
PSF υ1,0 from Equation (22). Figure 10a represents the unopti
mised STC sequence used in Case 3. Figure 10b represents the 
optimised STC sequence used in Case 4, which offers a PDSL 
improvement of ∼9.2 dB over Case 3, albeit with the same IDSL. 
Finally, Figure 10c represents the optimised STC sequence used 
in Case 5, which boasts an additional ∼50 dB of suppression over 

Case 3 within 
⃒
⃒
⃒

fD
fPRF

⃒
⃒
⃒ < 0.05. Despite the fact that fD

fPRF
= ± 0.05 well 

exceeds the expected span of clutter/mover Doppler shifts for this 
test setup, further decreasing the notch depth by narrowing the 
notch width yields no meaningful benefit for the modest expected 
clutter‐to‐noise ratio of this experiment.

Cases 2–5 are processed using the three methods of Taylor‐ 
tapered matched filtering from Equation (39), max‐SINR 
filtering from Equation (29), and MR‐RISR from Equa
tion (34). Case 1 is processed using Taylor‐tapered matched 
filtering and serves as a ‘ground truth.’ Rather than data‐driven 
adaptation, the clutter + noise covariance is deterministically 
constructed using Equations (27) and (28) with covariance 
matrix Rc(τ) taking the form of a Gaussian power spectral 
density as

[Rc(τ)]mm ʹ = σ2
c e − 0.5(2πΔ(m− m ʹ)) 2

. (42)

The noise power is set to σ2
u = − 12 dB, the clutter power is set 

to σ2
c = 80 dB, and the clutter width is set to Δ = M × 10 − 6, 

which was found to work well for this dataset. Because the 
experiment involves a stationary platform, the majority of 
scattering resides around zero Doppler; thus, the clutter spec
trum can be easily predicted.3 Note that the clutter covariance 
Rc(τ) is set to be equal over all delay τ, which results in over‐ 
suppression of the clutter at some ranges. This deterministic 
approximation is sufficient to illustrate the properties of the 
max‐SINR filter for this open‐air data collect. Finally, the MR‐ 
RISR routine 4 is applied using K = 5M over‐sampled fre
quency bins and is terminated after five iterations.

Figure 11 shows the estimated range‐Doppler map (RDM) (in 
dB) for Case 1 where no STC is applied and the extended PRI 
avoids range‐folding. The Taylor taper significantly suppresses 
clutter sidelobes at the cost of degraded Doppler resolution, 
though it is still 3× finer than Cases 2–5. Multiple movers are 
clearly visible over the 0–900 m range interval, which corre
sponds to G = 2 folded range intervals for Cases 2–5. The 
zoomed‐in right‐hand panel of Figure 11 shows multiple movers 
(cars/trucks) between 270 and 350 m, which will serve as a 
useful ‘region‐of‐interest’ comparison for Cases 2–5.

Figure 12 shows the estimated RDMs (in dB) for Case 2, which has 
no STC, and the PRI is reduced to Tp = 3 μs to induce range‐ 

TABLE 2 | Summary of test cases.

Case 1 No STC, Tp = 9 μs

Case 2 No STC, Tp = 3 μs

Case 3 Uniform random (unoptimised) STC, Tp = 3 μs

Case 4 Optimised STC (100% notch), Tp = 3 μs

Case 5 Optimised STC (10% notch), Tp = 3 μs

FIGURE 10 | Range‐folded Doppler responses via cross‐PSF cut υ1,0 

from Equation (22) (in dB) for a CPI of M = 104 pulses and G = 2 
range intervals for: (a) Case 3—random STC, (b) Case 4—optimised 
STC w/100% notch, and (c) Case 5—optimised STC w/10% notch 
indicated by vertical dashed lines.

FIGURE 11 | Case 1—Open‐air range‐Doppler estimates (in dB) 
using no STC and Tp = 9 μs. Receive processed with a Taylor‐ 
tapered matched filter. Zoomed‐in response on right.
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folding. Figure 12a is the RDM for Taylor‐tapered matched 
filtering, Figure 12b uses max‐SINR filtering, and Figure 12c is the 
MR‐RISR result. Zoomed‐in responses for the region‐of‐interest 
are shown beneath each RDM. Note that the g = 0 range inter
val (i.e., 0–450 m) is replicated for the g = 1 range interval 
(450–900 m). Therefore, movers from the g = 1 and g = 0 in
tervals are folded onto each other and cannot be distinguished. 
Range‐folding aside, max‐SINR processing removes the clutter 
(both coincident and folded), leaving only movers (albeit range 
ambiguous). The mover responses for max‐SINR filtering avoid 
the resolution degradation of Taylor tapering, while MR‐RISR 
goes further to realise a degree of Doppler super‐resolution. The 
former also exhibits Doppler sidelobes from the larger mover re
sponses that are suppressed by the latter. However, due to the lack 
of STC, range disambiguation is achieved by neither approach. 
Case 2 therefore serves as the ‘worst‐case’ scenario.

The RDMs for Case 3 (random STC) are shown in Figure 13 for 
Taylor‐taper matched filtering (Figure 13a), max‐SINR filtering 
(Figure 13b), and MR‐RISR processing (Figure 13c). The region‐ 
of‐interest responses are again found beneath each RDM which, 
when compared to Figure 11, demonstrate the disambiguation 
of the g = 0 and g = 1 range intervals with varying degrees of 
success. The Taylor‐tapered matched filtering exhibits high 
cross‐PSF Doppler sidelobes from folded clutter, due to the ta
per's inability to reduce the cross‐PSF Doppler sidelobes for a 
random STC—as predicted in Figure 6. However, the max‐SINR 
and MR‐RISR estimates exhibit excellent isolation of the folded 
range intervals. Similar to Figure 12, max‐SINR filtering sup
presses clutter but preserves Doppler sidelobes from movers, 
which are suppressed by MR‐RISR along with some Doppler 
super‐resolution.

Figure 14 then displays the RDM estimates for Case 4, where the 
STC sequence is optimised to reduce sidelobes over 100% of the 
Doppler space. While the PDSL for Case 4 is improved by 
approximately 9.2 dB over Case 3, the IDSL is the same. As a 

FIGURE 12 | Case 2—Open‐air range‐Doppler estimates (in dB) 
using no STC for Tp = 3 μs: (a) Taylor‐taper matched filtering, 
(b) max‐SINR filtering, and (c) MR‐RISR (K = 5M and five 
iterations). Zoomed‐in responses below each figure.

FIGURE 13 | Case 3—Open‐air range‐Doppler estimates (in dB) 
using random STC on transmit and Tp = 3 μs: (a) Taylor‐taper 
matched filtering, (b) max‐SINR filtering, and (c) MR‐RISR 
(K = 5M and five iterations). Zoomed‐in responses below each 
figure.

FIGURE 14 | Case 4—Open‐air range‐Doppler estimates (in dB) 
using optimised STC (100%) on transmit and Tp = 3 μs: (a) Taylor‐ 
taper matched filtering, (b) max‐SINR filtering, and (c) MR‐RISR 
(K = 5M and 5 iterations). Zoomed‐in responses below each figure.
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result, the RDM responses in Figures 13 and 14 are qualitatively 
identical for each processing method.

Figure 15 shows the estimated RDMs for the Case 5 trans
mission scenario where the STC sequence is optimised to reduce 
the folded cross‐PSF sidelobes in the centre 10% of the Doppler 
space, with Taylor‐tapered matched filtering in Figure 15a, max‐ 
SINR filtering in Figure 15b, and MR‐RISR in Figure 15c, with 
the region‐of‐interest responses beneath each. The max‐SINR 
and MR‐RISR RDMs do not exhibit much qualitative improve
ment over Cases 3 and 4, though as was shown in Section 4, the 
SINR loss for max‐SINR and MR‐RISR is improved for an 
optimised STC relative to a random STC. The most obvious 
improvement can be found in Figure 15a (tapered matched 
filtering), where the cross‐PSF sidelobes have been suppressed 
via STC optimisation, yielding a reduced background floor. This 
suppression of cross‐PSF sidelobe energy can be best demon
strated by observing the 450 m cuts of Figures 13a, 14a, and 15a, 
which have been collected in Figure 16. Case 5 exhibits a near 
50 dB mitigation of folded cross‐PSF sidelobes that are present 
for Cases 3 and 4. Note that this behaviour is only possible 
because the scattering is contained within a Doppler interval 
that is much less than the unambiguous Doppler space.

Finally, to illustrate a comparison of range disambiguation across 
the different methods, Figure 17 shows the RDM cut at 318 m for 
(a) Case 2, (b) Case 3, (c) Case 4, and (d) Case 5 for Taylor‐tapered 
matched filtering (pink), max‐SINR filtering (green), and MR‐ 
RISR (red). Figure 17a shows a large ambiguous mover at 
approximately 10 m/s (true range of 768 m). All STC cases (3–5) 
exhibit disambiguation to reveal a low‐power mover at approxi
mately 5 m/s that remains masked for Case 2 (Figure 17a). For 
Cases 3 and 4, the Taylor‐tapered processing has a small amount 

of folded cross‐PSF energy that is not present in Case 5 due to 
optimisation. The MR‐RISR estimate produces a super‐resolved 
clutter response at zero Doppler, while both max‐SINR and 
MR‐RISR arguably realise a detectable response for the smaller 
mover for the STC cases (Figure 17b–d).

FIGURE 17 | Doppler responses at range cut of 318 m using Taylor‐ 
tapered matched filter (pink), max‐SINR processing (green), and MR‐ 
RISR (K = 5M and five iterations) (red) for (a) Case 2, (b) Case 3, 
(c) Case 4, and (d) Case 5.

FIGURE 15 | Case 5—Open‐air range‐Doppler estimates (in dB) 
using optimised STC (10%) on transmit and Tp = 3 μs: (a) Taylor‐ 
taper matched filtering, (b) max‐SINR filtering, and (c) MR‐RISR 
(K = 5M and 5 iterations). Zoomed‐in responses below each figure.

FIGURE 16 | Doppler responses at range cut of 450 m using Taylor‐ 
tapered matched filter for Case 3 (pink), Case 4 (green), and Case 
5 (red).
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6 | Discussion and Conclusions

Coding of radar pulses in slow‐time is a well‐known method of 
range disambiguation. The STC imparts a unique slow‐time 
response onto backscatter, facilitating estimation of scattering 
from multiple range intervals. For conventional processing (i.e., 
Doppler matched filtering), the disambiguation performance of 
STC can be predicted via the cross‐PSF. In this work, an STC 
optimisation routine was introduced that directly minimises the 
cross‐PSF energy for a specified Doppler bandwidth and number 
of range intervals. The optimisation is effective if the size of the 
notch (and number of range intervals) is small relative to the 
unambiguous Doppler extent, and thus is well‐suited for ap
plications where scattering is slow‐moving and possibly folded 
in range.

To overcome the limitations of conventional processing, an 
estimation framework called MR‐RISR was also derived. When 
combined with STC, the adaptive algorithm estimates and iso
lates scattering from multiple range intervals. MR‐RISR is an 
iterative technique that operates on a single snapshot of data 
and therefore avoids the issues associated with training data 
heterogeneity and limited sample support that affect sample‐ 
covariance‐based estimation. Moreover, the Doppler spectrum 
estimate exhibits modest super‐resolution and effectively sup
presses sidelobe energy.

An SINR analysis of conventional, MR‐RISR, and clairvoyant 
max‐SINR processing was performed using both random and 
optimised STC sequences with simulated range‐folded scattering. 
The optimised STC showed the most benefit over a random STC 
within its optimised notch bandwidth and with conventional 
processing, while optimisation demonstrated marginal im
provements for MR‐RISR and max‐SINR filtering. Outside of the 
notched region, the SINR performance degraded for all optimised 
cases while the random STC SINR loss remained (approximately) 
flat over Doppler. MR‐RISR achieved an SINR loss within about 
2–3 dB of the clairvoyant max SINR filter without requiring 
knowledge of the underlying clutter + noise statistics.

An open‐air experiment was conducted to evaluate the range 
disambiguation performance of the processing methods and 
random/optimised STCs. Two non‐STC CPIs were added to 
obtain the scattering ground truth and fully ambiguous control 
cases. It was shown that optimisation of STC is required for 
conventional Doppler processing to mitigate range‐folded side
lobes arising from ambiguous clutter. Further, the STC must be 
optimised for a notch bandwidth less than the entire Doppler 
space (but greater than the maximum expected Doppler) to be 
effective. MR‐RISR was shown to have comparable performance 
to max‐SINR filtering with the additional benefit of suppressed 
target sidelobes and modest super‐resolution.
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Endnotes
1 Range disambiguation performance may also be dependent cross‐ 

contamination of range intervals due to spill over of range sidelobes 
from large targets.

2 The software‐defined radio was set to operate with a 50 MS/s transmit 
and receive sample rate.

3 For airborne capture scenarios, the clutter spectrum would need to be 
estimated via training data [32, 34–37].

4 Single snapshot methods like MR‐RISR are expected to be robust to 
dynamic clutter behaviour, though the extension to cases involving a 
moving platform will introduce additional problem complexity due to 
angle/Doppler coupling [32].
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Appendix A

Gradient of Equation (24) 

For an arbitrary N × 1 vector x, the partial derivative with respect to 
each element is defined as

∂
∂x

= [
∂

∂x1

∂
∂x2

…
∂

∂xN
]

T

. (A1)

Likewise, for an arbitrary N × M matrix X, the partial derivative with 
respect to each element is defined as

∂
∂X

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∂
∂x11

∂
∂x12

⋯
∂

∂x1M

∂
∂x21

∂
∂x22

⋯
∂

∂x2M

⋮ ⋮ ⋱ ⋮
∂

∂xN1

∂
∂xN2

⋯
∂

∂xNM

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (A2)

The traditional approach to solving a gradient involves writing the cost 
function in terms of a series of summations (Einsteinian notation) and 
determining the partial derivatives for each element. Since the cost 
function considered here is rather complicated, we can leverage the 
Jacobian

Φxy =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∂y1

∂x1

∂y2

∂x1
⋯

∂yM

∂x1

∂y1

∂x2

∂y2

∂x2
⋯

∂yM

∂x2

⋮ ⋮ ⋱ ⋮
∂y1

∂xN

∂y2

∂xN
⋯

∂yM

∂xN

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (A3)

which contains the partial derivatives of each element in the M × 1 
vector y with respect to each element in x. Supposing y = f (x), the 
Jacobian acts as a linear transformation between the partial derivative 
with respect to y and the partial derivative with respect to x as

∂
∂x

= Φxy
∂

∂y
. (A4)

This Jacobian relationship is fundamental for using the chain rule to 
break down a complicated cost function. Derivatives involving matrices 
also implicitly follow from Equation (A4) due to the identity 
vec{XYZ} = (ZT⊗X)vec{Y}, where Y and Z are arbitrary matrices 
having dimensions conducive to multiplication with X and each other, 
⊗ denotes the Kronecker product, and vec{•} is the vectorisation oper
ation [41]. Particularly helpful derivative identities include the chain 
rule for elementwise operations, the matrix multiplication chain rule, 
and the complex chain rule.

First, for Z = X ⊙ Y, the chain rule for elementwise operations is 
given by

∂
∂Y

= X ⊙
∂

∂Z
. (A5)

If we instead let Z = XY, then the matrix multiplication chain rule is 
defined as

∂
∂Y

= XT ∂
∂Z

. (A6)

Finally, supposing Y = f (X), the complex chain rule is given by

∂
∂X

=
∂

∂Y
∂Y
∂X

+
∂

∂Y ∗
∂Y ∗

∂X
. (A7)

To leverage Equation (A4), we begin by defining a sequence of inter
mediate variables in Table A1, noting the operation‐by‐operation pro
gression ‘inward’ of Equation (24) when moving down the rows of the 
table.

The partial derivatives of J from Equation (24) with respect to each 
variable defined in Table A1 are given in Table A2, where the relevant 
derivative identity for each step is stated in the rightmost column. The 
intermediate variables from the fourth row until the end of the table 
yield two separate partial derivatives since Wirtinger calculus treats 
each variable and its conjugate as independent. Also recall that e and 
the Tg are entirely real.

To obtain the gradient of J with respect to θ, we start with ∂J/∂θ∗ as 
given by the last row of Table A2 and perform substitutions when 
applicable. Note that ∂J/∂d∗(θ) includes two double summation terms 
since d(θ) appears in both fa,b and L.

TABLE A1 | Intermediate variable definitions from Equation (24).

J = α 1/p

α = ∑
G − 1
b= 1 ∑

b − 1
a= 0βa,b

βa,b = 1Tγa,b

γa,b = |ca,b|
p

ca,b = e ⊙ fa,b

fa,b = Ga,bd(θ)

Ga,b = HbTa

Hb = VH ⊙ KH
b

Kb = TbL

L = d∗(θ)1T

d(θ) = e jθ
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Appendix B

Derivation of Equation (34) 

The gain constrained formulation follows the steps discussed in [42]. 
These steps are repeated here for completeness using the STC signal 
model. The Lagrangian representation of Equation (33) can be 
expressed as

ℒ(wg,k) = E[|xg,k − wH
g,kz|2

] − 2R{λ(wH
g,kvg,k − 1)}, (A8)

where λ is a complex‐valued Lagrange multiplier, R{•} extracts the real‐ 
valued component, wg,k = wg( τ, fD,k), xg,k = xg( τ, fD,k), and the func
tional dependence on fD and τ is suppressed for brevity.

Taking the gradient of ℒ(wg,k) with respect to wg,k yields

∂ℒ(wg,k)

∂wg,k
= − E[x∗

g,kz] + E[zzH]wg,k − λ ∗vg,k . (A9)

Setting the gradient equal to zero and solving for wg,k provides

wg,k = R − 1
(pg,k + λ ∗vg,k), (A10)

where R = E[zzH] and pg,k = E[x∗
g,kz]. The Lagrange multiplier λ can 

be determined by incorporating the form of wg,k into the linear 
constraint wH

g,kvg,k = 1. Solving for λ then yields

λ =
1 − pH

g,kR − 1vg,k

vH
g,kR − 1vg,k

. (A11)

Plugging the expression for λ back into the form for wg,k results in

wg,k =
R − 1vg,k

vH
g,kR − 1vg,k

+ R − 1pg,k − (
pH

g,kR − 1vg,k

vH
g,kR − 1vg,k

)R − 1vg,k. (A12)

The forms for R and pg,k can be simplified via correlation assumptions 
on the scattering. Denoting xg = xg(τ), there are four main assump
tions: (1) all noise and scattering is zero mean, E[xg] = 0K × 1 and 
E[u] = 0M × 1; (2) scattering from different range intervals is uncorre
lated, E[xgxH

g ʹ ] = 0K ×K for gsg ʹ ; (3) noise is uncorrelated with scat
tering, E[xguH] = 0K ×M ; and (4) scattering across Doppler and within a 
range interval is uncorrelated (except with itself). Defining 
Pg = E[xgxH

g ], the last assumption becomes

[Pg]kk ʹ = {
E[|xg,k|

2] k = k ʹ
0 otherwise

, (A13)

where [Pg]kk ʹ the (k, k ʹ) th entry in the K × K matrix. Leveraging the 
form of z from Equation (30) and applying these assumptions, R be
comes a structured matrix

R = E[zzH]

= E

⎡

⎢
⎣( ∑

G− 1

g=0
Vgxg + u)( ∑

G− 1

g=0
Vgxg + u)

H⎤

⎥
⎦

= ∑
G− 1

g=0
VgPgVH

g ʹ + Ru,

(A14)

where Ru = E[uuH] is the noise covariance, and vector p becomes

pg,k = E[x∗
g,kz]

= E[x∗
g,k( ∑

G− 1

g=0
Vgxg + u)]

= E[|xg,k|
2]vg,k.

(A15)

Plugging Equations (A14) and (A15) into Equation (A12) yields the form 
from Equation (34).

TABLE A2 | Step‐by‐step partial derivatives for intermediate variables.

Intermediate variable Derivatives Derivative rule

J = α 1/p ∂J
∂α = 1

pα 1/p − 1 Power rule

α = ∑
G − 1

b= 1
∑

b − 1

a= 0
βa,b

∂J
∂βa,b

= ∂J
∂α

Chain rule

βa,b = 1Tγa,b
∂J

∂γa,b
= 1 ∂J

∂βa,b

Equation (A6)

γa,b = |ca,b|
p ∂J

∂ca,b
= p|ca,b|

p − 2 ⊙ c∗
a,b ⊙

∂J
∂γa,b

∂J
∂c∗

a,b
= p|ca,b|

p − 2 ⊙ ca,b ⊙
∂J

∂γa,b

Power rule, Equations (A5) and (A7)

ca,b = e ⊙ fa,b ∂J
∂fa,b

= e ⊙ ∂J
∂ca,b

∂J
∂f∗

a,b
= e ⊙ ∂J

∂c∗
a,b

Equations (A5) and (A7)

fa,b = Ga,bd(θ) ∂J
∂Ga,b

= ∂J
∂fa,b

dT(θ) ∂J
∂G∗

a,b
= ∂J

∂f∗
a,b

dH(θ) Equations (A6) and (A7)

Ga,b = HbTa ∂J
∂Hb

= ∂J
∂Ga,b

TT
a

∂J
∂H∗

b
= ∂J

∂G∗
a,b

TT
a

Equations (A6) and (A7)

Hb = VH ⊙ KH
b ∂J

∂Kb
= V ⊙ ( ∂J

∂Hb
)

T
∂J

∂K∗
b
= V ∗ ⊙ ( ∂J

∂H∗
b
)

T Equations (A5) and (A7)

Kb = TbL ∂J
∂L = TT

b
∂J

∂Kb
∂J

∂L ∗ = TT
b

∂J
∂K∗

b

Equations (A6) and (A7)

L = d∗(θ)1T ∂J
∂d(θ)

= ∑
G − 1

r = 1
∑

r − 1

q= 0

∂J
∂L ∗ 1

+ ∑
G − 1

r = 1
∑

r − 1

q= 0
GT

q,r
∂J

∂fq,r

∂J
∂d∗(θ)

= ∑
G − 1

r = 1
∑

r − 1

q= 0

∂J
∂L

1

+ ∑
G − 1

r = 1
∑

r − 1

q= 0
GH

q,r
∂J

∂f∗
q,r

Equations (A6) and (A7)

d(θ) = e jθ
∂J
∂θ = − 2I{d(θ) ⊙ ∂J

∂d(θ)}
∂J

∂θ ∗ = 2I{d∗(θ) ⊙ ∂J
∂d ∗(θ)}

Equation (A7)
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